
Κ¶jάlaio  6:   Αpomόnwsh  kai  prosέggish  pragmatikώn  rizώn

poluwnumikώn ¶xisώs¶wn

Μέqodoi  gia  thn  ¶ύr¶sh  twn  pragmatikώn  rizώn  —  ή  gia  thn  ¶pίlush  —

poluwnumikώn  ¶xisώs¶wn,  opoioudήpot¶  baqmoύ,  ston  daktύlio  [x]

p¶rigrάjontai sta biblίa ΑriqmhtikήV ΑnάlushV kai Θ¶wrίaV Εxisώs¶wn.  Η

parousίasή maV tou qέmatoV autoύ diajέr¶i s¶ trίa shmantikά shm¶ίa:

è  ΑkolouqώntaV  thn “Γallikή maqhmatikή scolή” kάnoum¶ diάkrish anάm¶sa

sthn  apomόnwsh  kai  prosέggish  twn  rizώn.   Αntίq¶ta,  sto  m¶galύt¶ro

mέroV  thV  bibliograjίaV  akolouq¶ίtai  h  “Αgglikή  maqhmatikή  scolή”  όpou  h

prosέggish twn rizώn isodunam¶ί m¶ thn lύsh twn ¶xisώs¶wn.

è   ∆iatupώnoum¶  m¶  akrίb¶ia  ta  q¶wrήmata  twn  Budan  (1807)  kai  Fourier

(1820)  pou  dίnoun  έna  pάnw  jrάgma  (upper  bound)  ston  ariqmό  twn

pragmatikώn  rizώn  pou  έc¶i  mίa  poluwnumikή  ¶xίswsh  s¶  tucaίo  anoiktό

diάsthma  ( ,  ).   Βlέp¶  kai  to  Figure  6.1.   Τonίzoum¶  pwV  h  diatύpwsh  tou

q¶wrήmatoV tou Budan dύskola brίsk¶tai sthn bibliograjίa diόti ant' autήV

upάrc¶i  h  diatύpwsh  tou  q¶wrήmatoV  tou  Fourier.   Τo  t¶l¶utaίo  mάlista

sucnά onomάz¶tai q¶ώrhma tou Budan ή kai q¶ώrhma twn Budan-Fourier.

è  Πarousiάzoum¶ to q¶ώrhma tou A.J.H. Vincent tou 1836, m¶ thn boήq¶ia tou

opoίou  anaptύssontai  dύo  mέqodoi  apomόnwshV  twn  pragmatikώn  rizώn

poluwnumikώn  ¶xisώs¶wn  m¶  sun¶cή  klάsmata.   Η  prώth  mέqodoV  anήk¶i

ston  Vincent  (1836)  allά  έc¶i  ¶kq¶tikό  crόno  upologismoύ.   Η  d¶ύt¶rh

mέqodoV  anήk¶i  ston  grάjonta  — anaptύcqhk¶  to  1978 kai  b¶ltiώqhk¶  m¶  ton

Strzebonski to 1994 — kai όci mόno έc¶i poluwnumikό crόno upologismoύ allά

¶ίnai  kai  h  tacύt¶rh  mέqodoV  apomόnwshV  pou  upάrc¶i.   Τo  q¶ώrhma  tou

Vincent ¶ίc¶ tόso polύ x¶cast¶ί ώst¶ akόma kai h Enzyclopaedie der mathema-

tischen Wissenschaften to agno¶ί.

Τonίzoum¶  pwV  kai  o  ίdioV  o  Vincent  ¶ίc¶  tόso  x¶cast¶ί  ώst¶  to  mikrό  tou

όnoma  arcikά  apodόqhk¶  san  M., ¶p¶idή  to  Γallikό  maqhmatikό  p¶riodikό  sto

opoίo  dhmosi¶ύqhk¶  h  ¶rgasίa  tou  ton  anέj¶r¶  san  M.  Vincent.   Πolύ

argόt¶ra kai ύst¶ra apό upόd¶ixh katάlab¶ o grάjwn όti to M. ήtan gia thn
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Γallikή  lέxh  “kύrioV”  ¶nώ  sthn  pragmatikόthta  o  Vincent  ¶ίc¶  trίa  mikrά

onόmata Alexandre Joseph Hidulf ???.

Σthn sunέc¶ia qa ¶x¶tάsoum¶ l¶ptom¶rώV tiV dύo klassikέV m¶qόdouV gia thn

apomόnwsh  twn  pragmatikώn  rizώn  poluwnumikώn  ¶xisώs¶wn  m¶  akέraiouV

sunt¶l¶stέV,  dhladή  thn  mέqodo  thV  dicotόmhshV,  Sturm  (1829),  kai  thn

mέqodo  twn  sun¶cώn  klasmάtwn  (s.k.),   Vincent  - Akritas - Strzebonski (1836,

1978, 1994).

Θ¶ώrhma tou Fourier     ó Θ¶ώrhma tou Budan

(1820) (1807)

        ‡      ‡

        ‡      ‡

Θ¶ώrhma tou Sturm Θ¶ώrhma tou Vincent

(1829) (1836)

        ‡ á      ‡

        ‡       á      ‡

Αpomόnwsh rizώn m¶ á Αpomόnwsh rizώn m¶ s.k. 

dicotόmhsh.  Sturm,       á Vincent, ¶kq¶tikή mέqodoV, 

(1829) á (1836)

      á      ‡

á      ‡

Αpomόnwsh rizώn m¶  Αpomόnwsh rizώn m¶ s.k. 

dicotόmhsh.  Akritas kai Strzebonski, 

Collins-Akritas, (1975-76)             poluwnumikή mέqodoV,  

Maple          (1978, 1994) 

         Mathematica

Figure 6.1.  Τa q¶wrήmata twn Budan kai Fourier kai oi dύo klassikέV mέqodoi apomόnwshV twn
pragmatikώn rizώn poluwnumikώn ¶xisώs¶wn.  Η mέqodoV twn Collins-Akritas basίz¶tai s¶ mίa
olikή  tropopoίhsh  tou  q¶wrήmatoV  tou  Vincent,  d¶n  q¶wr¶ίtai  klassikή  kai  d¶n  kalύpt¶tai
sto biblίo autό.
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6.1  Ιstorikή anaskόphsh kai basikέV έnnoi¶V

Τa arcaiόt¶ra d¶ίgmata  alg¶brikώn ¶xisώs¶wn ¶mjanίzontai to 1700 ή 1650

p.Χ.  ston  pάpuro  Rhind,  ston  opoίo  o  ΑigύptioV  Ahmes  p¶riέlab¶  kai

palaiόt¶r¶V  ¶rgasί¶V.   Βrίskoum¶  gia  parάd¶igma  to  ¶xήV  prόblhma:  “Μίa

posόthta  mazί  m¶  to  έbdomό  thV  kάnoun  19.   Πoia  ¶ίnai  h  posόthta;”

ΠrojanώV, to prόblhma ¶ίnai na lύsoum¶ thn ¶xίswsh x + ( 1ÅÅÅÅ7 )x = 19, όpwV qa

lέgam¶  sήm¶ra.   Λόgw  έll¶iyhV  katάllhlou  alg¶brikoύ  sumbolismoύ  oi

Αigύptioi έlunan parόmoi¶V ¶xisώs¶iV m¶ έnan polύploko trόpo pou argόt¶ra

έgin¶ gnwstόV san mέqodoV thV “lάqouV qέshV.”

Αn  kai  m¶rikoί  uposthrίzoun  pwV  oi  Έllhn¶V  έlusan  ¶xisώs¶iV  d¶utέrou

baqmoύ, ¶n gέn¶i oύt¶ oi Αigύptioi oύt¶ oi Έllhn¶V d¶n έkanan kamίa shmantikή

prόodo.   Οi  Άrab¶V  pέtucan  p¶rissόt¶ra,  allά  mόno  thn  ¶pocή  thV

ΑnagέnnhshV  shm¶iώqhk¶  axioshm¶ίwth  prόodoV,  όtan  oi  Ιtaloί  maqhmatikoί

tou  dέkatou  pέmptou  kai  dέkatou  έktou  aiώna  (Tartaglia,  Cardano  kai  Ferrari)

pέtucan  na  lύsoun  m¶  rizikά  tiV  g¶nikέV  ¶xisώs¶iV  trίtou  kai  t¶tάrtou

baqmoύ.   Σto  biblίo  tou  Dunham  p¶rigrάj¶tai  m¶  ¶ndiajέron  h  diamάch,

m¶taxύ twn Tartaglia kai Cardano, gia thn prot¶raiόthta thV anakάluyhV.

Τon  dέkato  έbdomo  kai  dέkato  όgdoo  aiώna  έginan  pollέV  prospάq¶i¶V  gia  thn

¶pίlush  thV  g¶nikήV  ¶xίswshV  pέmptou  baqmoύ.   Μ¶  tiV  prospάq¶i¶V  autέV

apoktήqhk¶  mia  baqύt¶rh  katanόhsh  thV  “jύshV”  twn  rizώn  twn  alg¶brikώn

¶xisώs¶wn  (¶idikά  m¶  thn  ¶rgasίa  twn  Cardano kai  Descartes),  allά  par'  όla

autά kanέnaV d¶n mpόr¶s¶ na lύs¶i m¶ rizikά thn ¶xίswsh pέmptou baqmoύ.  

Εpόm¶no  ήtan  na  anarwthqoύn  oi  maqhmatikoί  an  ¶ίnai  dunatή  mia  tέtoia

lύsh.  Η apάnthsh dόqhk¶ to 1804 apό ton Paolo Ruffini, o opoίoV apέd¶ix¶ pwV

¶ίnai adύnato na luq¶ί h g¶nikή ¶xίswsh pέmptou baqmoύ m¶ rizikά.  Αrgόt¶ra,

to  1826,  o  Abel  apέd¶ix¶  pwV  ¶ίnai  adύnato  na  luqoύn  m¶  rizikά  g¶nikέV

alg¶brikέV ¶xisώs¶iV baqmoύ m¶galύt¶rou tou 4.

ΣtiV  arcέV  tou  dέkatou  έnatou  aiώna  h  prosocή  twn  maqhmatikώn  ¶ίc¶  ήdh

straj¶ί  stiV  ariqmhtikέV  m¶qόdouV  gia  thn  ¶pίlush  poluwnumikώn

¶xisώs¶wn  m¶  akέraiouV  sunt¶l¶stέV.   Αutή  thn  p¶rίodo  o  Fourier sunέlab¶
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thn idέa na “spάs¶i” to prόblhma s¶ dύo upoproblήmata: dhladή prώta na

apomonώs¶i  tiV  rίz¶V  kai  έp¶ita  na  tiV  pros¶ggίs¶i  m¶  όsh  akrίb¶ia

¶piqum¶ίtai.

Αpomόnwsh  (isolation)  twn  pragmatikώn  rizώn  miaV  poluwnumikήV  ¶xίswshV

¶ίnai  h diadikasίa  ¶ύr¶shV  pragmatikώn  diasthmάtwn, mh t¶mnomέnwn m¶taxύ

touV, έtsi ώst¶ kάq¶ diάsthma p¶riέc¶i akribώV mίa pragmatikή rίza, kai kάq¶

pragmatikή  rίza  p¶riέc¶tai  s¶  kάpoio  diάsthma.   Αpό  thn  άllh  m¶riά,

prosέggish  (approximation)  ¶ίnai  h  diadikasίa  smίkrunshV  twn  diasthmάtwn

apomόnwshV  tόso,  όso  na  pros¶ggisqoύn  oi  rίz¶V  ston  ¶piqumhtό  baqmό

akrίb¶iaV.  

Τo  prόblhma  thV  apomόnwshV  twn  rizώn  ήtan  to  shmantikόt¶ro  kai  trάbhx¶

thn  prosocή  twn  maqhmatikώn.   Μ¶  x¶kάqaro  ton  skopό,  ήrq¶  tώra  kai  h

¶pitucίa.  ΣtiV  arcέV  tou dέkatou  έnatou  aiώna o F.D. Budan kai  o J.B.J. Fou-

rier  parousίasan  dύo  diajor¶tikά  (allά  isodύnama)  q¶wrήmata  pou  maV

¶pitrέpoun  na  upologίsoum¶  ton  mέgisto  dunatό  ariqmό  pragmatikώn  rizώn

pou  έc¶i  mίa  ¶xίswsh  m¶  pragmatikoύV  sunt¶l¶stέV  mέsa  s¶  έna  d¶domέno

diάsthma.

Τo q¶ώrhma tou Budan dhmosi¶ύthk¶ to 1807 sthn ¶rgasίa “Nouvelle méthode

pour  la  résolution  des  équations  numériques”,  ¶nώ  to  q¶ώrhma  tou  Fourier

prwtodhmosi¶ύqhk¶ to 1820 sto “Le bulletin des sciences par la société philoma-

tique  de  Paris.”   Εx  aitίaV  thV  shmasίaV  twn  dύo  autώn  q¶wrhmάtwn

dhmiourgήqhk¶  m¶gάlh  έrida  sc¶tikά  m¶  thn  prot¶raiόthta  anakάluyhV.

ΌpwV  maV  plhrojor¶ί  o  F.  Arago  sto  biblίo  tou  Biographies  of  distinguished

scientific  men  (p.  383)  o  Fourier  “¶q¶ώrhs¶  aparaίthto  na  lάb¶i  b¶baiώs¶iV

apό  tέwV  joithtέV  thV  Πolut¶cnikήV  ΣcolήV  ή  apό  kaqhghtέV  tou

Πan¶pisthmίou” gia na apod¶ίx¶i όti ¶ίc¶ didάx¶i to q¶ώrhmά tou to 1796, 1797

kai 1803. 

ΌpwV  qa  doύm¶  sthn  ¶nόthta  6.2,  basizόm¶noV  sto  q¶ώrhma  tou  Fourier,  o  C.

Sturm  parousίas¶  to  1829  έna  b¶ltiwmέno  q¶ώrhma  pou  maV  ¶pitrέp¶i  na

upologίsoum¶ — m¶ dicotόmhsh — ton akribή ariqmό twn pragmatikώn rizώn

pou  έc¶i  mίa  ¶xίswsh  m¶  akέraiouV  sunt¶l¶stέV  mέsa  s¶  έna  d¶domέno

diάsthma.   Έtsi  o  Sturm  ¶ίnai  o  prώtoV  pou  έlus¶  to  prόblhma  thV

6:  Αpomόnwsh pragmatikώn rizώn
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apomόnwshV  twn  pragmatikώn  rizώn  kai  dikaiologhmέna  έgin¶  pagkόsmia

diάshmoV.  

Έtsi,  apό  to  1830  mέcri  to  1978  h  mέqodoV  tou  Sturm  ήtan  h  mόnh  ¶urέwV

gnwstή  kai  crhsimopoioύm¶nh,  m¶  sunέp¶ia  to  q¶ώrhma  tou  Budan  na

x¶casq¶ί  pant¶lώV  — kai  mazί  tou  kai  to  q¶ώrhma  tou  Vincent  pou  aporrέ¶i

apό autό.  Αp' όti xέroum¶, h diatύpwsh tou q¶wrήmatoV tou Budan mpor¶ί na

br¶q¶ί  mόno  sto  άrqro  tou  Vincent,  1836,  kai  stiV  ¶rgasί¶V  tou  suggrajέa

autoύ tou monogrάmmatoV ¶nώ, s¶ antίq¶sh, to q¶ώrhma tou Fourier brίsk¶tai

s¶ όla ta biblίa ta sc¶tikά m¶ thn q¶wrίa twn ¶xisώs¶wn.

Σthn ¶nόthta 6.3, parousiάzoum¶ to q¶ώrhma tou Budan, sto opoίo sthrίz¶tai

to q¶ώrhma tou Vincent tou 1836.  Τo t¶l¶utaίo ¶ίnai h bάsh thV m¶qόdou twn

sun¶cώn  klasmάtwn  (Vincent-Akritas-Strzebonski)  gia  thn  apomόnwsh  twn

pragmatikώn rizώn poluwnumikώn ¶xisώs¶wn m¶ akέraiouV sunt¶l¶stέV, miaV

m¶qόdou katά polύ kallίt¶rhV thV m¶qόdou tou Sturm.  Η mέqodoV twn sun¶cώn

klasmάtwn ¶ίnai h pio grήgorh ston kόsmo kai crhsimopoi¶ίtai sto Mathemat-

ica.  Σ¶ antίq¶sh h mέqodoV tou Sturm d¶n crhsimopoi¶ίtai pouq¶nά plέon.

Τo  q¶ώrhma  tou  Vincent  ¶ίc¶  tόso  polύ  x¶cast¶ί  ώst¶  pro  tou  1978  d¶n

anajέr¶tai  apό  kanέnan  suggrajέa  m¶  ¶xaίr¶sh  ton  Obreschkoff  (1963)  kai

Uspensky (1948).  Ο grάjwn anakάluy¶ to q¶ώrhma tou Vincent sto biblίo tou

Uspensky  to  1975-76  kai  sto  qέma  autό  έgray¶  thn  didaktorikή  tou  diatribή

(1978).

Σhm¶iώnoum¶  par¶nq¶tikά  pwV  upάrc¶i  kai  h  mέqodoV  twn  Collins-Akritas  gia

thn  apomόnwsh  twn  pragmatikώn  rizώn  poluwnumikώn  ¶xisώs¶wn  m¶

dicotόmhsh.   Η  mέqodoV  autή  anaptύcqhk¶  to  1975-76,  sthrίz¶tai  s¶  mίa

olikή  tropopoίhsh  tou  q¶wrήmatoV  tou  Vincent  kai  crhsimopoi¶ίtai  sto

Maple.  

Γia  thn  istorίa  anajέroum¶  pwV  upάrc¶i  mia  anajorά  tou  Uspensky — sthn

¶isagwgή  tou  biblίou  tou  —  όti  o  ίdioV  an¶kάluy¶  thn  mέqodo  apomόnwshV

pragmatikώn  rizώn  m¶  sun¶cή  klάsmata.   Έtsi  loipόn,  arcikά,  h  mέqodoV  tou

Vincent  ¶sjalmέna  onomazόtan  “mέqodoV  tou  Uspensky”  ¶nώ  h  mέqodoV  twn

Collins-Akritas  onomazόtan  “tropopoihmέnh  mέqodoV  tou  Uspensky”.   ΌmwV

Ιstorikή anaskόphsh
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όpwV tόnis¶ o grάjwn, o Uspensky d¶n ¶ίc¶ up' όyh tou to q¶ώrhma tou Budan

kai  to  mόno  pou  έkan¶  ήtan  na  diplasiάs¶i  ton  crόno  upologismoύ  thV

m¶qόdou tou Vincent.  Λ¶ptomέr¶iV qa doύm¶ sthn ¶nόthta 6.3.

6:  Αpomόnwsh pragmatikώn rizώn
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6.2   Τo  q¶ώrhma  tou  Fourier  kai  h  mέqodoV  tou  Sturm gia  thn  apomόnwsh

pragmatikώn rizώn m¶ dicotόmhsh 

Σthn  ¶nόthta  autή  qa  gnwrίsoum¶  to  q¶ώrhma  tou  Fourier,  to  opoίo  maV  dίn¶i

ton  mέgisto  dunatό  pragmatikώn  rizώn  pou  έc¶i  mίa  ¶xίswsh  m¶  akέraiouV

sunt¶l¶stέV  mέsa  s¶  έna  diάsthma.   Σthn  sunέc¶ia  qa  doύm¶  pwV  o  Sturm

tropopoίhs¶  to  q¶ώrhma  tou  Fourier  ώst¶  na  paίrnoum¶  ton  akribή  ariqmό

twn pragmatikώn rizώn mέsa sto upό ¶xέtash diάsthma.

ü 6.2.1  Τo q¶ώrhma tou Fourier

Τo q¶ώrhma tou Fourier basίz¶tai sthn ¶rgasίa twn Cardano kai Descartes thn

opoίa prώta parousiάzoum¶.  Χr¶iazόmast¶ ton akόlouqo orismό: 

ΟrismόV:

Έstw mίa p¶p¶rasmέnh ή άp¶irh akolouqίa pragmatikώn ariqmώn c1, c2, c3, …

Λέm¶  όti  anάm¶sa  stouV  ariqmoύV  c  kai  c  (  <  )  upάrc¶i  mίa  m¶tabolή

prosήmou (sign variation) ή aplά m¶tabolή όtan iscύoun ta akόlouqa:

i.  Αn  =  + 1, oi ariqmoί c  kai c  έcoun antίq¶ta prόshma.

ii.   Αn   ¥   + 2,  oi  ariqmoί  c +1,  …, c -1  ¶ίnai  όloi  mhdέn  kai  oi  c  kai  c  έcoun

antίq¶ta prόshma.

Αkolouq¶ί  έna  prόgramma  sto  Mathematica  gia  ton  upologismό  twn

m¶tabolώn  prosήmou  tόso  miaV  ariqmhtikήV  akolouqίaV  όso  kai  ¶nόV

poluwnύmou miaV m¶tablhtήV.

variations@s_D := Module@8lis, l, i, v = 0<,
If@PolynomialQ@s, Variables@sDD,

lis = Select@CoefficientList@s, Variables@sDD, # ≠ 0 &D,
lis = Select@s, # ≠ 0 &DD;

l = Length@lisD;
If@l > 1,

Do@If@Not@Equal@Sign@lis@@iDDD, Sign@ lis@@i + 1DDDDD, v++D,
8i, l − 1<DD;

vD ê; ListQ@sD »» Which@Length@Variables@sDD == 0,
AtomQ@Variables@sDD, Length@Variables@sDD 1,
AtomQ@First@Variables@sDDDD

Τa q¶wrήmata twn Fourier & Sturm
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Πarάd¶igma:

Έstw to poluώnumo p(x) = x3 - 7x + 7, oi sunt¶l¶stέV tou opoίou schmatίzoun

thn  p¶p¶rasmέnh  akolouqίa  {1,  0,  -7,  7}.   Σthn  akolouqίa  autή  upάrcoun  2

m¶tabolέV prosήmou.  Πrάgmati,   

variations@x3 − 7 x + 7D

2

Ο  Gerolamo  Cardano  (1501-1576)  ¶ίnai  o  prώtoV  sthn  istorίa  twn

maqhmatikώn pou sύnd¶s¶ ton ariqmό r+ twn q¶tikώn rizώn ¶nόV poluwnύmou

p(x)  m¶  ton  ariqmό  v  twn  m¶tabolώn  prosήmou  sthn  akolouqίa  twn

sunt¶l¶stώn tou p(x).    

Σugk¶krimέna o Cardano ήx¶r¶ tiV ¶xήV dύo p¶riptώs¶iV: 

ä   an  stouV  sunt¶l¶stέV  ¶nόV  poluwnύmou  d¶n  upάrc¶i  kamίa

m¶tabolή prosήmou, dhladή v = 0, tόt¶ d¶n upάrc¶i kamίa q¶tikή rίza, dhladή

r+ = 0, kai

ä   an  stouV  sunt¶l¶stέV  ¶nόV  poluwnύmou  upάrc¶i  mίa  m¶tabolή

prosήmou, dhladή v = 1, tόt¶ upάrc¶i mίa q¶tikή rίza, dhladή r+ = 1.

Οi  p¶riptώs¶iV  autέV  όso  kai  an  jaίnontai  aplέV  crhsimopoioύntai  — όpwV

qa  doύm¶  sthn  ¶nόthta  6.3  —  san  kritήrio  t¶rmatismoύ  sthn  pio  grήgorh

mέqodo apomόnwshV pragmatikώn rizώn — autή m¶ sun¶cή klάsmata.  ΕpίshV

crhsimopoioύntai kai san kritήrio t¶rmatismoύ sthn mέqodo twn Collins-Akri-

tas.

Πarάd¶igma:

Έtsi  gia  parάd¶igma  to  poluώnumo  p(x)  =  x3  +  7x  +  7,  d¶n  έc¶i  kamίa  q¶tikή

rίza, ¶nώ to poluώnumo p(x) = x3 - 7x - 7, έc¶i mίa q¶tikή rίza.

Αutό pou έkan¶ o René Descartes (1596-1650) ήtan na g¶nik¶ύs¶i to “q¶ώrhma”

tou  Cardano.  Σugk¶krimέna,  ston  Descartes oj¶ίloum¶  thn  scέsh  v  = r+  + 2l,

όpou  l  œ  ¥0,  thn  opoίa  qa  apod¶ίxoum¶  pio  kάtw  m¶  thn  boήq¶ia  tou

q¶wrήmatoV tou Fourier.

6:  Αpomόnwsh pragmatikώn rizώn
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ΌpwV  anajέram¶  sthn  prohgoύm¶nh  ¶nόthta,  to  q¶ώrhma  tou  Fourier

dhmosi¶ύqhk¶  to  1820  kai  brίsk¶tai  s¶  όla  ta  biblίa  ta  sc¶tikά  m¶  thn

q¶wrίa twn ¶xisώs¶wn ¶ίt¶ m¶ to όnoma Budan - Fourier ¶ίt¶ mόno m¶ to όnoma

Budan.   Πrotoύ  to  diatupώsoum¶  qa  parousiάsoum¶  dύo  bohqhtikά  lήmmata.

Αn  kai  ¶ndiaj¶rόmast¶  mόno  gia  poluώnuma  m¶  akέraiouV  sunt¶l¶stέV  qa

apod¶ίxoum¶  ta  lήmmata  autά  sthn  g¶nikόt¶rh  p¶rίptwsh  m¶  pragmatikoύV

sunt¶l¶stέV.

Λήmma 6.2.1:  

Έstw  όti  p(x)  =  0  ¶ίnai  mίa  poluwnumikή  ¶xίswsh  baqmoύ  n  >  0  m¶

pragmatikoύV  sunt¶l¶stέV  kai  έstw  όti  έc¶i  mίa  pragmatikή  rίza  a

pollaplόthtaV  m.   Τόt¶  gia  e  >  0  ta  poluώnuma  p(x)  kai  pH1L(x)  —  όpou  ¶n

gέn¶i pHiL(x) ¶ίnai h i-stή parάgwgoV tou p(x) — έcoun antίq¶ta prόshma sto

diάsthma (a - e, a) kai ίdia prόshma sto diάsthma (a, a + e).

Αpόd¶ixh:

Εjarmόzoum¶ to anάptugma katά Taylor, dhladή  

p(a ± x) = ‚
i=0

n pHiLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅi!  xi.

Tόt¶ lόgw thV pollaplόthtaV m thV rίzaV a, έcoum¶

p(a ± e) = ‚
i=m

n
 pHiLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅi!  H≤ e Li = pHmLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm!  H≤ e Lm + ∫ + pHnLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅn!  H≤ e Ln

kai

pH1L(a ± e) = ‚
i=m

n
 pHiLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHi-1L!  H≤ e Li-1 = pHmLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHm-1L!  H≤ e Lm-1 + ∫ + pHnLHaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn-1L!  H≤ e Ln-1

Βlέpoum¶  όmwV  pwV  gia  e  ark¶tά  mikrό  ta  prόshma  stiV  dύo  t¶l¶utaί¶V

¶xisώs¶iV  ¶xartώntai  mόno  apό  to  prόshmo  tou  όrou  pHmLHaL  —  tou  prώtou

όrou pou d¶n έc¶i rίza to a — kai sun¶pώV ¶ίnai antίq¶ta sto diάsthma (a - e,

a) kai ίdia sto diάsthma (a, a + e).//

Πarάd¶igma:

Έstw p(x) to akόlouqo poluώnumo pou έc¶i thn rίza a = 2, pollaplόthtaV 4.

p@x_D := Hx3 − 7 x + 7L Hx − 2L4 êê Expand

Τa q¶wrήmata twn Fourier & Sturm
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Γia  e  =  0.025,  apό  ta  grajήmata  twn  p(x)  kai  pH1L(x),  blέpoum¶  pwV  ta

prόshma  ¶ίnai  antίq¶ta  sto  diάsthma  (2  -  e,  2)  kai  ίdia  sto  diάsthma  (2,  2 +

e).  (Τo grάjhma thV pH1L(x) ¶ίnai m¶ diak¶kommέnh grammή.)

ε = 0.025;
plot0 = Plot@8p@xD<, 8x, 2 − ε, 2 + ε<,

AxesOrigin → 82, 0<, DisplayFunction IdentityD;

plot1 = PlotA8p'@xD<, 8x, 2 − ε, 2 + ε<, AxesOrigin → 82, 0<,

PlotStyle → 9Dashing[{0.05,0.05}]=, DisplayFunction Identity E;

Show@8plot0, plot1<, DisplayFunction $DisplayFunctionD;

1.98 1.99 2.01 2.02

-7.5× 10-8

-5× 10-8

-2.5× 10-8

2.5× 10-8

5× 10-8

7.5× 10-8

1× 10-7

Figure  6.2.   Τa  grajήmata  thV  p(x)  kai  thV  paragώgou  thV  pH1L(x)  (m¶  diak¶kommέnh  grammή).
Σto diάsthma (2 - e, 2) ta prόshma twn p(x) kai pH1L(x) ¶ίnai antίq¶ta ¶nώ sto diάsthma (2, 2 +
e) ta prόshma ¶ίnai ίdia.

6:  Αpomόnwsh pragmatikώn rizώn
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Λήmma 6.2.2:  

Έstw  pάli  όti  p(x)  =  0  ¶ίnai  mίa  poluwnumikή  ¶xίswsh  baqmoύ  n  >  0  m¶

pragmatikoύV  sunt¶l¶stέV  kai  έstw  όti  έc¶i  mίa  pragmatikή  rίza  a

pollaplόthtaV  m  >  1.   Θ¶wroύm¶  ta  m  poluώnuma  p(x),  pH1L(x),  …,  pHm-1L(x)

όpou kai pάli to pHiL(x) sumbolίz¶i thn i-stή parάgwgo  tou p(x).  Τόt¶ gia  e >

0,  an  sta  m poluώnuma  antikatastήsoum¶  thn  m¶tablhtή  x  m¶  timέV  apό  to

diάsthma  (a  -  e,  a)  ta  prόshma  thV  ariqmhtikήV  akolouqίaV  pou  prokύpt¶i

¶ίnai  ¶nalassόm¶na,  ¶nώ  an  antikatastήsoum¶  thn  m¶tablhtή  x  m¶  timέV

apό  to  diάsthma  (a,  a  +  e)  ta  prόshma  thV  ariqmhtikήV  akolouqίaV  pou

prokύpt¶i  sumpίptoun  m¶  to  prόshmo  tou  pHmL(a),  όpou  pHmL(x)  ¶ίnai  h  prώth

sunάrthsh gia thn opoίa to a d¶n ¶ίnai rίza.

Αpόd¶ixh:

Εjarmόzoum¶ ¶panalhptikά to Λήmma 6.2.1.//  

Πarάd¶igma (sunέc¶ia):

Σun¶cίzoum¶  m¶  ta  grajήmata  twn  ¶pόm¶nwn  m¶rikώn  paragώgwn  tou  p(x).

Κάq¶  έna  grάjhma  to  sugkrίnoum¶  m¶  to  grάjhma  thV  proήgoum¶nhV

paragώgou  kai  blέpoum¶  pwV  sto  diάsthma  (a  -  e,  a)  ta  prόshma  ¶ίnai

antίq¶ta,  ¶nώ  sto  diάsthma  (a,  a  + e) ta  prόshma  ¶ίnai  ίdia.   Τa  grajήmata

thV prώthV kai trίthV paragώgou ¶ίnai m¶ diak¶kommέn¶V grammέV.

plot2 = Plot@p''@xD, 8x, 2 − ε, 2 + ε<,
AxesOrigin → 82, 0<, DisplayFunction Identity D;

Show@8plot1, plot2<, DisplayFunction $DisplayFunctionD;

1.98 1.99 2.01 2.02

0.0001

0.0002

0.0003

0.0004
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Figure 6.3.  Τa grajήmata thV pH1L(x) (m¶ diak¶kommέnh grammή) kai thV paragώgou thV pH2L(x).  

plot3 = PlotA8p'''@xD<, 8x, 2 − ε, 2 + ε<, AxesOrigin → 82, 0<,

PlotStyle → 9Dashing[{0.05,0.05}]=, DisplayFunction Identity E;

Show@8plot2, plot3<, DisplayFunction $DisplayFunctionD;

1.98 1.99 2.01 2.02

-0.005

0.005

0.01

0.015

Figure 6.4.  Τa grajήmata thV pH2L(x) kai thV paragώgou thV pH3L(x) (m¶ diak¶kommέnh grammή).  

plot4 = Plot@p''''@xD, 8x, 2 − ε, 2 + ε<,
AxesOrigin → 82, 0<, DisplayFunction Identity D;

Show@8plot3, plot4<, DisplayFunction $DisplayFunctionD;
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Figure 6.5.  Τa grajήmata tou pH3L(x) (m¶ diak¶kommέnh grammή) kai thV paragώgou thV pH4L(x).  

Οi  parάgwgoi  pH3L(x)  kai  pH4L(x)  ¶ίnai  oi  t¶l¶utaί¶V  gia  tiV  opoί¶V  iscύ¶i  όti

sto diάsthma (2 - e, 2) ta prόshmά touV ¶ίnai antίq¶ta ¶nώ sto diάsthma (2, 2

6:  Αpomόnwsh pragmatikώn rizώn
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+ e)  ¶ίnai  ίdia.   Σto  Figure  6.6 sugkrίnoum¶  tiV  pH4L(x)  kai  pH5L(x)  kai  blέpoum¶

όti ta prόshma ¶ίnai ta ίdia sto diάsthma (2 - e, 2 + e).

plot5 = PlotA8p'''''@xD<, 8x, 2 − ε, 2 + ε<, AxesOrigin → 82, 0<,

PlotStyle → 9Dashing[{0.05,0.05}]=, DisplayFunction Identity E;

Show@8plot4, plot5<, DisplayFunction $DisplayFunctionD;
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Figure 6.6.  Τa grajήmata thV pH4L(x) kai thV paragώgou thV pH5L(x) (m¶ diak¶kommέnh grammή).  

ΟrismόV:

Έstw  p(x)  = 0 ¶ίnai  mίa  poluwnumikή  ¶xίswsh  baqmoύ  n > 0 m¶  pragmatikoύV

sunt¶l¶stέV.   Οnomάzoum¶  akolouqίa  Fourier  thn  akolouqίa  twn  n  +  1

sunartήs¶wn

FseqHxL = {p(x), pH1L(x), pH2L(x), …, pHnL(x)}

όpou pHiL(x) ¶ίnai h i-stή parάgwgoV tou p(x)

Πarάd¶igma:

Έstw pάli to poluώnumo p(x) = x3 - 7x + 7.  Η akolouqίa Fourier ¶ίnai

FseqHxL = {x3 - 7x + 7, 3x2 - 7, 6x, 6}

Θ¶ώrhma  tou  Fourier  (1820):  (ΥpologismόV  ¶nόV  pάnw  jrάgmatoV  ston

ariqmό  twn  pragmatikώn  rizώn  pou  έc¶i  mίa  ¶xίswsh  s¶  έna  anoictό

diάsthma.)  

Τa q¶wrήmata twn Fourier & Sturm
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Έstw  p(x)  =  0  mίa  poluwnumikή  ¶xίswsh  baqmoύ  n  >  0  m¶  pragmatikoύV

sunt¶l¶stέV.  kai  έstw  όti  έc¶i  mίa  pragmatikή  rίza  a  pollaplόthtaV  m  > 1.

Αn  sthn  akolouqίa  Fourier  FseqHxL  =  {p(x),  pH1L(x),  pH2L(x),  …,  pHnL(x)}

antikatastήsoum¶  to  x  m¶  tucaίouV  pragmatikoύV  ariqmoύV  ,   (  <  ),  tόt¶

prokύptoun oi ariqmhtikέV akolouqί¶V Fseq H L kai Fseq H L m¶ v  kai v  m¶tabolέV

prosήmou antίstoica.  Ιscύoun ta akόlouqa:

i.   Η  akolouqίa  Fseq H L  d¶n  mpor¶ί  na  έc¶i  ligόt¶r¶V  m¶tabolέV  prosήmou  apό

thn akolouqίa FseqH L.  ∆hladή, v  ¥ v .

ii.   Ο ariqmόV  r  twn pragmatikώn  rizώn thV ¶xίswshV p(x) = 0 pou  brίskontai

sto  diάsthma  ( ,  ) potέ  d¶n  mpor¶ί  na  ¶ίnai  m¶galύt¶roV  apό ton  ariqmό twn

m¶tabolώn  prosήmou  pou  cάnontai  sthn  FseqHxL  katά  thn  m¶tάbasή  maV  apό

thn antikatάstash x ≠  sthn antikatάstash x ≠ .  ∆hladή, r § v  - v . 

iii.   Όtan  o  ariqmόV  r  twn  pragmatikώn  rizώn  thV  ¶xίswshV  p(x)  =  0  pou

brίskontai  sto  diάsthma  ( ,  )  ¶ίnai  gnήsia  mikrόt¶roV  apό  ton  ariqmό  twn

m¶tabolώn  prosήmou  pou  cάnontai  sthn  FseqHxL  katά  thn  m¶tάbasή  maV  apό

thn  antikatάstash  x  ≠   sthn  antikatάstash  x  ≠  ,  tόt¶  h  diajorά  ¶ίnai

άrtioV ariqmόV.  ∆hladή, r = v  - v  - 2l, όpou l œ >0.

Αpόd¶ixh:

Όtan  to  x  m¶tabάll¶tai  sto  diάsthma  ( ,  )  o  ariqmόV  twn  m¶tabolώn

prosήmou  sthn  akolouqίa  Fourier,  FseqHxL,  allάz¶i  mόno  όtan  to  x  ¶ίnai  rίza

tou p(x) ή miaV twn paragώgwn tou.  Εx¶tάzoum¶ tiV dύo autέV p¶riptώs¶iV:

Π¶rίptwsh  1h.   Έstw  όti  a  ¶ίnai  rίza  tou  p(x)  pollaplόthtaV  m.   Αpό  to

Λήmma 6.2.2 prokύpt¶i pwV όtan to x m¶tabάll¶tai sto diάsthma (a - e, a + e),

gia  ark¶tά  mikrό  e  >  0,  upάrcoun  m  m¶tabolέV  prosήmou  sthn  akolouqίa

Fourier  amέswV  prin  to  pέrasma  apό  thn  rίza  a,  kai  d¶n  upάrc¶i  kamίa

m¶tabolή prosήmou sthn akolouqίa Fourier amέswV m¶tά to pέrasma apό thn

rίza  a.   Σun¶pώV,  sthn  akolouqίa  Fourier,  FseqHxL,  cάnontai  m  m¶tabolέV

prosήmou.

Π¶rίptwsh  2h.   Έstw  όti  to  a  ¶ίnai  tώra  rίza  miaV  paragώgou,

pollaplόthtaV  m.   ∆hladή,  gia  kάpoio  i,  0  <  i  <  n,  έcoum¶  pHi-1L(a)  ∫  0  kai

pHiL(a) = 0.  Θ¶wroύm¶ thn akolouqίa 

6:  Αpomόnwsh pragmatikώn rizώn
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Dseq(x) = {pHi-1L(x), pHiL(x), pHi+1L(x), …, pHi+mL(x)} 

pou  ¶ίnai  upoakolouqίa  thV  FseqHxL,  kai  όpou  pHi+mL(x)  ¶ίnai  to  prώto

poluώnumo  gia  to  opoίo  a  d¶n  ¶ίnai  rίza.   Πrosέxt¶  pwV  όtan  to  x

m¶tabάll¶tai sto diάsthma (a - e, a + e), gia ark¶tά mikrό e > 0, ta prόshma

twn  pHi-1L(x)  kai  pHi+mL(x)  d¶n  allάzoun  ¶p¶idή  ta  poluώnuma  autά  d¶n

mhd¶nίzontai.   Μ¶  thn  boήq¶ia  tou  ΛήmmatoV  6.2.2,  kai  lambάnontaV  up'  όyh

thn  timή  thV  m  (άrtia  ή  p¶rittή)  kaqώV  ¶pίshV  kai  to  an  ta  prόshma  twn

pHi-1L(x)  kai  pHi+mL(x)  ¶ίnai  ίdia  ή  antίq¶ta,  prokύpt¶i  pwV  sthn  akolouqίa

Dseq(x)  cάn¶tai  άrtioV  ariqmόV  prosήmwn  όtan  to  x  m¶tabάll¶tai  sto

diάsthma (a - e, a + e), gia  ark¶tά mikrό e > 0.  (Βlέp¶ kai to parάd¶igma pou

akolouq¶ί.)

Σun¶pώV,  όtan  to  x  m¶tabάll¶tai  s¶  tucaίo  diάsthma  ( ,  ),  o  ariqmόV  twn

m¶tabolώn  prosήmou  pou  cάnontai  sthn  akolouqίa  FseqHxL  ¶ίt¶  ¶ίnai  ίsoV  m¶

ton  ariqmό  r  twn  pragmatikώn  rizώn  tou  p(x)  sto  diάsthma  autό  ¶ίt¶

x¶p¶rnά¶i ton r katά άrtio ariqmό.//

Πrosocή: 

Όtan  to  x  m¶tabάll¶tai  s¶  tucaίo  diάsthma  ( ,  )  m¶  thn  akolouqίa  FseqHxL
mporoύm¶  na  broύm¶  ton  akribή  ariqmό  twn  rizώn  mόno  stiV  ¶xήV  dύo

p¶riptώs¶iV:  (a)  an  d¶n  cάn¶tai  kamίa  m¶tabolή  prosήmou  tόt¶  d¶n  upάrc¶i

kamίa rίza sto ( , ), kai (b)  an cάn¶tai mίa m¶tabolή prosήmou tόt¶ upάrc¶i

mίa pragmatikή rίza sto ( , ).  Τa antίstroja twn (a) kai (b) d¶n iscύoun!

Πarάd¶igma: (thV 2hV p¶rίptwshV tou q¶wrήmatoV tou Fourier)

Έstw to poluώnumo p(x) = x4  - 8 x3  + 24x2.  Τo a = 2 d¶n ¶ίnai rίza tou, allά

¶ίnai  rίza  pollaplόthtaV  m  =  2  thV  paragώgou  tou  pH2L(x)  —  dhladή

crhsimopoiώntaV  ton  sumbolismό  tou  parapάnw  q¶wrήmatoV,  i  =  2  sthn

akolouqίa Dseq(x).

p@x_D = x4 − 8 x3 + 24 x2;
8p@2D, p'@2D, p''@2D, p'''@2D, p''''@2D<

848, 32, 0, 0, 24<

Έtsi sto parάd¶igma autό έcoum¶ Dseq(x) = {pH1L(x), pH2L(x), pH3L(x), pH4L(x)}.

Τa q¶wrήmata twn Fourier & Sturm
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Dseq@x_D := 8p'@xD, p''@xD, p'''@xD, p''''@xD<

Θa  doύm¶  pwV  όtan  to  x  m¶tabάll¶tai  s¶  tucaίo  diάsthma  (2  -  e,  2  +  e),  o

ariqmόV  twn  m¶tabolώn  prosήmou  pou  cάnontai  sthn  akolouqίa  Dseq(x)  ¶ίnai

άrtioV.  Πrάgmati, sto diάsthma (2 - e, 2) έcoum¶ 2 m¶tabolέV prosήmou,

Dseq@1.98D

832., 0.0048, −0.48, 24<

variations@Dseq@1.98DD

2

¶nώ sto diάsthma (2, 2 + e) — m¶ bάsh to Λήmma 6.2.2 — ta poluώnuma pH2L(x)

kai  pH3L(x)  paίrnoun  to  prόshmo  tou  pH4L(x)  kai  έtsi  d¶n  έcoum¶  m¶tabolέV

prosήmou.  

Dseq@2.02D

832., 0.0048, 0.48, 24<

variations@Dseq@2.02DD

0

Σun¶pώV  cάqhkan  2  m¶tabolέV  prosήmou.   Πrosέxt¶  pwV  ta  prόshma  twn

pH1L(x)  kai  pH4L(x)  ¶ίnai  ίdia  kai  d¶n  allάzoun  ¶p¶idή  ta  poluώnuma  autά  d¶n

mhd¶nίzontai sto a = 2.  

Πarάd¶igma:  (upologismόV  ¶nόV  pάnw  jrάgmatoV  ston  ariqmό  twn

pragmatikώn rizώn mέsa s¶ έna diάsthma m¶ thn boήq¶ia tou q¶wrήmatoV tou

Fourier)

Έstw  to poluώnumo p(x) = x3  - 7x + 7.  Γia  na  broύm¶ έna pάnw jrάgma ston

ariqmό  twn  pragmatikώn  rizώn  pou  έc¶i  to  poluώnumo  autό  sto  diάsthma  (0,

2)  m¶  to  q¶ώrhma  tou  Fourier  upologίzoum¶  thn  akolouqίa  Fourier,  FseqHxL,  tou

poluwnύmou autoύ  

6:  Αpomόnwsh pragmatikώn rizώn
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p@x_D = x3 − 7 x + 7;
Fseq@x_D := 8p@xD, p'@xD, p''@xD, p'''@xD<
Fseq@xD

87 − 7 x + x3, −7 + 3 x2, 6 x, 6<

kai  katόpin  upologίzoum¶  ton  ariqmό  twn  m¶tabolώn  prosήmou  pou  cάnontai

sthn FseqHxL katά thn m¶tάbasή tou x apό to 0 sto 2.  Σugk¶krimέna έcoum¶ 

Fseq@0D

87, −7, 0, 6<

variations@Fseq@0DD

2

kai 

Fseq@2D

81, 5, 12, 6<

variations@Fseq@2DD

0

∆hladή  cάnontai  dύo  m¶tabolέV  prosήmou,  kai  autό  shmaίn¶i  pwV  sto

diάsthma (0, 2) to poluώnumo ¶ίt¶ έc¶i dύo pragmatikέV rίz¶V ή kamίa, kάti pou

prέp¶i  na  di¶r¶unhq¶ί.   Σto  Mathematica  έna  prόgramma  pou  upologίz¶i  thn

akolouqίa Fourier ¶ίnai to ¶xήV:

createFourierSequence@p_D :=

Module@8Fseq = 8<, q = p, r, v = First@Variables@pDD<,
r = D@p, vD; AppendTo@Fseq, 8q, r<D;

While@Exponent@r, vD > 0, r = D@r, vD; AppendTo@Fseq, rD
D; Fseq êê Flatten
D ê; AtomQ@First@Variables@pDDD

kai gia to t¶l¶utaίo parάd¶igma έcoum¶:

Τa q¶wrήmata twn Fourier & Sturm
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p@x_D = x3 − 7 x + 7;
Fseq@x_D = createFourierSequence@p@xDD;
variations@Fseq@0DD − variations@Fseq@2DD

2

Τo  q¶ώrhma  tou  Fourier  mpor¶ί  na  crhsimopoihq¶ί  gia  thn  apόd¶ixh  tou

akόlouqou q¶wrήmatoV. 

Θ¶ώrhma  twn  Cardano-Descartes:  (ΥpologismόV  ¶nόV  pάnw  jrάgmatoV  ston

ariqmό twn q¶tikώn rizώn pou έc¶i mίa ¶xίswsh.)  

Έstw p(x) = cnxn  + cn-1xn-1 + ∫ + c1x + c0 mίa poluwnumikή ¶xίswsh baqmoύ n

>  0  m¶  pragmatikoύV  sunt¶l¶stέV.   Αn  v  ¶ίnai  o  ariqmόV  twn  m¶tabolώn

prosήmou  sthn  akolouqίa  twn  sunt¶l¶stώn  {cn,  cn-1,  …,  c1,  c0}  —  όpou  oi

mhd¶nikoί  sunt¶l¶stέV  έcoun  paralhjq¶ί  —  kai  r+  ¶ίnai  o  ariqmόV  twn

q¶tikώn rizώn thV p(x) = 0, tόt¶ v = r+ + 2l, όpou l œ ¥0.

Αpόd¶ixh:

 Αutό pou  zhtάm¶ ¶ίnai έna pάnw jrάgma ston ariqmό twn pragmatikώn rizώn

thV  p(x) = 0 mέsa  sto  diάsthma  (0, ¶).   Η akolouqίa  Fourier sthn  p¶rίptwsή

maV ¶ίnai FseqHxL = {p(x), pH1L(x), pH2L(x), …, pHnL(x)}, όpou 

 p(x) = cnxn + cn-1xn-1 + ∫ + c1x + c0,

pH1L(x) = ncnxn-1 + ∫ + c1,

pH2L(x) = n(n - 1)cnxn-2 + ∫ + (2!)c2,

ª

pHnL(x) = (n!)cn.

Μ¶ bάsh to q¶ώrhma tou Fourier upologίzoum¶ prώta thn akolouqίa

FseqH0L = { c0, c1, (2!)c2, …, (n!)cn}

pou έc¶i v m¶tabolέV prosήmou, kai έp¶ita thn akolouqίa Fseq(¶) pou d¶n έc¶i

m¶tabolή prosήmou  — ¶p¶idή όloi oi όroi  έcoun to prόshmo tou cn.  Σun¶pώV

apό to q¶ώrhma tou Fourier έcoum¶ 

v = r+ + 2l,

6:  Αpomόnwsh pragmatikώn rizώn
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όpou l œ ¥0.//

Πrosέxt¶  pwV  to  q¶ώrhma  twn  Cardano-Descartes maV  dίn¶i  ton  akribή  ariqmό

twn  q¶tikώn  rizώn  mόno  stiV  p¶riptώs¶iV  pou  v  =  0  ή  v  =  1  —  opόt¶  kat'

anάgkh l = 0.  

ü 6.2.2  Τo q¶ώrhma tou Sturm 

Αpό istorikή  άpoyh  axίz¶i  na  anajέroum¶ pwV  ta  dύo basikά qέmata  m¶lέthV

sthn  zwή  tou  Fourier ήtan  h  q¶wrίa  thV  q¶rmόthtaV  kai  h  q¶wrίa  ariqmhtikήV

¶pίlushV  ¶xisώs¶wn.   Κai  ta  dύo  autά  qέmata  sun¶cίsthkan  argόt¶ra  apό

ton Sturm, o opoίoV ¶ίc¶ proswpikέV kai ¶pisthmonikέV scέs¶iV m¶ ton Fourier.

Τo  1829  oi  c¶irόgraj¶V  ¶rgasί¶V  tou  Fourier  sc¶tikά  m¶  thn  ariqmhtikή

¶pίlush  ¶xisώs¶wn  ¶ίcan  diadoq¶ί  s¶  ark¶toύV  ¶idikoύV  ¶pί  tou  qέmatoV,

anάm¶sa stouV opoίouV ήtan kai o Sturm — o opoίoV anajέr¶i x¶kάqara pόso

polύ ¶phr¶άsthk¶ apό tiV ¶rgasί¶V tou Fourier.

Αutό  pou  έkan¶  o  Sturm  sthn  q¶wrίa  ariqmhtikήV  ¶pίlushV  ¶xisώs¶wn  ήtan

na antikatastήs¶i thn akolouqίa Fourier m¶ thn akolouqίa 

Sseq(x) = {p(x), pH1L(x), r1(x), …, rk(x)},

h  opoίa  apokal¶ίtai  akolouqίa  Sturm.   Η  akolouqίa  autή  prokύpt¶i  m¶

¶jarmogή  tou  Εuklέid¶iou  algόriqmou  sta  poluώnuma  p(x)  kai  pH1L(x),

orίzontaV ta ri(x), 1 § i § k, san ta arnhtikά  twn upoloίpwn pou prokύptoun.

∆hladή h akolouqίa Sturm orίz¶tai apό tiV akόlouq¶V scέs¶iV:

    p(x) = pH1L(x) q1(x) - r1(x),

pH1L(x) = r1(x)q2(x) - r2(x),

   r1(x) = r2(x)q3(x) - r3(x),

ª

            rk-2(x) = rk-1(x)qk(x) - rk(x),

Τo  pl¶onέkthma  thV  akolouqίaV  Sturm  ¶ίnai  όti  mporoύm¶  tώra  na

apoktήsoum¶  ton  akribή  ariqmό  twn  pragmatikώn  rizώn  pou  έc¶i  h  ¶xίswsh

p(x)  =  0  mέsa  s¶  έna  d¶domέno  diάsthma.   Πrosέxt¶  pwV  an  o  baqmόV  tou

poluwnύmou  p(x)  ¶ίnai  n  tόt¶,  sunήqwV,  h  akolouqίa  Sturm  apot¶l¶ίtai

Τa q¶wrήmata twn Fourier & Sturm
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sunolikά  apό  n  +  1  sunartήs¶iV  —  d¶domέnou  όti  sthn  diadikasίa  ¶ύr¶shV

¶nόV  mέgistou  koinoύ  diaίrέth  (m.k.d.)  twn  p(x)  kai  pH1L,  o  baqmόV  kάq¶

upoloίpou  ¶ίnai  sunήqwV  katά  monάda  mikrόt¶roV  apό  ton  baqmό  tou

prohgoumέnou  upoloίpou.   Εpiplέon,  an  d¶n  upάrcoun  pollaplέV  rίz¶V  to  rk(x)

¶ίnai  staq¶rά.   (Λ¶ptomέr¶i¶V  gia  thn  ¶ύr¶sh  ¶nόV  m.k.d.  dύo  poluwnύmwn  qa

doύm¶  s¶  έna  apό  ta  ¶pόm¶na  k¶jάlaia.   Η  m¶tatropή  ¶nόV  poluwnύmou  m¶

pollaplέV  rίz¶V  s¶  έna  m¶  aplέV  qa  suzhthq¶ί  s¶  άllh  ¶nόthta  autoύ  tou

k¶jalaίou.)

Πarάd¶igma:

Η  akolouqίa  Sturm  gia  to  poluώnumo  p(x)  =  x3  -  7x  +  7  ¶ίnai  Sseq(x)  =  {p(x),

pH1L(x),  r1(x),  r2(x)},  όpou  pH1L(x)  ¶ίnai  h  prώth  parάgwgoV  tou  p(x)  kai  ta

upόloipa upologίzontai wV ¶xήV:  Τo r1(x) ¶ίnai

p@x_D = x3 − 7 x + 7; pp@x_D = D@p@xD, xD;
r1 = −PolynomialMod@p@xD, pp@xDD

−7 +
14 x

3

ή isodύnama r1(x) = 2x -3.  Πrosέxt¶ pwV an upologίsoum¶ kai to phlίko q1(x),

q1 = PolynomialQuotient@p@xD, pp@xD, xD

x
3

tόt¶ iscύ¶i h proanaj¶rq¶ίsa scέsh p(x) = pH1L(x) q1(x) - r1(x):

p@xD Evaluate@Hpp@xD q1 − r1L êê ExpandD

True

Αntίstoica to r2(x) upologίz¶tai 

r2 = −PolynomialMod@pp@xD, r1D

1
4

ή isodύnama r2(x) = 1.  An d¶ upologίsoum¶ kai to phlίko q2(x),

6:  Αpomόnwsh pragmatikώn rizώn
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q2 = PolynomialQuotient@pp@xD, r1, xD

27
28

+
9 x
14

tόt¶  iscύ¶i  h  d¶ύt¶rh  (kai  t¶l¶utaίa  gia  to  parάd¶igma  autό)

proanaj¶rq¶ίsa scέsh pH1L(x) = r1(x)q2(x) - r2(x):

pp@xD Evaluate@Hr1 q2 − r2L êê ExpandD

True

Άra h akolouqίa Sturm gia to poluώnumo p(x) = x3  - 7x + 7 ¶ίnai Sseq(x) = {x3  -

7x + 7, 3x2  - 7, 2x  - 3, 1}.  Σto Mathematica  έna prόgramma  pou  upologίz¶i thn

akolouqίa Sturm ¶ίnai to ¶xήV:

createSturmSequence@p_D :=

Module@8Sseq = 8<, q = p, r, v = First@Variables@pDD<,
r = D@p, vD; AppendTo@Sseq, 8q, r<D;

While@Exponent@r, vD > 0, temp = −PolynomialMod@q, rD;
AppendTo@Sseq, tempD; q = r; r = temp

D; Sseq êê Flatten
D ê; AtomQ@First@Variables@pDDD

Οi sunt¶l¶stέV twn m¶lώn thV akolouqίaV pou upologίzontai ¶ίnai όmwV ¶ίnai

rhtoί kai όci akέraioi.

Sseq@x_D = createSturmSequence@x3 − 7 x + 7D

97 − 7 x + x3, −7 + 3 x2, −7 +
14 x

3
,

1
4
=

ΌpwV  qa  doύm¶  s¶  ¶pόm¶no  k¶jάlaio,  o  aploύst¶roV  —  allά  όci  o  pio

apot¶l¶smatikόV  —  trόpoV  gia  na  pάroum¶  akέraiouV  sunt¶l¶stέV  sta

upόloipa  ¶ίnai  o  ¶xήV:  1on.   prin  thn  diaίr¶sh  pollaplasiάzoum¶  ton

diair¶tέo m¶ ton kύrio sunt¶l¶stή tou diairέth uywmέno sthn dύnamh m - n +

1, όpou  m ¶ίnai o baqmόV tou diair¶tέou kai n ¶ίnai  o baqmόV tou diair¶th, kai

2on.  m¶tά  thn  diaίr¶sh  diairoύm¶  touV  sunt¶l¶stέV  tou  upoloίpou  m¶  ton

mέgisto koinό diairέth touV.  Έtsi tώra to prόgramma gίn¶tai
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createSturmSequenceIC@p_D := ModuleA
8cl, gcd, lc, m, n, q = p, r, Sseq = 8<, v = First@Variables@pDD<,
r = D@p, vD; AppendTo@Sseq, 8q, r<D;
m = Exponent@q, vD; n = Exponent@r, vD;

WhileAn > 0,

lc = Last@CoefficientList@r, vDD;
temp = −PolynomialMod@lcm−n+1 q, rD;
cl = CoefficientList@temp, vD;
gcd = GCD@Apply@Sequence, clDD;

cl =
cl

gcd
;

temp = Fold@ v #1 + #2 &, 0, Reverse@clDD êê Expand;
AppendTo@Sseq, tempD; q = r; r = temp; m = n;
n = Exponent@r, vD
E; Sseq êê Flatten

E ê; AtomQ@First@Variables@pDDD

kai h akolouqίa Sturm ¶ίnai:

Sseq@x_D = createSturmSequenceIC@x3 − 7 x + 7D

87 − 7 x + x3, −7 + 3 x2, −3 + 2 x, 1<

Οi 4 carakthristikέV idiόtht¶V twn m¶lώn thV akolouqίaV Sturm:

Έstw p(x) = 0 mίa ¶xίswsh m¶ rhtoύV sunt¶l¶stέV kai cwrίV pollaplέV rίz¶V.

Γia  tiV  sunartήs¶iV  thV  akolouqίaV  Sturm, Sseq(x)  =  {p(x),  pH1L(x),  r1(x),  …,

rk(x)}, iscύoun ta ¶xήV:

i.   Αn  a  ¶ίnai  mίa  rίza  tou  poluwnύmou  p(x)  tόt¶  gia  ark¶tά  mikrό  e  >  0  ta

poluώnuma p(x) kai pH1L(x) έcoun antίq¶ta prόshma sto diάsthma (a - e, a) kai

ίdia prόshma sto diάsthma (a, a + e).  

Αpόd¶ixh:

Αutό ¶ίnai to Λήmma 6.2.1.

ii.   ∆ύo  diadocikά  mέlh  thV  akolouqίaV  Sturm  d¶n  mporoύn  na  mhd¶nίzontai

tautόcrona.

Αpόd¶ixh:

Υpoqέtoum¶  to  antίq¶to.   ∆hladή  έstw  όti  ri(x)  = 0  kai  ri+1(x)  = 0.   Τόt¶  apό

tiV  scέs¶iV  orismoύ  twn  upoloίpwn  έcoum¶:  ri(x)  =  ri+1(x)qi+2(x)  -  ri+2(x)  =  0,

6:  Αpomόnwsh pragmatikώn rizώn
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pou  sun¶pάg¶tai  ri+2(x)  =  0.   Σun¶pώV,   ri+3(x)  =  0…  ,  rk(x)  =  0.   Αutή  ¶ίnai

όmwV  kai  h  antίjash,  diόti  rk(x)  ¶ίnai  staq¶rά.   ΠrojanώV,  to  ίdio  iscύ¶i  kai

gia ta poluώnuma p(x) kai pH1L(x).//

iii.  Αn gia tucaίo i, i ∫ k, h sunάrthsh ri(x) thV akolouqίaV Sturm mhd¶nίz¶tai

gia  kάpoia  timή  x0,  tόt¶  oi  g¶itonikέV  thV  sunartήs¶iV  sthn  akolouqίa,

¶ktimώm¶n¶V sthn ίdia timή, έcoun antίq¶ta prόshma.

Αpόd¶ixh:

Πrάgmati,  έstw  όti  ri(x0)  =  0.   Τόt¶  apό  thn  scέsh  orismoύ  twn  upoloίpwn

έcoum¶:  ri-1(x0)  = ri(x0)qi+1(x0)  -  ri+1(x0)  ap'  όpou  prokύpt¶i  ri-1(x0)  = -  ri+1(x0).

ΠrojanώV, to ίdio iscύ¶i kai gia to poluώnumo pH1L(x).//

iv.   Η  t¶l¶utaίa  sunάrthsh  rk(x)  d¶n  mhd¶nίz¶tai  kai  sun¶pώV  d¶n  allάz¶i

prόshmo.

Αpόd¶ixh:

ΠrojanήV diόti to poluώnumo p(x) d¶n έc¶i pollaplέV rίz¶V.//

ΈcontaV  apod¶ίx¶i  tiV  carakthristikέV  autέV  idiόtht¶V  twn  m¶lώn  thV

akolouqίaV Sturm ¶ίmast¶ έtoimoi gia to akόlouqo:

Θ¶ώrhma tou Sturm (1829):

Έstw  h  poluwnumikή  ¶xίswsh  p(x)  =  0  m¶  akέraiouV  sunt¶l¶stέV  kai  cwrίV

pollaplέV  rίz¶V.   Τόt¶,  gia  ton  ariqmό  r  twn  pragmatikώn  rizώn  thV  sto

diάsthma ( , ) iscύ¶i h isόthta 

r = v  - v ,

όpou  v ,  v  ¶ίnai  oi  m¶tabolέV  prosήmou  twn  ariqmhtikώn  akolouqiώn  Sseq( )

kai Sseq( ) antίstoica.
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Αpόd¶ixh:

Αutό pou prέp¶i na d¶ίxoum¶ ¶ίnai pwV όtan to x m¶tabάll¶tai apό to  sto ,

h  akolouqίa  Sturm  cάn¶i  mίa  m¶tabolή  prosήmou  όtan  to  x  p¶rnά¶i  apό  mίa

rίza  a  thV  p(x)  =  0  kai,  s¶  antίq¶sh  apό  thn  akolouqίa  Fourier,  d¶n  cάn¶i

kamίa  m¶tabolή  prosήmou  όtan  to  x  p¶rnά¶i  apό  mίa  rίza  ¶nόV  άllou  mέlouV

thV akolouqίaV.

Πrάgmati,  apό  thn  prώth  idiόthta  (i)  — ή  to  Λήmma  6.2.1  — sump¶raίnoum¶

pwV  όtan  to  x  p¶rnά¶i  apό  mίa  rίza  a  thV  p(x)  =  0  cάn¶tai  akribώV  mίa

m¶tabolή prosήmou.  

Έtsi aV upoqέsoum¶ pwV to x p¶rnά¶i apό mίa (όci kat' anάgkh aplή) rίza ai

thV ri(x) = 0.  Αpό tiV idiόtht¶V (ii) kai (iii) έp¶tai pwV ri-1(ai) kai ri+1(ai) ¶ίnai

mή  mhd¶nikά  kai  έcoun  antίq¶ta  prόshma.   ∆ialέgoum¶  tόt¶  έna  mikrό

diάsthma (ai - e, ai + e), e > 0, όpou oi dύo autέV sunartήs¶iV d¶n mhd¶nίzontai,

pou  shmaίn¶i  pwV  d¶n  allάzoun  prόshma  kai  dhmiourgoύm¶  ton  akόlouqo

pίnaka (Figure 6.7):

x ri-1   ri ri+1 ri-1   ri ri+1

                                                                                         

        ai - e + ±   -   -   ±   +

           ai + 0   -   -   0   +

       ai + e +        ¡(±)   -   - ¡(±)   +

Figure  6.7.   ΣtiV  dύo  stήl¶V  thV  sunάrthshV  ri,  ta  prόshma  (±)  dhlώnoun  rίza  m¶
pollaplόthta.  

Αpό ton pίnaka tou scήmatoV 6.7 blέpoum¶ pwV όtan to x p¶rnά¶i apό mίa (όci

kat'  anάgkh  aplή) rίza  ai  thV  ri(x) = 0 d¶n  cάn¶tai  m¶tabolή  prosήmou,  kai

autό shmplhrώn¶i thn apόd¶ixή maV.//

Πarάd¶igma:

Έstw pάli to poluώnumo p(x) = x3 - 7x + 7 h akolouqίa Sturm tou opoίou, όpwV

¶ίdam¶, ¶ίnai Sseq(x) = {x3  - 7x + 7, 3x2  - 7, 2x -3, 1}.  Μ¶ bάsh to q¶ώrhma  tou

Sturm o akribήV ariqmόV twn pragmatikώn rizώn pou έc¶i to p(x) sto diάsthma

(0,  2)  ¶ίnai  v0  -  v2,  όpou  v0,  v2  ¶ίnai  oi  m¶tabolέV  prosήmou  twn  ariqmhtikώn
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akolouqiώn  Sseq(0)  kai  Sseq(2)  antίstoica.   Σto  sugk¶krimέno  parάd¶igma

Sseq(0) = {7, -7, -3, 1} m¶ 2 m¶tabolέV prosήmou, v0 = 2, kai Sseq(2) = {1, 5, 1, 1}

m¶  kamίa  m¶tabolή  prosήmou,  v2  =  0.   Σun¶pώV  upάrcoun  v0  -  v2  =  2

pragmatikέV  rίz¶V  sto  diάsthma  (0,  2).   Τo  apotέl¶sma  autό  ¶pib¶baiώn¶tai

kai m¶ to Mathematica: 

Sseq@x_D = createSturmSequenceIC@x3 − 7 x + 7D;
variations@Sseq@0DD − variations@Sseq@2DD

2

Ο  ίdioV  o  Sturm  anέj¶r¶  pwV  to  q¶ώrhma  autό  tou  1829  ήtan  parάpl¶uro

apotέl¶sma  twn  ¶kt¶tamέnwn  ¶r¶unώn  tou  sthn  p¶riocή  twn  ¶xisώs¶wn

diajorώn  d¶utέraV  tάxhV.   Τo  aίthma  na  mhn  έc¶i  h  ¶xίswsh  p(x)  =  0

pollaplέV  rίz¶V  d¶n  ¶ίnai  p¶riorismόV  thV  g¶nikόthtaV,  diόti  sthn  antίq¶th

p¶rίptwsh  — όpwV  qa  doύm¶  sthn  ¶pόm¶nh  ¶nόthta  — tiV  “bgάzoum¶” m¶  mίa

¶ύkolh  “paragontopoίhsh”  (squarefree  factorization)  kai  ύst¶ra  ¶jarmόzoum¶

to q¶ώrhma tou Sturm.

Τo  1835  o  Sturm  tropopoίhs¶  to  q¶ώrhmά  tou  έtsi  ώst¶  na  mpor¶ί  na

prosdiorίz¶i ton ariqmό twn z¶ugώn migadikώn rizώn pou έc¶i h ¶xίswsh p(x) =

0, sthn p¶rίptwsh pou h akolouqίa Sturm έc¶i n + 1 mέlh, όpou n = deg(p(x)).

Θ¶ώrhma tou Sturm (1835):

Έstw  h  poluwnumikή  ¶xίswsh  p(x)  =  0  baqmoύ  n,  m¶  akέraiouV  sunt¶l¶stέV

kai cwrίV pollaplέV rίz¶V.  Τόt¶, o ariqmόV twn z¶ugώn migadikώn rizώn tou

p(x)  isoύtai  m¶  ton  ariqmό  twn  m¶tabolώn  prosήmou  sthn  akolouqίa  twn

prώtwn  όrwn  twn  n  sunartήs¶wn  {pH1L(x),  r1(x),  …,  rk(x)}  thV  akolouqίaV

Sturm Sseq(x).

Αpόd¶ixh:

Η alήq¶ia autoύ tou kanόna basίz¶tai sto g¶gonόV όti h mίa apό tucaί¶V dύo

g¶itonikέV  sunartήs¶iV  thV  akolouqίaV  Sturm  έc¶i  baqmό  άrtio  kai  h  άllh

p¶rittό.  ΕpomέnwV, an oi  dύo autέV sunartήs¶iV έcoun to ίdio prόshmo  gia  x

=  +¶,  qa  έcoun  antίq¶ta  prόshma  gia  x  =  -¶,  kai  antίstroja.   Έtsi  an

¶ktimήsoum¶  thn  akolouqίa  Sturm, Sseq(x),  sta  shm¶ίa  x  = +¶  kai  x  = -¶  kάq¶

m¶tabolή  prosήmou  s¶  mίa  akolouqίa  antistoic¶ί  s¶  staq¶rόthta
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prosήmou  sthn  άllh  (blέp¶  kai  to  parάd¶igma  pou  akolouq¶ί).   ∆hladή  o

ariqmόV  staq¶rόthtwn  prosήmou  sthn  akolouqίa  Sturm  ¶ktimhmέnhV  sto

shm¶ίo  x  =  -¶  isoύtai  m¶  ton  ariqmό  m¶tabolώn  prosήmou  sthn  akolouqίa

Sturm ¶ktimhmέnhV sto shm¶ίo x = +¶.

Έstw όti i ¶ίnai o ariqmόV twn m¶tabolώn prosήmou sthn akolouqίa Sseq(+¶).

Οi  m¶tabolέV  autέV  proέrcontai  apό  ta  prόshma  twn  sunt¶l¶stώn  twn

uyhlόt¶rwn  baqmώn  wV  proV  x  (twn  prώtwn  όrwn),  stiV  n  sunartήs¶iV

{pH1L(x), r1(x), …, rk(x)} thV akolouqίaV Sturm Sseq(x) — όpou oi prώtoi όroi twn

p(x) kai pH1L(x) q¶wroύntai q¶tikoί.

ΜόliV  ¶ίdam¶  όmwV  όti  sthn  akolouqίa  Sseq(-¶)  o  ariqmόV  staq¶rόthtwn

prosήmou  qa ¶ίnai i, ή  isodύnama h akolouqίa Sseq(-¶) qa έc¶i n - i m¶tabolέV

prosήmou.  (Εdώ q¶wroύm¶ d¶domέno όti sthn akolouqίa Sturm upάrcoun n + 1

sunartήs¶iV  kai  όti sthn Sseq(x) o  ariqmόV  twn  m¶tabolώn  prosήmou sun ton

ariqmό twn staq¶rόthtwn prosήmou isoύtai m¶ n.)

Αpό  to  q¶ώrhma  όmwV  tou  Sturm  tou  1829  xέroum¶  pwV  o  ariqmόV  twn

pragmatikώn rizώn thV p(x) = 0 pou brίskontai sto diάsthma (-¶, +¶) isoύtai

m¶  v-•  -  v•,  όpou  v-¶,  v¶  ¶ίnai  oi  m¶tabolέV  prosήmou  twn  ariqmhtikώn

akolouqiώn  Sseq(-¶)  kai  Sseq(¶)  antίstoica.   Σthn  prok¶imέnh  p¶rίptwsh  to

p(x) έc¶i n - 2i pragmatikέV rίz¶V, pou shmaίn¶i pwV έc¶i 2i migadikέV rίz¶V pou

¶mjanίzontai s¶ z¶ugάria.  ΕpomέnwV έc¶i i z¶ugάria migadikώn rizώn.// 

Πarάd¶igma:

Έstw to poluώnumo p(x) = x5 - 3x3 + 7x2 - 28x + 28 kai h antίstoich akolouqίa

Sturm, Sseq(x)

p@x_D = Hx − 2 L Hx + 2 L Hx3 − 7 x + 7L êê Expand;
Sseq@x_D = createSturmSequenceIC@p@xDD

828 − 28 x + 7 x2 − 3 x3 + x5, −28 + 14 x − 9 x2 + 5 x4,
−140 + 112 x − 21 x2 + 6 x3, −4564 + 2352 x + 493 x2, 520304 − 350941 x, −1<

Πrosέxt¶ tiV m¶tabolέV kai staq¶rόtht¶V prosήmou stiV akolouqί¶V Sseq(-¶)

kai Sseq(+¶).
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Limit@Sseq@xD, x → −∞D

8−∞, ∞, −∞, ∞, ∞, −1<

Limit@Sseq@xD, x → ∞D

8∞, ∞, ∞, ∞, −∞, −1<

Τo poluώnumό maV  έc¶i  έna z¶ugάri migadikώn rizώn kai autό jaίn¶tai apό to

g¶gonόV όti h akolouqίa Sseq(+¶) έc¶i mίa m¶tabolή prosήmou.  Πrάgmati, ¶ίt¶

έcoum¶

variations@Limit@Sseq@xD, x → ∞DD

1

¶ίt¶

variations@Map@Last@CoefficientList@#, xDD &, Drop@Sseq@xD, 1DDD

1

όpou  h  parapάnw  ariqmhtikή  akolouqίa  apot¶l¶ίtai  apό  touV  sunt¶l¶stέV

twn prώtwn όrwn twn 5 t¶l¶utaίwn sunartήs¶wn thV akolouqίaV Sturm

Map@Last@CoefficientList@#, xDD &, Drop@Sseq@xD, 1DD

85, 6, 493, −350941, −1<

ü 6.2.3  Η klassikή mέqodoV dicotόmhshV tou Sturm gia thn apomόnwsh twn pragmatikώn 
rizώn ¶nόV poluwnύmou

Τo  q¶ώrhma  tou  Sturm  mpor¶ί  na  crhsimopoihq¶ί  gia  thn  apomόnwsh  twn

pragmatikώn  rizώn  poluwnumikώn  ¶xisώs¶wn  m¶  akέraiouV  sunt¶l¶stέV  kai

cwrίV  pollaplέV  rίz¶V.   Σthn  ¶nόthta  autή  p¶rigrάjoum¶  thn  klassikή

mέqodo  dicotόmhshV  tou  Sturm,  ¶nώ  sthn  ¶pόm¶nh  ¶nόthta,  6.2.4,  qa

m¶l¶tήsoum¶  έnan  algόriqmo  gia  thn  diάspash  ¶nόV  poluwnύmou  s¶

parάgont¶V cwrίV pollaplέV rίz¶V.

Σύmjwna m¶ thn arcikή, klassikή, prόtash tou Sturm, o pio apot¶l¶smatikόV

trόpoV  gia  thn  apomόnwsh  twn  pragmatikώn  rizώn  tou  poluwnύmou  p(x) ¶ίnai
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na apomonώsoum¶ prώta tiV q¶tikέV rίz¶V tou p(x) kai ύst¶ra tiV arnhtikέV

— ajoύ prώta tiV kάnoum¶ q¶tikέV m¶ thn antikatάstash x ≠ -x.  

Τo  prώto  kai  άm¶so  pl¶onέkthma  thV  prόtashV  tou  Sturm  ¶ίnai  όti  gia  ta

summ¶trikά  poluώnuma  — dhladή ¶k¶ίna gia  ta opoίa iscύ¶i  p(x) = p(-x) ή m¶

άlla  lόgia  ¶k¶ίna  gia  ta  opoίa  oi  q¶tikέV  touV  rίz¶V  isoύntai  (s¶  apόlut¶V

timέV) m¶ tiV arnhtikέV touV  — h apomόnwsh twn arnhtikώn rizώn kaqίstatai

p¶rittή!

ΑkolouqώntaV  thn  prόtash  tou  Sturm,  kai  upoqέtontaV  pwV  p(x)  ∫  0  — diόti

alliώV  antkaqistoύm¶  to  p(x)  m¶  to  pHxLÅÅÅÅÅÅÅÅÅÅx  kai  ¶pistrέjoum¶  to  diάsthma  (0,  0)

— upologίzoum¶ prώta thn akolouqίa Sturm gia to p(x) kai ύst¶ra brίskoum¶

kάpoio  diάsthma  (0,  b+),  b+  œ  ,  pou  p¶riέc¶i  tiV  q¶tikέV  rίz¶V.   Σthn  ¶nόthta

6.2.5  qa  mάqoum¶  na  upologίzoum¶  έna  pάnw  jrάgma  stiV  timέV  twn  q¶tikώn

rizώn ¶nόV poluwnύmou.  Αn p(b+) = 0, ¶pistrέjoum¶ to diάsthma (b+, b+).

Σthn  sunέc¶ia  h  apomόnwsh  twn  q¶tikώn  rizώn  tou  p(x)  procwrά¶i  wV  ¶xήV:

Μ¶  thn  boήq¶ia  thV  akolouqίaV  Sturm  upologίzoum¶  ton  akribή  ariqmό  twn

q¶tikώn rizώn r+ = v0 - vb+  sto diάsthma (0, b+).  Αn r+ = 0, to diάsthma (0, b+)

d¶n έc¶i q¶tikέV rίz¶V kai d¶n lambάn¶tai plέon up' όyh.  Αn r+  = 1, t¶rmatίz¶i

h apomόnwsh twn q¶tikώn rizώn kai  ¶pistrέjoum¶ to diάsthma (0, b+).  Αn r+

> 1, ¶lέgcoum¶ arcikά an to m¶saίo shm¶ίo mp  = b+ÅÅÅÅÅÅÅ2  ¶ίnai rίza tou p(x).  Αn to

apotέl¶sma  tou  t¶st  ¶ίnai  q¶tikό,  ¶pistrέjoum¶  to  diάsthma  (mp,  mp),  kai

¶x¶tάzoum¶ ta upodiastήmata (0, mp) kai (mp, b+).  

Σ¶  kάq¶  έna  apό  ta  dύo  autά  upodiάsthmata  upologίz¶tai  o  akribήV  ariqmόV

ru+  twn  pragmatikώn  rizώn.   Αn  ru+  =  0  gia  kάpoio  apό  autά,  to  antίstoico

upodiάsthma  d¶n  lambάn¶tai  plέon  up'  όyh.   Αn  ru+  ¥  1,  ¶n¶rgoύm¶  όpwV  kai

prin.

Αjoύ  apomonώsoum¶  tiV  q¶tikέV  rίz¶V  kάnoum¶  thn  antikatάstash  x  ≠  -x,

opόt¶  oi  arnhtikέV  rίz¶V  gίnontai  q¶tikέV,  ύst¶ra  brίskoum¶  kάpoio  diάsthma

(0,  b-),  b-  œ  ,  pou  p¶riέc¶i  tiV  “tέwV”  arnhtikέV  —  allά  tώra  q¶tikέV  —

rίz¶V, kai ¶panalmbάnoum¶ thn ίdia diadikasίa.  
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Η mέqodoV stamatά¶i όtan έcoum¶ apomonώs¶i όl¶V tiV pragmatikέV rίz¶V.  Ο

ariqmόV  twn  upodiairέs¶wn  —  kai  ¶n  gέn¶i  o  q¶wrhtikόV  crόnoV  gia  thn

apomόnwsh  twn  rizώn  —  ¶xartάtai  apό  to  pόso  kontά  ¶ίnai  oi  rίz¶V.   Σthn

¶nόthta  6.2.6  upologίzoum¶  έna  kάtw  jrάgma  sthn  apόstash  m¶taxύ  dύo

tucaίwn rizώn ¶nόV poluwnύmou.

ΑkolouqώntaV  thn  prόtash  tou  Sturm  to  arcikό  diάsthma  (0,  b+)  pou

crhsimopoioύm¶ prώta gia tiV q¶tikέV rίz¶V, ¶ίnai ¶nt¶lώV diajor¶tikό apό to

antίstoico  arcikό  diάsthma (0, b-) pou  crhsimopoioύm¶ sth  sunέc¶ia  gia  tiV

arnhtikέV  rίz¶V.   Σun¶pώV,  m¶  autόn  ton  trόpo  p¶riorίzoum¶  sto  ¶lάcisto

tiV  άskop¶V  upodiairέs¶iV  diasthmάtwn  kai  touV  ¶lέgcouV  gia  ύparxh

rίzώn s¶ autά. 

Η prόtash  autή  tou  Sturm ¶jarmόsqhk¶ apό touV  ΓάllouV  maqhmatikoύV  tou

19ou  aiώna,  allά  m¶tά  p¶riέp¶s¶  s¶  lήqh.   Εpanήlq¶  sto  “jwV”  apό  ton

grάjonta, to 1978, sthn didaktorikή tou diatribή.  

Έtsi,  ton  ¶ikostό  aiώna  kai  mέcri  to  1978,  san  arcikό  diάsthma

crhsimopoioύtan  to diάsthma  (-b, b),  όpou  b  ¶ίnai  έna  jrάgma  stiV  apόlut¶V

timέV  twn  rizώn  tou  p(x).   Σthn  sc¶tikή  bibliograjίa  upάrcoun  diάjora

q¶wrήmata  gia  ton  upologismό  diajόrwn  timώn  autoύ  tou  b,  ta  opoίa  d¶n  qa

m¶l¶tήsoum¶ ¶dώ.

Τo  m¶ionέkthma  όmwV,  thV  strathgikήV  autήV  ¶ίnai  όti  oi  arnhtikέV  kai  oi

q¶tikέV  rίz¶V  d¶n  ¶ίnai  kat'  anάgkh  omoiόmorja  katan¶mhmέn¶V.   Έtsi,  s¶

apόlut¶V timέV, mpor¶ί na sumb¶ί oi m¶n arnhtikέV na ¶ίnai polύ m¶gάl¶V oi d¶

q¶tikέV  polύ  mikrέV  (ή  kai  antίstroja).   Σthn  p¶rίptwsh  autή  άskopa  qa

upodiairoύm¶   pollά  diastήmata,  ta  opoίa  kai  qa  ¶lέgcoum¶  gia  rίz¶V  pou

d¶n έcoun.  

Αkolouq¶ί h klassikή mέqodoV thV dicotόmhshV tou Sturm gia thn apomόnwsh

twn  pragmatikώn  rizώn  poluwnumikώn  ¶xisώs¶wn  m¶  akέraiouV  sunt¶l¶stέV

kai cwrίV pollaplέV rίz¶V.

ΑlgόriqmoV:  Ο  klassikόV  algόriqmoV  tou  Sturm  (1829)  gia  tiV  q¶tikέV

rίz¶V.
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ΕίsodoV:  p(x) = 0, mίa poluwnumikή ¶xίswsh m¶ akέraiouV sunt¶l¶stέV, cwrίV

pollaplέV rίz¶V kai p(0) ∫ 0.

ΈxodoV:  Τa diastήmata apomόnwshV twn q¶tikώn rizώn tou p(x) ή oi akrib¶ίV

q¶tikέV rίz¶V s¶ morjή diasthmάtwn.

===========   

1.  Οrίzoum¶ thn lίsta twn diasthmάtwn apomόnwshV twn rizώn rootIsolationIn-

tervals = {}, kaqώV kai thn lίsta twn diasthmάtwn proV ¶xέtash intervalsToBe-

Processed  = {}.  Αrcikά oi dύo autέV lίst¶V ¶ίnai k¶nέV.  Υpologίzoum¶ ¶pίshV

thn  akolouqίa  Sturm  tou  p(x)  m¶  thn  boήq¶ia  thV  sunάrthshV  createSturmSe-

quenceIC[].

2.   Μ¶  thn  sunάrthsh  CauchyPositiveRootUpperBound[],  pou  p¶rigrάj¶tai

sthn  ¶nόthta  6.2.5,  upologίzoum¶  έna  pάnw  jrάgma,  b+  œ  ,  stiV  timέV  twn

q¶tikώn  rizώn  tou  p(x).   Τo  b+  upologίz¶tai  katά  tέtoio  trόpo  ώst¶  ¶ίnai

gnήsia  m¶galύt¶ro  apό  kάq¶  q¶tikή  rίza  tou  p(x).   Εpiplέon  orίzoum¶  to

arcikό diάsthma ( , ) = (0, b+), kai to ¶pisunάptoum¶ sthn lίsta intervalsToBe-

Processed.

3.  (*  ¶p¶x¶rgasίa diastήmatoV  *)

ΜέcriV όtou h lίsta intervalsToBeProcessed  = {}, dhladή mέcri na “ad¶iάs¶i”,

¶panalambάnoum¶  thn  ¶xήV  diadikasίa:  Πaίrnoum¶  to  prώto  diaqέsimo

diάsthma  ( ,  ).   Μ¶  thn  boήq¶ia  tou  q¶wrήmatoV  tou  Sturm  (1829)  kai  thV

sunάrthshV variations[] upologίzoum¶ ton ariqmό twn q¶tikώn rizώn r+ = v  - v

sto diάsthma ( , ).  Αn r+ = 0, to diάsthma ( , ) d¶n έc¶i q¶tikέV rίz¶V kai d¶n

lambάn¶tai  plέon  up'  όyh.   Αn  r+  = 1, ¶pisunάptoum¶  to  diάsthma  ( ,  ) sthn

lίsta  rootIsolationIntervals.   Αn  r+  >  1,  tόt¶  (a)  qέtoum¶  mp  =  +ÅÅÅÅÅÅÅÅÅ2 ,

upodiairoύm¶  to  diάsthma  ( ,  )  sta  upodiastήmata  ( ,  mp)  kai  (mp,  ),  ta

opoίa  ¶pisunάptoum¶  sthn  lίsta  intervalsToBeProcessed,  diasthmάtwn  proV

¶xέtash,  kai  (b)  sthn  p¶rίptwsh  pou  p(mp)  =  0  ¶pisunάptoum¶  to  diάsthma

(mp, mp) sthn lίsta rootIsolationIntervals.

===========

Γia  thn  apomόnwsh  twn  arnhtikώn  rizώn  prώta  ¶x¶tάzoum¶  an  p(x)  =  p(-x).

Αn  iscύ¶i  h  isόthta,  autό  shmaίn¶i  pwV  oi  arnhtikέV  rίz¶V  ¶ίnai  summ¶trikέV
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m¶  tiV  q¶tikέV  gia  tiV  opoί¶V  έcoum¶  ήdh  upologίs¶i  ta  diastήmata

apomόnwsήV  touV.   Άra  sthn  p¶rίptwsh  autή  ta  diastήmata  apomόnwshV

twn  arnhtikώn  rizώn  brίskontai  stoic¶iwdώV.   Αn  p(x)  ∫  p(-x)  tόt¶  qέtoum¶

p(x)  ≠  p(-x),  ¶panalambάnoum¶  ton  parapάnw  algόriqmo  akόma  mίa  jorά  kai

sto tέloV ap¶ikonίzoum¶ ta diastήmata apomόnwshV twn rizώn ston arnhtikό

hmiάxona.

Όson  ajorά  to  0,  ¶ύkola  ¶lέgcoum¶  an  p(0)  =  0,  kai  sthn  p¶rίptwsh  autή

qέtoum¶ p(x) = pHxLÅÅÅÅÅÅÅÅÅÅx .  

Αkolouq¶ί  o  parapάnw  algόriqmoV  ¶jarmosmέnoV  sto  Mathematica.   Γia  ton

algόriqmo  autό  cr¶iάz¶tai  na  έcoun  ¶n¶rgopoihq¶ί  oi  sunartήs¶iV  varia-

tions[],  CauchyPositiveRootUpperBound[], kai createSturmSequenceIC[].
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SturmPositiveRootIsolation@p_D :=

ModuleA8b, intervalsToBeProcessed, left, midPoint, posroots,

right, rootIsolationIntervals, Sseq, v = First@Variables@pDD<,

H∗ step 1, initialization ∗L
rootIsolationIntervals = 8<;
intervalsToBeProcessed = 8<;
Sseq = createSturmSequenceIC@pD;

H∗ step 2, initialization continued ∗L
b = CauchyPositiveRootUpperBound@pD;
left = 0; right = b;
AppendTo@intervalsToBeProcessed, 8left, right<D;

H∗ step 3, processing of intervals ∗L
WhileAintervalsToBeProcessed ≠ 8<,

8left, right< = First@intervalsToBeProcessedD;
intervalsToBeProcessed = Rest@intervalsToBeProcessedD;
posroots =

variations@Sseq ê. v −> leftD − variations@Sseq ê. v −> rightD;
SwitchAposroots,

0, Null,
1,
AppendTo@rootIsolationIntervals, 8left, right<D; Continue@D,

_, midPoint =
left + right

2
; AppendTo@

intervalsToBeProcessed, 8left, midPoint<D;
AppendTo@intervalsToBeProcessed, 8midPoint, right<D;
If@Hp ê. v −> midPointL 0,

AppendTo@rootIsolationIntervals, 8midPoint, midPoint<DDEE;

Sort@rootIsolationIntervalsDE

Έtsi  blέpoum¶  pwV  oi  q¶tikέV  rίz¶V  tou  poluwnύmou  p(x)  =  x3  -  7x  +  7

brίskontai sta diastήmata apomόnwshV (0, 3ÅÅÅÅ2 ) kai ( 3ÅÅÅÅ2 , 3):

p@x_D = x3 − 7 x + 7; SturmPositiveRootIsolation@p@xDD

990,
3
2
=, 9 3

2
, 3==

¶nώ h monadikή arnhtikή brίsk¶tai sto diάsthma (-4, 0).

SturmPositiveRootIsolation@p@−xDD

880, 4<<
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ΠrojanώV to 0 d¶n ¶ίnai rίza tou p(x).

p@0D 0

False

Τ¶l¶iώnoum¶  thn  p¶rigrajή  tou  algorίqmou  autoύ  tonίzontaV  όti  h  ¶jarmogή

tou  qa  mporoύs¶  na  b¶ltiwq¶ί  sto  ¶xήV  shm¶ίo:   Έstw  ( ,  )  έna  diάsthma.

Κat'  arcάV  upologίzoum¶  ton  ariqmό  twn  m¶tabolώn  prosήmou  twn

akolouqiώn  Sseq( ) kai  Sseq( ).   Αn  cr¶iast¶ί  na  upodiairέsoum¶  to  diάsthma

sta upodiastήmata ( , midPoint), kai (midPoint, ) tόt¶ upologίzoum¶ xanά ton

ariqmό twn m¶tabolώn prosήmou twn akolouqiώn Sseq( ) kai Sseq(midPoint) ή /

kai Sseq( ) kai Sseq(midPoint).  ∆hladή upologίzoum¶ dύo jorέV ton ariqmό twn

m¶tabolώn  prosήmou  twn  akolouqiώn  Sseq( )  kai  Sseq( ).   Αutό  mpor¶ί  na

apoj¶ucq¶ί,  allά  cάn¶tai  h  aplόthta  tou  algorίqmou  —  kάti  pou  maV

¶ndiajέr¶i p¶rissόt¶ro ¶dώ.

Αnάlush tou crόnou upologismoύ thV m¶qόdou tou Sturm:

ΌpwV  anajέram¶,  h  mέqodoV  tou  Sturm  ¶ίnai  mίa  mέqodoV  apomόnwshV  twn

pragmatikώn  rizώn  ¶nόV  poluwnύmou  p(x)  m¶  dicotόmhsh.   Ο  ariqmόV  twn

dicotomήs¶wn ¶xartάtai apό to pόso kontά ¶ίnai oi rίz¶V tou p(x).  Αn to p(x)

έc¶i  k  diajortikέV  rίz¶V,  a1,  …,  ak,  k  ¥  2,  orίzoum¶  thn  ¶lάcisth  apόstash

twn rizώn (minimum root separation) tou p(x) wV 

∆ = min1§i< j§k »ai - a j» > 0.

Αn  k  =  1,  tόt¶  ∆  =  ¶.   ΌpwV  qa  doύm¶  sthn  ¶nόthta  6.2.6,  an  n  ¥  2  ¶ίnai  o

baqmόV  tou  poluwnύmou  p(x),  tόt¶  έna  kάtw  jrάgma  sto  ∆  dίn¶tai  apό  ton

tύpo:

∆ ¥ è!!!3  · n-Hn+2Lê2 · » pHxL »1-Hn-1L.

ΑntistrέjontaV thn parapάnw anisόthta kai paίrnontaV logarίqmouV έcoum¶ 

log ∆-1 § log 3-1ê2 + n+2ÅÅÅÅÅÅÅÅÅÅ2 log n + (n - 1) log » pHxL »1

ή 
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log ∆-1 = ΟH n log n + n log » pHxL »¶ L,

όpou  antί  tou  » pHxL »1  crhsimopoioύm¶  to  » pHxL »¶  pou  ¶ίnai  thV  ίdiaV  tάxhV

m¶gέqouV.   Εpiplέon,  lambάnontaV  up'  όyh  όti  to  b-mήkoV  tou  baqmoύ  twn

poluwnύmwn  gia  tiV  p¶riptώs¶iV  pou  ¶x¶tάzoum¶  ¶ίnai  l(n)  =  1,  ή  log  n  =  1,

prokύpt¶i

log ∆-1 = ΟH n log » pHxL »¶ L.

Εp¶idή  h  tάxh  m¶gέqouV  twn  logarίqmwn  wV  proV  opoiandήpot¶  bάsh  ¶ίnai  h

ίdia, έp¶tai pwV iscύ¶i

log2 ∆-1 = ΟH n log » pHxL »¶ L,

pou  shmaίn¶i  pwV  h  parapάnw  έkjrash  ¶ίnai  έna  pάnw  jrάgma  ston  ariqmό

twn  dicotomήs¶wn  pou  gίnontai  gia  thn  apomόnwsh  twn  rizώn  tou

poluwnύmou p(x) m¶ thn ¶lάcisth apόstash.  ∆hladή, gia thn apomόnwsh twn

dύo plhsiέst¶rwn rizώn tou p(x), o ariqmόV twn dicotomήs¶wn ¶ίnai p¶rίpou

όso  to  ginόm¶no  tou  baqmoύ  tou  p(x)  ¶pί  ton  ariqmό  twn  yhjίwn  tou

m¶galύt¶rou sunt¶l¶stή tou.  

ΑV  doύm¶  tώra  ton  crόno  upologismoύ  kάq¶  bήmatoV  tou  algorίqmou.   Σto

prώto  bήma  upologίzoum¶  thn  akolouqίa  Sturm  tou  p(x),  Sseq(x),  to  kόstoV

thV opoίaV — όpwV qa doύm¶ sto k¶jάlaio 7 — ¶ίnai ΟH n5 log2 » pHxL »¶ L.  

Σto  d¶ύt¶ro  bήma  upologίzoum¶  έna  pάnw  jrάgma  b  stiV  timέV  twn  q¶tikώn

rizώn  tou  p(x),  to  kόstoV  tou  opoίou  — όpwV  qa  doύm¶  sthn  ¶nόthta  6.2.5 —

¶ίnai ΟHnL. 

Σto  trίto  bήma  ¶ktimoύm¶  thn  akolouqίa  Sturm tou  p(x),  Sseq(x),  s¶  diάjora

rhtά  shm¶ίa  —  pou  ¶ίnai  ¶ίt¶  akraίa  ¶ίt¶  m¶saίa  shm¶ίa   diasthmάtwn.

Έstw aÅÅÅÅÅd , d > 0, mh mhd¶nikόV, q¶tikόV rhtόV ariqmόV kai p(x) = ⁄i=0
n ci xi  tucaίo

poluώnumo  mέloV  thV  akolouqίaV  Sseq(x).   Τόt¶  to  prόshmo  tou  p( aÅÅÅÅÅd )  ¶ίnai  to

ίdio m¶ to prόshmo tou ⁄i=0
n ci ai dn-i, to opoίo upologίz¶tai mόno m¶ ariqmhtikή

ak¶raίwn!   Αpό  thn  ¶nόthta  4.1  xέroum¶  pwV  to  kόstoV  ¶nόV  tέtoiou

upologismoύ  m¶  thn  mέqodo  Ruffini-Horner ¶ίnai  ΟH n2 log2 e log » pHxL »¶ L,  όpou

e = max(a, d) kai log e § »log ∆-1» = ΟH n log » pHxL »¶ L.
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Σun¶pώV,  o  crόnoV  upologismoύ  kάq¶  miaV  apό  tiV  ¶ktimήs¶iV  twn

poluwnύmwn thV akolouqίaV Sturm tou p(x), s¶ rhtό shm¶ίo ¶ίnai 

ΟH n4 log2 » pHxL »¶ L.

Αn tώra lάboum¶ up' όyh όti: 1on, h akolouqίa Sturm tou p(x), Sseq(x), έc¶i n +

1  poluώnuma,  2on,  gia  tiV  dύo  plhsiέst¶r¶V  rίz¶V  qa  gίnoun  to  polύ

ΟH n log » pHxL »¶ L  dicotomήs¶iV,  kai  3on,  sthn  c¶irόt¶rh  p¶rίptwsh  oi  rίz¶V

anά  dύo  — dhladή  sύnolikά  nÅÅÅÅ2  z¶ύgh  — qa  brίskontai  s¶  apόstash  ∆,  tόt¶

έp¶tai  pwV  o  crόnoV  apomόnwshV  twn  pragmatikώn  rizώn  tou  p(x)  m¶  thn

mέqodo dicotόmhshV tou Sturm ¶ίnai

ΟH n7 log3 » pHxL »¶ L.

ü 6.2.4  ∆iάspash poluwnύmou s¶ parάgont¶V ¶l¶ύq¶rouV apό t¶trάgwna 

Έna  poluώnumo  p(x) onomάz¶tai  ¶l¶ύq¶ro  apό  t¶trάgwna  (squarefree)  an  d¶n

upάrc¶i  poluώnumo  q(x) q¶tikoύ baqmoύ  έtsi  ώst¶ to   q2(x) na  diair¶ί  to  p(x).

ΕktόV  apό  thn  apomόnwsh  twn  rizώn,  h  diadikasίa  diάspashV  ¶nόV

poluwnύmou s¶ parάgont¶V ¶l¶ύq¶rouV apό t¶trάgwna ¶jarmόz¶tai kai sthn

oloklήrwsh  rhtώn  sunartήs¶wn.   Πrotoύ  parousiάsoum¶  ton  algόriqmo

cr¶iazόmast¶ lίgh q¶wrίa.

Θ¶ώrhma:

Έstw  J  mia  p¶riocή  monadikήV  paragontopoίhshV  carakthristikήV  mhdέn  kai

έstw  p(x)  œ  J[x]  έna  mh  staq¶rό  kai  arcέgono  (primitive)  poluώnumo  (oi

sunt¶l¶stέV tou ¶ίnai prώtoi m¶taxύ touV).  Έstw ¶pί plέon 

p(x) = p1
e1(x)p2

e2(x) ∫ pn
en(x)

h  monadikή  paragontopoίhsh  tou  p(x)  s¶  ginόm¶no  mh  anagώgimwn

(irreducible)  paragόntwn  (όpou pi
ei(x) sumbolίz¶i  ton  parάgonta  pi(x) uywmέno

sthn dύnamh ei), kai p'(x) h prώth parάgwgόV tou.  Τόt¶

gcd(p(x), p'(x)) = p1
e1-1(x) p2

e2-1(x) ∫ pn
en-1(x).
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Αpόd¶ixh:

Έstw q(x) = ¤i=2
n  pi

ei  HxL kai r(x) = gcd(p(x), p'(x)).  Τόt¶ έcoum¶ p(x) = p1
e1(x)q(x)

kai 

p'(x) = p1
e1(x)q'(x) + e1 p1

e1-1(x)p1
' (x)q(x)

apό  όpou  sun¶pάg¶tai  pwV  to  p1
e1-1(x)  diair¶ί  to  r(x).   Μ¶  thn  ¶iV  άtopo

apagwgή  qa  d¶ίxoum¶  pwV  to  p1
e1(x)  d¶n  diair¶ί  to  r(x).   Έstw  loipόn  pwV  to

p1
e1(x)  diair¶ί  to  r(x).   Τόt¶  to  p1

e1(x)  diair¶ί  thn  parάgwgo  p'(x),  ap'  όpou

sun¶pάg¶tai  pwV  to  p1
e1(x)  diair¶ί  thn  έkjrash  e1 p1

e1-1(x)p1
' (x)q(x).   Μ¶tά  apό

apaloijή  όmwV  prokύpt¶i  όti  to  p1(x)  diair¶ί  thn  έkjrash  e1 p1
' (x)q(x).   Εpί

plέon,  ¶p¶idή  ta  poluώnuma  pi(x)  ¶ίnai  prώta  m¶taxύ  touV,  iscύ¶i  gcd(p1(x),

q(x))  =  1  kai  sun¶pώV  prέp¶i  to  p1(x)  na  diair¶ί  thn  έkjrash  e1 p1
' (x).   Αutό

όmwV  ¶ίnai  adύnato  diόti  deg(p1(x)  >  deg(p1
' (x).   Άra  sto  r(x)  o  baqmόV  tou

p1(x)   ¶ίnai  e1 - 1  kai  lόgw  summ¶trίaV  iscύ¶i  r(x)  =  p1
e1-1(x)  p2

e2-1(x)  ∫

pn
en-1(x), prάgma pou qέlam¶ na d¶ίxoum¶.//

Αpό to parapάnw q¶ώrhma sump¶raίnoum¶ pwV an gcd(p(x), p'(x)) = 1, tόt¶ to

p(x) d¶n έc¶i pollaplέV rίz¶V, kai antίstroja.  Ιscύoun ¶pίshV ta ¶xήV:

Λήmma 1:

Οi aplέV rίz¶V ¶nόV poluwnύmou d¶n ¶ίnai rίz¶V thV paragώgou tou.

Λήmma 2:

Έstw  J sώma kai p(x) œ J[x] έna mh anagώgimo poluώnumo pou diair¶ί to s(x)

œ J[x].  Τόt¶ to p2(x) diair¶ί to s(x) ¶άn kai mόno ¶άn to p(x) diair¶ί to s'(x).

Αpόd¶ixh:

Εp¶idή  to  p(x)  diair¶ί  to  s(x)  mporoύm¶  na  grάyoum¶  s(x)  =  p(x)q(x),  ap'  όpou

prokύpt¶i s'(x) = p'(x)q(x) + p(x)q'(x).  Σun¶pώV,  an to p2(x) diair¶ί  to s(x) tόt¶

to p(x) diair¶ί to q(x) kai projanώV to p(x) diair¶ί to s'(x).  ΑntistόjwV, an to

p(x) diair¶ί to s'(x) tόt¶ to p(x) diair¶ί thn έkjrash p'(x)q(x), pou sun¶pάg¶tai

pwV to p(x) diair¶ί ¶ίt¶  to p'(x) ¶ίt¶ to q(x) (blέp¶ άskhsh ??).  Εp¶idή όmwV

deg(p(x)  >  deg(p'(x)  έp¶tai  pwV  to  p(x)  diair¶ί  to  q(x),  kai  sun¶pώV  to  p2(x)

diair¶ί to s(x).//
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ΑV  doύm¶  tώra  ton  algόriqmo  diάspashV  ¶nόV  poluwnύmou  s¶  parάgont¶V

¶l¶ύq¶rouV apό t¶trάgwna.  

Έstw  J  mia  p¶riocή  monadikήV  paragontopoίhshV  carakthristikήV  mhdέn  kai

έstw  p(x)  œ  J[x],  έna  arcέgono  poluώnumo  miaV  m¶tablhtήV  kai  q¶tikoύ

baqmoύ.  Υpoqέtoum¶ ¶pί plέon pwV p(x) = p1
e1(x)p2

e2(x) ∫ pn
en(x) ¶ίnai h monadikή

paragontopoίhsh  tou  p(x)  s¶  ginόm¶no  mh  anagώgimwn  paragόntwn  pi(x),

kάq¶ έnaV twn opoίwn έc¶i q¶tikό baqmό ei  > 0.  Οrίzoum¶ e = max(e1, …, en) kai

gia kάq¶ 1 § i § e, 

Ji = {j : e j = i},    si(x) = ¤ jœJi
p jHxL.

ΠrojanώV, iscύ¶i h scέsh

p(x) = ¤i=1
e si

iHxL

h  opoίa  onomάz¶tai  anάlush  s¶  parάgont¶V  ¶l¶ύq¶rouV  apό  t¶trάgwna

(squarefree  factorization).   Τa  poluώnuma  si(x)  ¶ίnai  oi  parάgont¶V  oi

¶l¶ύq¶roi  apό  t¶trάgwna  (squarefree  factors)  kai  m¶rikoί  apό  autoύV  mpor¶ί

na  ¶ίnai  ίsoi  m¶  thn monάda.  Τo s1(x) ¶ίnai  to ginόm¶no  όlwn twn paragόntwn

m¶  aplέV  rίz¶V,  to  s2(x)  ¶ίnai  to  ginόm¶no  όlwn  twn  paragόntwn  m¶  diplέV

rίz¶V, kok.  

Τa  poluώnuma  si(x)  upologίzontai  m¶  thn  boήq¶ia  tou  q¶wrήmatoV  wV  ¶xήV:

Πrώta upologίzoum¶ to r(x), ton mέgisto koinό diairέth (mkd) twn p(x), kai p'(x)

r(x) = gcd(p(x), p'(x)) = ‰
i=1

n
pi

ei-1HxL = ¤i=1
e si

i-1HxL,

όpou d¶n ¶mjanίz¶tai to s1(x).  Κatόpin, brίskoum¶ to t(x), pou ¶ίnai gia to p(x)

o m¶galύt¶roV diairέthV tou ¶l¶ύq¶roV apό t¶trάgwna  

t(x) = pHxLÅÅÅÅÅÅÅÅÅÅrHxL  = ¤i=1
n piHxL = ¤i=1

e siHxL.

ΤέloV, brίskontaV ton mkd twn r(x) kai t(x)

v(x) = gcdHrHxL, tHxLL = ¤i=2
e siHxL

prokύpt¶i  pwV  s1(x)  =  tHxLÅÅÅÅÅÅÅÅÅÅvHxL .   ∆hladή  o  prώtoV  parάgontaV  ¶l¶ύq¶roV  apό

t¶trάgwna,  s1(x),  brίsk¶tai  m¶  paragώgish,  upologismoύV  mkd  kai  diaίr¶sh.
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ΕpanalambάnontaV  thn  parapάnw  diadikasίa  m¶  to  r(x)  ston  rόlo  tou  p(x)

brίskoum¶ ton d¶ύt¶ro parάgonta ¶l¶ύq¶ro apό t¶trάgwna, s2(x), kok.  

Πrosocή:

Αn  akolouqήsoum¶  thn  parapάnw  diadikasίa  qa  ¶kt¶lέsoum¶  dύo

upologismoύV  mkd  gia  kάq¶  parάgonta  siHxL.   Εp¶idή  όmwV  gnwrίzoum¶  thn

morjή  twn  poluwnύmwn  r(x)  mporoύm¶  na  ¶kt¶lέsoum¶  έnan  upologismό  mkd

gia  kάq¶  parάgonta  siHxL  kάnontaV  tiV  antikatastάs¶iV  r(x)  ≠  rHxLÅÅÅÅÅÅÅÅÅÅvHxL  kai  t(x)  ≠

v(x).  Έtsi o algόriqmoV ¶ίnai wV ¶xήV:

ΑlgόriqmoV:  ∆iάspash  poluwnύmou  s¶  parάgont¶V  ¶l¶ύq¶rouV  apό

t¶trάgwna.

ΕίsodoV:  p(x) œ J[x], έna arcέgono poluώnumo q¶tikoύ baqmoύ m¶ sunt¶l¶stέV

apό to J, mia p¶riocή monadikήV paragontopoίhshV carakthristikήV mhdέn. 

ΈxodoV:   Η  paragontopoίhsh  p(x)  =  ¤i=1
e si

iHxL  s¶  parάgont¶V  ¶l¶ύq¶rouV  apό

t¶trάgwna.  Μ¶rikά apό ta poluώnuma si(x) mpor¶ί na ¶ίnai ίsa m¶ thn monάda.

===========   

1.  (*  έnarxh  *)  

sqfreefactorList = {};  r(x) ≠ gcd(p(x), p'(x));  t(x) ≠ pHxLÅÅÅÅÅÅÅÅÅÅrHxL .

2.  (*  upologismόV twn s j(x)  *)

Εj'  όson  o  baqmόV  tou  r(x)  ¶ίnai  m¶galύt¶roV  tou  mhd¶nόV  deg(r(x))  >  0,

¶panalambάnoum¶  thn ¶xήV diadikasίa:  Υpologίzoum¶ to s j(x) m¶ tiV ¶ntolέV

v(x)  ≠  gcdHrHxL, tHxLL;   s j(x)  ≠  tHxLÅÅÅÅÅÅÅÅÅÅvHxL ,  to  ¶pisunάptoum¶  sthn  lίsta  sqfreefactor-

List  kai  anan¶ώnoum¶  ta  poluώnuma  r(x)  ≠  rHxLÅÅÅÅÅÅÅÅÅÅvHxL  kai  t(x)  ≠  v(x).   ΑlliώV

¶pisunάptoum¶ sthn lίsta sqfreefactorList to poluώnumo t(x).

3.  (*  tέloV  *)

Τhn  lίsta  sqfreefactorList  thn  m¶tatrέpoum¶  katόpin  sto  ginόm¶no

¤i=1
e si

iHxL, όpou e isoύtai m¶ to mήkoV thV lίstaV.
===========

Αkolouq¶ί o parapάnw algόriqmoV ¶jarmosmέnoV sto Mathematica:
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squareFreeFactors@f_D :=

Module@8e, facList = 8<, j = 1, r, s, sqfreefactorList = 8<,
p = f, t, v, var = First@Variables@fDD<,

H∗ step 1 ∗L
r = PolynomialGCD@p, D@p, varDD;
t = PolynomialQuotient@p, r, varD;

H∗ step 2 ∗L
While@Exponent@r, varD > 0,

v = PolynomialGCD@r, tD;
s = PolynomialQuotient@t, v, varD;
AppendTo@sqfreefactorList, sD;
r = PolynomialQuotient@r, v, varD;
t = v
D;
AppendTo@sqfreefactorList, tD;

H∗ step 3 ∗L
Map@HIf@# =!= 1, AppendTo@facList, #jDD;

j += 1L &, sqfreefactorListD; Apply@Times, facListD
D

Πarάd¶igma:

ΕjarmόzontaV ton algόriqmo squareFreeFactors[] sto poluώnumo p(x) = x5 - x4 -

2 x3 + 2x2 + x - 1 prokύptoun ta ¶xήV ¶ndiάm¶sa apot¶lέsmata:

Τhn  prώth  jorά  pou  ¶kt¶l¶ίtai  o  brόgcoV  While[] ,  o  baqmόV  tou  p(x) ¶ίnai  5,

r(x) = x3 - x2 - x + 1, t(x) = x2 - 1, v(x) = x2 - 1 kai s1(x) = 1, pou shmaίn¶i όti d¶n

upάrcoun parάgont¶V prώtou baqmoύ.

Τhn d¶ύt¶rh jorά pou ¶kt¶l¶ίtai o brόgcoV While[] , o baqmόV tou p(x) ¶ίnai 3,

r(x) = x - 1, t(x) = x2 - 1, v(x) = x - 1 kai s2(x) = x + 1, pou shmaίn¶i όti to Hx + 1L2

¶ίnai parάgontaV d¶utέrou baqmoύ.

Τhn  trίth  —  kai  t¶l¶utaίa  —  jorά  pou  ¶kt¶l¶ίtai  o  brόgcoV  While[]  ,  o

baqmόV  tou  p(x)  ¶ίnai  1,  r(x)  =  1,  t(x)  =  x  -  1,  v(x)  =  1  kai  s3(x)  =  x  -  1,  pou

shmaίn¶i όti to Hx - 1L3 ¶ίnai parάgontaV trίtou baqmoύ.

Πrάgmati,  to  poluώnumo  p(x) = x5  - x4  - 2 x3  + 2x2  + x  -  1 analύ¶tai  sto  ¶xήV

ginόm¶no paragόntwn ¶l¶ύq¶rwn apό t¶trάgwna:
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p@x_D = x5 − x4 − 2 x3 + 2 x2 + x − 1; squareFreeFactors@p@xDD

H−1 + xL3 H1 + xL2

To  apotέl¶sma  ¶ίnai  to  ίdio  m¶  autό  pou  prokύpt¶i  crhsimopoiώntaV  thn

sunάrthsh FactorSquareFree[] tou Mathematica.

FactorSquareFree@p@xDD

H−1 + xL3 H1 + xL2

Αnάlush  tou  crόnou  upologismoύ  thV  paragontopoίhshV  s¶  parάgont¶V

¶l¶ύq¶rouV apό t¶trάgwna:

Είnai  projanέV  pwV  o  crόnoV  upologismoύ  tou  algorίqmou  autoύ  kaqorίz¶tai

apό  ton  crόno  upologismoύ  twn  mkd  (gcd)  sto  2o  bήma.   Εpiplέon,

shm¶iώnoum¶  pwV  h prώth  ¶ktέl¶sh  tou  mkd  ¶ίnai  kai  h  pio  cronobόra  — apό

όl¶V tiV άll¶V.

Αn  n  = deg(p(x)),  tόt¶  n  ¶ίnai  έna  pάnw  jrάgma  ston  ariqmό  ¶kt¶lέs¶wn  tou

brόgcou While[].  ∆iakrίnoum¶ 2 p¶riptώs¶iV:

Π¶rίptwsh  1h:   Αn  p(x)  œ  J[x],  kai  J  ¶ίnai  sώma,  tόt¶  o  mkd  gcd(p(x),  p'(x))

upologίz¶tai  s¶  crόno   ΟH n2 L  kai  ¶pomέnwV  to  2o  bήma  —  kai  sun¶pώV  o

algόriqmoV — ¶kt¶l¶ίtai s¶ crόno ΟH n3 L.

Π¶rίptwsh 2h:  Αn p(x) œ J[x], kai J = , tόt¶, όpwV qa doύm¶ sto k¶jάlaio 7,

o  mkd  gcd(p(x),  p'(x))  upologίz¶tai  s¶  crόno  ΟH n5 log2 » pHxL »¶L  kai  ¶pomέnwV

to  2o  bήma  —  kai  sun¶pώV  o  algόriqmoV  —  ¶kt¶l¶ίtai  s¶  crόno

ΟH n6 log2 » pHxL »¶L.
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ü 6.2.5  Πάnw kai kάtw jrάgma stiV timέV twn q¶tikώn rizώn ¶nόV poluwnύmou

Σthn  ¶nόthta  autή  parousiάzoum¶  kai  apod¶iknύoum¶  to  q¶ώrhma  tou  Cauchy

gia  thn  ¶ύr¶sh  ¶nόV  pάnw  jrάgmatoV  stiV  timέV  twn  q¶tikώn  rizώn  miaV

poluwnumikήV  ¶xίswshV  p(x)  =  0,  m¶  akέraiouV  sunt¶l¶stέV.   Σhm¶iώnoum¶

pwV to shmantikό autό apotέl¶sma briskόtan mόno sto biblίo tou N. Obresch-

koff  sta  Γ¶rmanikά  kai  pwV  prin  to  1978  d¶n  upήrc¶  s¶  kanέna  biblίo  thV

ΑgglikήV  bibliograjίaV!   Σthn  Αgglikή  bibliograjίa,  όpwV  anajέram¶,

upήrcan  tύpoi  mόno  gia  thn  ¶ύr¶sh  ¶nόV  jrάgmatoV  stiV  apόlut¶V  timέV  twn

rizώn.

Εm¶ίV  crhsimopoioύm¶  to  q¶ώrhma  tou  Cauchy  kai  gia  thn  ¶ύr¶sh  ¶nόV  kάtw

jrάgmatoV stiV timέV twn q¶tikώn rizώn thV p(x) = 0.

Θ¶ώrhma (Cauchy):

Έstw  p(x)  =  cn xn  +  cn-1 xn-1  +  ∫  +  c1x  +  c0  =  0  mίa  poluwnumikή  ¶xίswsh

baqmoύ n > 0, m¶ akέraiouV sunt¶l¶stέV kai cn-k  < 0 gia toulάciston έna k, 1

§  k  §  n.   (Πrosέxt¶  pwV  cn  >  0!)   Αn  l  ¶ίnai  o  ariqmόV  twn  arnhtikώn

sunt¶l¶stώn tόt¶ 

b = max 81§k§n : cn-k<0< "##############- l cn-kÅÅÅÅÅÅÅÅÅÅÅÅÅÅcn

k  

¶ίnai έna pάnw jrάgma stiV timέV twn q¶tikώn rizώn thV p(x) = 0.

Αpόd¶ixh:

Αpό ton trόpo orismoύ tou b sun¶pάg¶tai pwV 

bk ¥ (- l cn-kÅÅÅÅÅÅÅÅÅÅÅÅÅÅcn
)

gia kάq¶ k έtsi ώst¶ cn-k < 0.  Γia autά ta k, h parapάnw anisόthta grάj¶tai

kai san

bn ¥ (- l cn-kÅÅÅÅÅÅÅÅÅÅÅÅÅÅcn
)bn-k.

ΑqroίzontaV gia όla ta katάllhla k έcoum¶

l bn ¥ l ‚
1§k§n : cn-k<0

 I- cn-kÅÅÅÅÅÅÅÅÅÅcn
M bn-k

ή 
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bn ¥ ‚
1§k§n : cn-k<0

 I- cn-kÅÅÅÅÅÅÅÅÅÅcn
M bn-k

∆hladή  an  diairέsoum¶  thn  p(x)  =  0  m¶  to  cn,  kάnontaV  monάda  ton  kύrio

sunt¶l¶stή  thV,  kai  antikatastήsoum¶  to  x  m¶  to  b,  x  ≠  b,  tόt¶  o  prώtoV

όroV,  dhladή  to  bn,  qa  ¶ίnai  m¶galύt¶roV  apό,  ή  ίsoV  m¶,  to  άqroisma  twn

apόlutwn timώn twn όrwn m¶ arnhtikoύV sunt¶l¶stέV.  Σun¶pώV, gia όla ta x

> b, to p(x) > 0.//

Τo  pάnw  jrάgma  b upologίz¶tai  ¶ukolόtata  apό  ton  tύpo  orismoύ  tou  m¶  to

akόlouqo prόgramma sto Mathematica.  Πrosέxt¶ pwV gia na apojύgoum¶ thn

p¶rίptwsh  thV  isόthtaV  sthn  έkjrash  bn  ¥  ‚
1§k§n : cn-k <0

 I- cn-kÅÅÅÅÅÅÅÅÅÅcn
M bn-k,  sto

tέloV tou progrάmmatoV paίrnoum¶ san pάnw jrάgma thn posόthta ` 65ÅÅÅÅÅÅÅ64 bp.

CauchyPositiveRootUpperBound@p_D :=

ModuleA8b = 0, cl, lc, lamda, n, cpos, tb<,

cl = CoefficientList@p, Variables@pDD;
n = Length@clD; lc = Last@clD;
If@lc < 0, cl = −cl; lc = −lcD;

lamda = Length@Select@cl, # < 0 &DD;
If@lamda 0, Return@bDD;

cpos = Position@cl, _ ?H# < 0 &LD;

DoAtb = $%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%−lamda cl@@cpos@@kDDDD
lc

n−cpos@@kDD êê N êê First;

If@tb > b, b = tbD, 8k, lamda<E; Ceiling@65ê64 bDE

Έtsi  blέpoum¶  pwV  to  3 ¶ίnai  έna  pάnw jrάgma stiV  timέV twn q¶tikώn  rizώn

tou p(x) = x3 -7x + 7

p@x_D = x3 − 7 x + 7;
CauchyPositiveRootUpperBound@p@xDD

3

¶nώ to 4 ¶ίnai έna pάnw jrάgma stiV timέV twn arnhtikώn  rizώn tou p(x) = x3

-7x + 7, kai brίsk¶tai antikaqistώntaV to x m¶ to -x, x ≠ -x.

CauchyPositiveRootUpperBound@p@−xDD

4
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Αnάlush  tou  crόnou  upologismoύ  ¶nόV  pάnw  jrάgmatoV  stiV  timέV  twn

q¶tikώn rizώn poluwnύmou:

Είnai  projanέV  pwV  o  crόnoV  upologismoύ  tou  algorίqmou  autoύ  kaqorίz¶tai

apό ton crόno upologismoύ twn rizώn.  Εp¶idή ¶dώ έcoum¶ ariqmhtikή kinhtήV

upodiastolήV,  έnaV  upologismόV  rizikoύ  ¶kt¶l¶ίtai  s¶  crόno  ΟH1L  kai

¶pomέnwV to polύ n tέtoioi upologismoί ¶kt¶loύntai s¶ crόno ΟHnL.

ΌpwV  qa  doύm¶  sthn  ¶nόthta  6.3,  sthn  mέqodo  apomόnwshV  twn  rizώn  m¶

sun¶cή klάsmata qa cr¶iastoύm¶ kai kάtw jrάgmata stiV timέV twn q¶tikώn

rizώn  ¶nόV  poluwnύmou  p(x).   Αutό  to  kάtw  jrάgma  stiV  timέV  twn  q¶tikώn

rizώn  tou  p(x)  qa  mporoύs¶  na  br¶q¶ί  antistrέjontaV  to  pάnw  jrάgma  stiV

timέV  twn  q¶tikώn  rizώn  thV  poluwnumikήV  ¶xίswshV  xn·p( 1ÅÅÅÅx )  =  0,  όpou  n  =

deg(p(x)).

Αnt'  autoύ  όmwV  parousiάzoum¶  έnan  diajor¶tikό  algόriqmo,  όpou

doul¶ύoum¶  m¶  touV  sunt¶l¶stέV  tou  xn·p( 1ÅÅÅÅx ),  paίrnontaV  tώra  san  kύrio

sunt¶l¶stή,  lc  =  First[cl]  — antί  tou  lc  = Last[cl]  pou  crhsimopoioύsam¶  gia

to pάnw jrάgma.  Εpί plέon, prosέxt¶ pwV sto tέloV to όrio ¶ίnai 2-`log2  bp. 

CauchyPositiveRootLowerBound@p_D :=

ModuleA8b = 0, cl, lc, lamda, n, cpos, tb<,

cl = CoefficientList@p, Variables@pDD;
n = Length@clD; lc = First@clD;
If@lc < 0, cl = −cl; lc = −lcD;

lamda = Length@Select@cl, # < 0 &DD;
If@lamda 0, Return@bDD;

cpos = Position@cl, _ ?H# < 0 &LD;

DoAtb = $%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%−lamda cl@@cpos@@kDDDD
lc

cpos@@kDD−1 êê N êê First;

If@tb > b, b = tbD, 8k, lamda<E; 2^H−Ceiling@Log@2, bDDLE

Έtsi  blέpoum¶  pwV  to  1  ¶ίnai  tόso  έna  kάtw  jrάgma  stiV  timέV  twn  q¶tikώn

rizώn tou p(x) = x3 - 7x + 7

p@x_D = x3 − 7 x + 7;
CauchyPositiveRootLowerBound@p@xDD

1
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όso kai έna kάtw jrάgma stiV timέV twn arnhtikώn rizώn tou p(x) = x3 -7x + 7,

kai brίsk¶tai antikaqistώntaV to x m¶ to -x, x ≠ -x.

CauchyPositiveRootLowerBound@p@−xDD

1

ü 6.2.6  Κάtw jrάgma sthn apόstash m¶taxύ dύo tucaίwn rizώn ¶nόV poluwnύmou

Σthn  ¶nόthta  autή  qa  parousiάsoum¶  to  q¶ώrhma  tou  K.  Mahler  (1964)  gia

ton upologismό ¶nόV kάtw jrάgmatoV sthn ¶lάcisth apόstash ∆ twn rizώn

¶nόV  poluwnύmou  p(x).   Τo  apotέl¶sma  autό  ¶ίnai  shmantikόtato  giatί

crhsimopoi¶ίtai  sthn  anάlush  tou  crόnou  upologismoύ  όci  mόno  thV  m¶qόdou

Sturm allά  kai  kάq¶  άllhV  m¶qόdou  apomόnwshV  twn  pragmatikώn  rizώn  ¶nόV

poluwnύmou.

Γia  thn  apόd¶ixh  tou  q¶wrήmatoV  tou  Mahler  cr¶iazόmast¶  to  q¶ώrhma  tou

Hadamard  gia  tiV  orίzous¶V,  to  opoίo  parousiάzoum¶  cwrίV  apόd¶ixh,  touV

orismoύV  thV  diakrίnousaV  kai  tou  mέtrou  ¶nόV  poluwnύmou,  kai  tέloV  thn

anisόthta tou Landau.

Θ¶ώrhma (Hadamard, gia orίzous¶V):

Αn ta stoic¶ίa dij, i,j = 1, 2, …, n tou pίnaka 

m = 
i

k

jjjjjjjj

d11 … d1 n

ª ∏ ª

dn1 … dnn

y

{

zzzzzzzz

¶ίnai  tucaίoi  migadikoί  ariqmoί,  tόt¶  gia  thn  orίzousa  d  =  det(m)  iscύ¶i  h

anisόthta:

»d» § "####################################¤ j=1
n H⁄i=1

n » dij »2L . (H)

Η isόthta iscύ¶i ¶άn kai mόno ¶άn 

⁄i=1
n dij d

êê
ik = 0,   gia 1 § j < k § n,

όpou d
êê

ik ¶inai o suzugήV migadikόV tou dik.
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ΟrismόV (diakrίnousaV):

Η  diakrίnousa  (discriminant),  discr(p(x)),  ¶nόV  poluwnύmou  p(x)  =

cn ¤i=1
n Hx - aiL orίz¶tai apό thn scέsh

discr(p(x)) = cn
2 n-2¤i=1

n ¤ j=i+1
n Hai - a jL2, (D)

h  opoίa  g¶nik¶ύ¶i  ton  tύpo  b2  -  4ac,  thV  diakrίnousaV  poluwnύmou  d¶utέrou

baqmoύ.  (Πrosέxt¶ pwV cn ¶ίnai o sunt¶l¶stήV tou xn.)

Τonίzoum¶ pwV h diakrίnousa maV dίn¶i έna mέtro tou pόso kontά ¶ίnai oi rίz¶V

tou poluwnύmou p(x).  

ΟrismόV (mέtrou ¶nόV poluwnύmou):

Έstw  p(x)  =  cnxn  +  cn-1 xn-1  +  ∫  +  c1x  +  c0  =  cn  ¤i=1
n Hx - aiL  œ  [x],  έna

poluώnumo  m¶  migadikoύV  sunt¶l¶stέV,  cn  ∫  0,  kai  rίz¶V  ai. Τo mέtro tou p(x),

m(p(x)), orίz¶tai apό ton tύpo

m(p(x)) = »cn» ¤i=1
n maxH1, » ai »L. (m)

Εpiplέon iscύ¶i kai h anisόthta tou Landau (1905)

mHpHxLL § » pHxL »2 § » pHxL »1 (L)

όpou  » pHxL »2  ¶ίnai  h  Εukl¶ίd¶ia  norm.   Τhn  anisόthta  tou  Landau  qa

crhsimopoiήsoum¶ sto akόlouqo:

Θ¶ώrhma (Mahler, 1964):

Έstw p(x) = cnxn  + cn-1 xn-1  + ∫ + c1x + c0  œ [x], έna poluώnumo baqmoύ n ¥

2, miaV  m¶tablhtήV,  ¶l¶ύq¶ro  apό  t¶trάgwna,  kai  m¶  akέraiouV  sunt¶l¶stέV.

Αn ∆ ¶ίnai ¶lάcisth apόstash twn rizώn tou p(x), tόt¶ iscύ¶i h anisόthta

∆ ¥ è!!!3  n- Hn+2Lê2 » pHxL »1-Hn-1L, (M)

όpou  » pHxL »1  ¶ίnai  h  aqroistikή  norm  tou  p(x)  —  dhladή  to  άqroisma  twn

apolύtwn timώn twn sunt¶l¶stώn.

Αpόd¶ixh:

Έstw όti a1, a2, …, an ¶ίnai oi rίz¶V tou p(x).  ΤiV ariqmoύm¶ έtsi ώst¶ 
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»a1» ¥ »a2» ¥ ∫ ¥ »aN » > 1 ¥ »aN+1» ¥ ∫ ¥ »an»

kai orίzoum¶ thn orίzousa

vdm(p(x)) = ¤i=1
n ¤ j=i+1

n Hai - a jL,

m¶ thn sunqήkh vdm(p(x)) = 1, gia thn mh ¶pitr¶ptή p¶rίptwsh n = 2.  Αpό thn

¶nόthta 4.2 tou prώtou tόmou, qumόmast¶ pwV vdm(p(x)) ¶ίnai h orίzousa tou

pίnaka Vandermonde

 

i

k

jjjjjjjjjjjjjjjjjjjj

1 a1 a1
2 … a1

n-1

1 a2 a2
2 … a2

n-1

1 a3 a3
2 … a3

n-1

ª ª ª ∏ ª

1 an an
2 … an

n-1

y

{

zzzzzzzzzzzzzzzzzzzz

.

Εpiplέon  orίzoum¶  thn  vdm*(p(x))  =  (a1a2  ∫  aN L-Hn-1Lvdm(p(x))  pou  ¶ίnai  h

orίzousa tou pίnaka

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjj

a1
-Hn-1L a1

-Hn-2L a1
-Hn-3L

∫ 1
ª ª ª ∏ ª

aN
-Hn-1L aN

-Hn-2L aN
-Hn-3L

∫ 1
1 aN+1 aN+1

2 ∫ aN+1
n-1

ª ª ª ∏ ª

1 an an
2 ∫ an

n-1

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzz

∆hladή,  o  t¶l¶utaίoV  pίnakaV  prokύpt¶i  ajoύ  pollaplasiάsoum¶  thn  i-stή

s¶irά  tou  pίnaka  Vandermonde ¶pί  ai
-Hn-1L,  1 §  i  §  N.   Εp¶idή  h  apόlutoV  timή

kάq¶ stoic¶ίou ston t¶l¶utaίo pίnaka ¶ίnai § 1 έp¶tai apό thn anisόthta (H)

tou Hadamard pwV 

»vdm*(p(x))» § è!!!!!nn  = nnê2.

Εdώ h isόthta iscύ¶i an 

»a1» = »a2» = ∫ = »an» = 1

kai

⁄k=0
n-1 aêê

i
ka j

k = 0,   gia 1 § i < j § n.
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Γia  i  =  1  (kai  apal¶ίjontaV  ton  paranomastή  tou  antistrόjou  a1
-1)  to

parapάnw άqroisma gίn¶tai 

⁄k=0
n-1 aêê

1
k a j

k = ‚
k=0

n-1
 Ha1

-1 a jLk   = H a jÅÅÅÅÅÅÅa1
Ln

-1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa jÅÅÅÅÅÅÅa1

-1  = 0.

ΠollaplasiάzontaV  thn  t¶l¶utaίa  έkjrash  m¶  a jÅÅÅÅÅÅÅa1
- 1,  prokύpt¶i  I a jÅÅÅÅÅÅÅa1

Mn  =  1,

ap'  όpou  blέpoum¶  pwV  ta  a jÅÅÅÅÅÅÅa1
,  1  §  j  §  n,  ¶ίnai  oi  n  diajor¶tikέV  rίz¶V  thV

¶xίswshV xn - 1 = 0.  ΕpomέnwV, 

xn - 1 = ‰
j=1

n Ix - a jÅÅÅÅÅÅÅa1
M

ή 

a1
nxn - a1

n = ¤ j=1
n Hx - a jL.

Άra, »vdm*(p(x))» = è!!!!!nn  = nnê2 mόno sthn p¶rίptwsh pou p(x) = cn xn + c0, kai »cn»
= »c0» ∫ 0.

Έstw  tώra  r,s  έtsi  ώst¶  1  §  r  <  s  §  n.   Θa  broύm¶  έna  pάnw  jrάgma  sthn

έkjrash » vdm* HpHxLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅar-as
» kai m¶ thn boήq¶iά tou qa apod¶ίxoum¶ to q¶ώrhma.

Σton pίnaka Vandermonde ajairoύm¶ thn s-stή s¶irά apό thn r-stή s¶irά kai

to apotέl¶sma ¶ίnai h nέa s¶irά r, pou apot¶l¶ίtai apό ta stoic¶ίa

0, ar - as, ar
2 - as

2, …, ar
n-1 - as

n-1

ta opoίa ¶ίnai όla touV pollaplάsia tou ar  - as.  ∆iairoύm¶ thn s¶irά r m¶ ar

- as kai έstw q0, q1, …, qn-1 ta nέa stoic¶ίa thV s¶irάV autήV, όpou q0 = 0, kai

qi  = ar
i - as

i
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅar-as

 = ⁄k=0
i-1 ar

i-1-k  as
k,  1 §  i  §  n  -  1.  Η orίzousa  tou nέou  pίnaka  — pou

diajέr¶i  apό  ton  arcikό  wV  proV  thn  s¶irά  r  — ¶ίnai  projanώV  vdmHpHxLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅar-as
.   Αn

sthn sunέc¶ia, ston nέo autό pίnaka diairέsoum¶ — όpwV kai prin — thn 1h,

2h, …, N-stή  s¶irά  m¶ touV  όrouV  a1
n-1, a2

n-1, … , aN
n-1, antίstoica, prokύpt¶i

pίnakaV  h  orίzousa  tou  opoίou  ¶ίnai  vdm* HpHxLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅar-as
!   Σton  nέo  autό  pίnaka  h  r-stή

s¶irά apot¶l¶ίtai apό ta stoic¶ίa

q0 ar
-Hn-1L, q1 ar

-Hn-1L, …, qn-1 ar
-Hn-1L

an r § N, ή apό ta stoic¶ίa

Τa q¶wrήmata twn Fourier & Sturm
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q0, q1, …, qn-1

an  r  >  N.   Εp¶idή  d¶  »ar»  ¥  »as»  kai  »ar»  =  Î<1 gia r > N
>1 gia r § N  ,  έp¶tai  pwV  oi  apόlut¶V

timέV  twn  diadocikώn  stoic¶ίwn  thV  r-stήV  s¶irάV  tou  nέou  pίnaka  d¶n

up¶rbaίnoun tiV timέV 0, 1, 2, …, n - 2, n - 1, antίstoica.  Αutό “apod¶iknύ¶tai”

kai  m¶  to Mathematica  m¶  thn  crήsh  thV  sunάrthshV  Assuming[] — όpou  antί

gia ar kai as crhsimopoioύm¶ a kai b:

H∗ r ≤ N ∗L
Clear@n, iD; n = 10; answer = 8<;
DoAAssumingAa ∈ Reals && b ∈ Reals && Abs@aD > Abs@bD &&

Abs@aD > 1 && i ∈ Integers && i > 1,

AppendToAanswer, RefineAa−Hn−1L ‚
k=0

i−1

ai−1−k bk ≤ iEEE, 8i, 2, n<E; answer

8True, True, True, True, True, True, True, True, True<

H∗ r > N ∗L
Clear@n, iD; n = 10; answer = 8<;
DoAAssumingAa ∈ Reals && b ∈ Reals && Abs@aD > Abs@bD &&

Abs@aD < 1 && i ∈ Integers && i > 1,

AppendToAanswer, RefineA‚
k=0

i−1

ai−1−k bk ≤ iEEE, 8i, 2, n<E; answer

8True, True, True, True, True, True, True, True, True<

Οson ajorά tiV apόlut¶V timέV twn diadocikώn stoic¶ίwn twn upόloipwn n - 1

s¶irώn tou nέou pίnaka —  ¶ktόV  r-stήV  s¶irάV — autέV  d¶n up¶rbaίnoun thn

monάda.  ΕpomέnwV, apό thn anisόthta (H) tou Hadamard έcoum¶

… vdm* HpHxLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅar-as
 …2 § (n - 1Ln-1⁄i=0

n-1 i2 < nn-1⁄i=0
n-1 i2.

όpou to άqroisma ⁄i=0
n-1 i2 ¶ίnai mόno gia thn r-stή s¶irά kai o prώtoV όroV (n -

1Ln-1  = ¤ j=0
n-2 H⁄i=0

n-2 1L ¶ίnai gia tiV upόloip¶V.  Εp¶idή όmwV to άqroisma ⁄i=0
n-1 i2

= nHn-1L H2 n-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6 , prokύpt¶i

… vdm* HpHxLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅar-as
 …2 <  n n+2

ÅÅÅÅÅÅÅÅÅÅÅ3 .

Λύnoum¶ thn parapάnw anisόthta wV proV » ar - as »2 kai έcoum¶

6:  Αpomόnwsh pragmatikώn rizώn
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» ar - as »2 > 3 n -Hn+2L » vdm* HpHxLL »2,

ή 

» ar - as »2 > 3 n -Hn+2L(a1a2 ∫ aN L-2 Hn-1L » vdmHpHxLL »2.

ή 

» ar - as »2 > 3 n -Hn+2LHcn a1 a2 ∫ aN L-2 Hn-1L cn
2 n-2 » vdmHpHxLL »2.

Αpό  touV  tύpouV  (m)  tou  mέtrou  kai  (D)  thV  diakrίnousaV  blέpoum¶  pwV  h

parapάnw anisόthta grάj¶tai kai san 

» ar - as »2 > 3 n -Hn+2L HmHpHxLLL-2 Hn-1L cn
2 n-2discrHpHxLL. 

Εp¶idή  oi  sunt¶l¶stέV  tou  p(x)  ¶ίnai  akέraioi,  »discr(p(x))»  ¥  1.   Εpiplέon

¶pilέgont¶V  touV  d¶ίkt¶V  r,  s  έtsi  ώst¶  ∆  =  » ar - as »  kai  crhsimopoioύnt¶V

thn anisόthta tou Landau (L) apod¶iknύ¶tai h zhtoύm¶nh anisόthta (M).//

Πarάd¶igma:

Γia to poluώnumo p(x) = x3 - 7x + 7 blέpoum¶ pwV 

∆ ¥ è!!!3  3-5ê2 15-2 = 
è!!!!3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!35  152 º 0.000493827.

Αutό  shmaίn¶i  pwV  oi  rίz¶V  tou  p(x)  d¶n  mporoύn  na  έcoun  apόstash

mikrόt¶rh apό 0.000493827. 
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6.3   Τo  q¶ώrhma  tou  Budan kai  h  mέqodoV  twn  Vincent-Akritas-Strzebonski

gia thn apomόnwsh pragmatikώn rizώn m¶ sun¶cή klasmata  

Σthn  prohgoύm¶nh  ¶nόthta  ¶x¶tάsam¶  to  q¶ώrhma  tou  Fourier,  apό  to  opoίo

aporrέoun  to  q¶ώrhma  tou  Sturm kai  h  mέqodoV  tou  Sturm gia  thn  apomόnwsh

pragmatikώn  rizώn  m¶  dicotόmhsh.   Η  mέqodoV  autή  ήtan  h  prώth  pou

anaptύcqhk¶  kai  apotέl¶s¶  staqmό  sthn  istorίa  twn  maqhmatikώn.

Χrhsimopoiήqhk¶ polύ mέcri to 1976.

ΌmwV  to  1975/76  —  m¶  tropopoίhsh  tou  q¶wrήmatoV  tou  Vincent  pou  mόliV

¶ίc¶  anakalύy¶i  o  grάjwn  —  anaptύcqhk¶  h  mέqodoV  twn  Collins-Akritas  gia

thn  apomόnwsh  pragmatikώn  rizώn  m¶  dicotόmhsh.   Η  mέqodoV  autή  —  pou

¶ίnai  polύ  pio  grήgorh  apό  thn  mέqodo  tou  Sturm  —  ¶jarmόsqhk¶  sto

sύsthma  upologistikήV  άlg¶braV  maple,  kai  έktot¶  crhsimopoi¶ίtai  ¶urέwV.

Μ¶  to  pέrasma  tou  crόnou  apod¶ίcqhk¶  pwV  h  mέqodoV  twn  Collins-Akritas

¶ίnai  h  pio  grήgorh  mέqodoV  gia  thn  apomόnwsh  pragmatikώn  rizώn  m¶

dicotόmhsh.

Σthn  ¶nόthta  autή  qa  ¶x¶tάsoum¶  to  q¶ώrhma  tou  Budan  apό  to  apoίo

aporrέoun to q¶ώrhma tou Vincent kai h mέqodoV twn Vincent-Akritas-Strzebon-

ski  gia  thn  apomόnwsh  pragmatikώn  rizώn  m¶  sun¶cή  klάsmata.   Ο  Vincent

(1836) ήtan o prώtoV pou anέptux¶ thn mέqodo twn sun¶cώn klasmάtwn allά

o  crόnoV  upologismoύ  thV  m¶qόdou  tou  ήtan  ¶kq¶tikόV.   Σthn  sunέc¶ia  o

grάjwn b¶ltίws¶ thn mέqodo autή (1978) kai thn έkan¶ όci mόno poluwnumikή,

allά  kai  thn  pio  grήgorh  mέqodo  apomόnwshV  pragmatikώn  rizώn  ston

kόsmo.   Μ¶  ton  Strzebonski  (1994)  b¶ltiώqhk¶  h  mέqodoV  wV  proV  έna  akόma

shm¶ίo.
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ü 6.3.1  Τo q¶ώrhma tou Budan

ΌpwV  έcoum¶  anajέr¶i  to  q¶ώrhma  tou  Budan  ¶mjanίsthk¶  prin  apό  to

q¶ώrhma  tou  Fourier,  allά  parά  όla  autά  ¶ίc¶  x¶cast¶ί.   Σthn  bibliograjίa

anaj¶rόtan  m¶n  to  όnoma  Budan  allά  h  diatύpwsh  tou  q¶wrήmatoV  ήtan

¶k¶ίnh tou Fourier.  Ο grάjwn brήk¶ thn diatύpwsh tou q¶wrήmatoV tou Budan

sto  άrqro  tou  Vincent  tou  1836  kai  thn  parousiάz¶i  —  lίgo  diask¶uasmέna

— s¶ analogίa m¶ to q¶ώrhma tou Fourier:

Θ¶ώrhma tou Budan (1807): (ΥpologismόV ¶nόV pάnw jrάgmatoV ston ariqmό

twn pragmatikώn rizώn pou έc¶i mίa ¶xίswsh s¶ έna anoictό diάsthma.)  

Σthn  poluwnumikή  ¶xίswsh  p(x)  =  0,  baqmoύ  n  >  0,  kάnoum¶  tiV  dύo

antikatastάs¶iV, x ≠ x +  kai x ≠ x + , όpou  kai  ¶ίnai pragmatikoί ariqmoί

έtsi ώst¶  < .  Αn v  kai v  ¶ίnai oi m¶tabolέV prosήmou stiV akolouqί¶V twn

sunt¶l¶stώn  twn  poluwnύmwn p(x  + ) kai  p(x + ),  antίstoica, tόt¶ iscύoun

ta akόlouqa:

i.   Τo  poluώnumo  p(x  +  )  d¶n  mpor¶ί  na  έc¶i  ligόt¶r¶V  m¶tabolέV  prosήmou

apό to poluώnumo p(x + ).  ∆hladή, v  ¥ v .

ii.   Ο ariqmόV  r  twn pragmatikώn  rizώn thV ¶xίswshV p(x) = 0 pou  brίskontai

sto  diάsthma  ( ,  ) potέ  d¶n  mpor¶ί  na  ¶ίnai  m¶galύt¶roV  apό ton  ariqmό twn

m¶tabolώn prosήmou pou cάnontai katά thn m¶tάbasή maV apό to poluώnumo

p(x + ) sto poluώnumo p(x + ).  ∆hladή, r § v  - v . 

iii.   Όtan  o  ariqmόV  r  twn  pragmatikώn  rizώn  thV  ¶xίswshV  p(x)  =  0  pou

brίskontai  sto  diάsthma  ( ,  )  ¶ίnai  gnήsia  mikrόt¶roV  apό  ton  ariqmό  twn

m¶tabolώn prosήmou pou cάnontai katά thn m¶tάbasή maV apό to poluώnumo

p(x + ) sto poluώnumo p(x + ), tόt¶ h diajorά ¶ίnai άrtioV ariqmόV.  ∆hladή,

r = v  - v  - 2l, όpou l œ >0.

Ιsodunamίa:

Τo  q¶ώrhma  tou  Budan  ¶ίnai  isodύnamo  m¶  to  q¶ώrhma  tou  Fourier.   Αutό

jaίn¶tai  apό  to  g¶gonόV  όti  gia  to  poluώnumo  p(x),  baqmoύ  n  >  0,  sthn

akolouqίa  Fseq(t)  (pou  prokύpt¶i  apό  thn  antikatάstash  x  ≠  t)  oi  n  +  1

ariqmoί  έcoun  to  ίdio  prόshmo,  kai  ¶ίnai  anάlogoi  m¶  touV  antίstoicouV
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sunt¶l¶stέV  tou  poluwnύmou  p(x  +  t)  =  ‚
i=0

n pHiLHtLÅÅÅÅÅÅÅÅÅÅÅÅÅi!  xi,  όpwV  prokύptoun  apό

ton m¶taschmatismό Taylor — ή thn antikatάstash x ≠ x + t.  

ΕpomέnwV,  to  q¶ώrhma  tou  Budan  maV  dίn¶i  ¶pίshV  έna  pάnw  jrάgma  ston

ariqmό twn pragmatikώn rizώn pou έc¶i h ¶xίswsh p(x) = 0 mέsa sto diάsthma

( ,  ).   Πrosέxt¶  όmwV  pwV  antί  gia  akolouqί¶V  paragώgwn  crhsimopoioύntai

oi  antikatastάs¶iV  x  ≠  x  +   kai  x  ≠  x  +  .   Οi  antikatastάs¶iV  autέV

onomάzontai  Möbius  ή  grammikέV  klasmatikέV  antikatastάs¶iV  kai  sthn

¶pόm¶nh  upo¶nόthta  ¶x¶tάzoum¶  thn  ¶pίdrasή  touV  stiV  rίz¶V  twn

poluwnύmwn. 

Πrosocή: 

Μ¶ tiV antikatastάs¶iV x ≠ x +  kai x ≠ x +  mporoύm¶ na broύm¶ ton akribή

ariqmό twn rizώn sto diάsthma ( , ) mόno stiV ¶xήV dύo  p¶riptώs¶iV: (a)  an

d¶n  cάn¶tai  kamίa  m¶tabolή  prosήmou  tόt¶ d¶n  upάrc¶i  kamίa rίza sto ( , ),

kai (b)  an cάn¶tai mίa m¶tabolή prosήmou tόt¶ upάrc¶i mίa pragmatikή rίza

sto ( , ).  Τa antίstroja twn (a) kai (b) d¶n iscύoun!

Πarάd¶igma:  (upologismόV  ¶nόV  pάnw  jrάgmatoV  ston  ariqmό  twn

pragmatikώn rizώn mέsa s¶ έna diάsthma m¶ thn boήq¶ia tou q¶wrήmatoV tou

Budan)

Έstw pάli to poluώnumo p(x) = x3 - 7x + 7.  Γia na broύm¶, m¶ to q¶ώrhma tou

Budan,  έna  pάnw  jrάgma  ston  ariqmό  twn  pragmatikώn  rizώn  pou  έc¶i  to

poluώnumo  autό  sto  diάsthma  (0,  2)  upologίzoum¶  thn  diajorά  twn

m¶tabolώn prosήmou sta poluώnuma p(x + 0) kai p(x + 2):

p@x_D = x3 − 7 x + 7; variations@p@x + 0DD − variations@p@x + 2DD

2

∆hladή  cάnontai  dύo  m¶tabolέV  prosήmou,  kai  autό  shmaίn¶i  pwV  sto

diάsthma (0, 2) to poluώnumo ¶ίt¶ έc¶i dύo pragmatikέV rίz¶V ή kamίa, kάti pou

prέp¶i  na  di¶r¶unhq¶ί.   Υp¶nqumίzoum¶  pwV  oi  sunt¶l¶stέV  tou  poluwnύmou

pou  prokύpt¶i  apό  thn  antikatάstash  x ≠  x  + a  upologίzontai  m¶  thn  mέqodo

twn Rufini-Horner pou ¶x¶tάsam¶ sthn ¶nόthta 4.1 tou prώtou tόmou.
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ü 6.3.2  Αntikatastάs¶iV Möbius kai h ¶pίdrasή touV stiV rίz¶V poluwnumikώn ¶xisώs¶wn

ΌpwV  qa  doύm¶  sthn  ¶pόm¶nh  upo¶nόthta  6.3.3,  shmantikόtato  rόlo  sto

q¶ώrhma  tou  Vincent  paίzoun  oi  antikatastάs¶iV  thV  morjήV  x  ≠  a  +  1ÅÅÅÅx .   Οi

antikatastάs¶iV  autέV  anήkoun  sthn  kathgorίa  twn  grammikώn

klasmatikώn  antikatastάs¶wn  ή  antikatastάs¶wn  Möbius,  pou

onomάsthkan έtsi proV timήn tou A.F. Möbius (1790-1868) o opoίoV prώtoV tiV

m¶lέths¶ sthn probolikή g¶wm¶trίa.

ΟrismόV:

Onomάzoum¶ antikatάstash Möbius thn έkjrash

x ≠ M(x) = a x + bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc x+d ,

όpou a, b, c, d ¶ίnai migadikoί ariqmoί έtsi ώst¶ h orίzousά touV ¶ίnai diάjorh

tou  mhd¶nόV  —  dhladή  έcoum¶  ad  -  bc  ∫  0.   Τhn  antikatάstash  autή

sumbolίzoum¶ wV x ≠ M(x), det(M) ∫ 0.  

Γia  tucaίo  x  œ  ,  h  antikatάstash  x  ≠  M(x)  orίz¶tai  apό  thn  έkjrash  tou

orismoύ, m¶ thn proϋpόq¶sh όti cx + d ∫ 0.  ΑlliώV, orίzoum¶ M( -dÅÅÅÅÅÅÅÅc ) = ¶.  Αn c

= 0, tόt¶ prέp¶i na έcoum¶ ad ∫ 0 — ¶p¶idή h orίzousa prέp¶i na ¶ίnai diάjorh

tou mhd¶nόV — kai h antikatάstash orίz¶tai apό thn έkjrash 

x ≠ M(x) = aÅÅÅÅÅd x + bÅÅÅÅÅd .

Πrosέxt¶  pwV  sthn  p¶rίptwsh  c  =  0  iscύ¶i  M(¶)  =  ¶,  ¶nώ  an  c  ∫  0,  tόt¶

M(¶) = aÅÅÅÅc .

Είnai projanέV όti s¶ kάq¶ antikatάstash Möbius antistoic¶ί o t¶trάgwnoV

pίnakaV  twn  sunt¶l¶stώn  tou,  kai  autό  plήrwV  orίz¶i  thn  antikatάstash.

Οrίzoum¶ loipόn

 = {M(x) : x ≠ M(x), M = J m11 m12

m21 m22
N, det(M)∫0, x œ },

to  sύnolo  όlwn  twn  antikatastάs¶wn  Möbius kai  '  = ‹{¶}, to  sumpagέV

migadikό ¶pίp¶do.  
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Πrosocή:

Σthn sunέc¶ia o sumbolismόV J a b
c d

N(x) upono¶ί thn scέsh:

J a b
c d

N(x) = a x + bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc x+d .

Θ¶ώrhma:

Τo  sύnolo   twn  antikatastάs¶wn  Möbius  apot¶l¶ί  omάda  isomorjikή  m¶

thn omάda t¶tragώnwn pinάkwn tάxhV 2.

Αpόd¶ixh:

Σto  sύnolo   ¶isάgoum¶  kat'  arcάV  mia  scέsh  isόthtaV  wV  ¶xήV:   ∆ύo

antikatastάs¶iV  A(x),  B(x)  œ   tautίzontai,  dhladή  "x  œ  '  iscύ¶i  A(x)  =

B(x),  ¶άn  kai  mόno  ¶άn  $l  œ  ,  l  ∫  0,  έtsi  ώst¶  A = lB — όpou  h  t¶l¶utaίa

¶ίnai isόthta pinάkwn.  

Ο  lόgoV  pou  orίzoum¶  thn  isόthta  έtsi  ¶ίnai  diόti  an  s¶  έna  poluώnumo  p(x)

kάnoum¶  thn  antikatάstash  x  ≠  J a b
c d

N(x)  ή  thn  antikatάstash  x  ≠

lJ a b
c d

N(x)  to  apotέl¶sma  ¶ίnai  to  ίdio.   Αutό  jaίn¶tai  apό  to  akόlouqo

parάd¶igma  όpou  kάnoum¶  tiV  antikatastάs¶iV  x  ≠  J 0 1
1 1

N HxL  kai  x  ≠

3J 0 1
1 1

N HxL  sto  poluώnumo  p(x)  =  x3  -  7x  +  7.   Πrosέxt¶  pwV  gia  na

apojύgoum¶ rhtέV ¶kjrάs¶iV pollaplasiάzoum¶ ¶pί Hx + 1L3.

Clear@pD; p@x_D = x3 − 7 x + 7; pA 1

1 + x
E Hx + 1L3 êê Simplify

1 + 7 x + 14 x2 + 7 x3

pA 3

3 + 3 x
E Hx + 1L3 êê Simplify

1 + 7 x + 14 x2 + 7 x3

Κatόpin  orίzoum¶  to  ginόm¶no  dύo  antikatastάs¶wn  A(x),  B(x)  œ   wV  to

ginόm¶no  twn pinάkwn  touV  AB(x).   Πrosέxt¶ όmwV  ton  trόpo  ¶jarmogήV  tou

ginomέnou  antikatastάs¶wn:  prώta  ¶jarmόz¶tai  h  antikatάstash  A(x)  kai
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ύst¶ra  h  antikatάstash  B(x).   Τo  ginόm¶no  autό  ¶ίnai  ¶pίshV  mia

antikatάstash diόti

x ≠ AB(x) = A(B(x)) = a11  BHxL+a12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa21  BHxL+a22
 = 

    

    = a11  b11  x + b12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb21  x + b22
+ a12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

a21  b11  x + b12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb21  x + b22
+ a22

 = Ha11  b11 + a12  b21L x + a11  b12 + a12  b22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHa21  b11 + a22  b21L x + a21  b12 + a22  b22
 

    

    = J a11 b11 + a12 b21 a11 b12 + a12 b22

a21 b11 + a22 b21 a21 b12 + a22 b22
N(x) = (AB)(x).

Σan  to  monadiaίo  stoic¶ίo  tou  sunόlou   orίzoum¶  thn  tautotikή

antikatάstash x ≠ x, pou antistoic¶ί ston pίnaka

I = J 1 0
0 1

N.

Αpό  ton  trόpo  pou  orίsam¶  thn  isόthta  blέpoum¶  pwV  lI,  l  œ    kai  l  ∫  0,

sumpίpt¶i  m¶  thn  tautotikή  antikatάstash.   Γia  tucaίa  antikatάstash  x ≠

M(x)  œ  ,  όpou  M  =  J m11 m12

m21 m22
N,  h  antίstrojh  antikatάstash  ¶ίnai  x  ≠

M -1(x), όpou to M -1 ¶ίnai ¶ίt¶

M -1 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅdetHM L J
m22 -m12

-m21 m11
N  

dhladή o antίstrojoV pίnakaV tou M, ¶ίt¶, lόgw orismoύ thV isόthtaV,

   M -1 = J m22 -m12

-m21 m11
N.

ΠrojanώV det(M -1) ∫ 0.//

Η omάda d¶n ¶ίnai Αb¶lianή diόti g¶nikά A(x) B(x) ∫ B(x) A(x).

ΟrismόV:

Οi  akόlouqoi  tr¶iV  antikatastάs¶iV  Möbius  onomάzontai  g¶nnήtri¶V

antikatastάs¶iV (generating substitutions) thV omάdaV :

i.  Αntistrojή (inversion):  x ≠ 1ÅÅÅÅx  = J 0 1
1 0

N(x)
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ii.  Μ¶tάq¶sh (translation):  x ≠ x + a = J 1 a
0 1

N(x)

iii.  Τάnusma (stretching):  x ≠ a x = J a 0
0 1

N(x)

Όtan to a œ  to tάnusma lέg¶tai strojή (rotation).  

Τo  q¶ώrhma  pou  akolouq¶ί  tonίz¶i  thn  shmasίa  twn  g¶nnhtriώn

antikatastάs¶wn.

Θ¶ώrhma (g¶nnhtriώn antikatastάs¶wn):

Κάq¶  antikatastάsh  M(x)  œ   prokύpt¶i  apό  katάllhlo  pollaplasiasmό

twn  g¶nnhtriώn  antikatastάs¶wn.   (Μhn  x¶cnάt¶  pwV  s¶  έna  ginόm¶no

antikatastάs¶wn,  autέV  ¶jarmόzontai  mίa-mίa  apό  ta  arist¶rά  proV  ta

d¶xiά.)   ΕpomέnwV  kάq¶  antikatάstash  prokύpt¶i  apό  mίa  akolouqίa

g¶nnhtriώn antikatastάs¶wn.

Αpόd¶ixh:

Έstw

M = J a b
c d

N.

Γia na apod¶ίxoum¶ to q¶ώrhma diakrίnoum¶ tiV ¶xήV dύo p¶riptώs¶iV:

c = 0:  Σthn p¶rίptwsh autή ¶ύkola mporoύm¶ na doύm¶ pwV M = M1M2, όpou

M1 = 
i
k
jjjj

1 bÅÅÅÅÅd

0 1
y
{
zzzz    kai    M2 = i

k
jjj

aÅÅÅÅÅd 0
0 1

y
{
zzz.

Πrάgmati, to ginόm¶nό touV ¶ίnai

M1M2 = 
i
k
jjjj

aÅÅÅÅÅd
bÅÅÅÅÅd

0 1
y
{
zzzz = 1ÅÅÅÅÅd J a b

0 d
N = J a b

0 d
N,

pou  shmaίn¶i  pwV  an  c  =  0,  h  antikatάstash  M(x)  ¶ίnai  isodύnamh  proV  mίa

m¶tάq¶sh, M1(x), akolouqoύm¶nh apό έna tάnusma, M2(x).

c  π  0:   Σthn  p¶rίptwsh  autή  mporoύm¶  ¶pίshV  ¶ύkola  na  doύm¶  h

antikatάstash  M(x)  ¶ίnai  isodύnamh  proV  mίa  m¶tάq¶sh,  M1(x),
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akolouqoύm¶nh  apό  mίa  antistrojή,  M2(x),  akolouqoύm¶nh  apό  mίa  akόma

m¶tάq¶sh, M3(x), akolouqoύm¶nh apό έna tάnusma, M4(x), όpou

M1 = i
k
jjj 1 aÅÅÅÅc

0 1
y
{
zzz,              M2 = J 0 1

1 0
N,

M3 = 
i
k
jjjj

1 c dÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d

0 1
y
{
zzzz    kai    M4 = 

i
k
jjjj

c2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d 0

0 1

y
{
zzzz.

Πrάgmati, to ginόm¶nό touV ¶ίnai

M1M2M3M4     = i
k
jjj

aÅÅÅÅc 1
1 0

y
{
zzz M3 M4 = 

i

k
jjjjj

aÅÅÅÅc
b cÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d

1 c dÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d

y

{
zzzzzM4

=  
i

k
jjjjjj

a cÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d
b cÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d

c2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d

c dÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d

y

{
zzzzzz = cÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb c-a d J a b

c d
N

= J a b
c d

N.//

Πarάd¶igma:

ΑV  q¶wrήsoum¶  thn  antikatastάsh  x  ≠  1ÅÅÅÅÅÅÅÅÅÅ1+x ,  sthn  opoίa  antistoic¶ί  o

pίnakaV  J 0 1
1 1

N.   ΕjarmόzontaV  to  parapάnw  q¶ώrhma  έcoum¶  thn  akόlouqh

anάlush s¶ ginόm¶no g¶nhtriώn antikatastάs¶wn:

M1(x) = J 1 0
0 1

N HxL, tautotikή antikatάstash,   

   M2(x) = J 0 1
1 0

N HxL, antistrojή,

M3(x) = J 1 1
0 1

N HxL, monadiaίa m¶tάq¶sh, kai   

 M4(x) = J 1 0
0 1

N HxL, tautotikή antikatάstash.

Σun¶pώV,  antikatastάsh  x ≠  1ÅÅÅÅÅÅÅÅÅÅ1+x  ¶ίnai  isodύnamh  m¶  mίa  antistrojή,  M2(x),

akolouqoύm¶nh apό mίa m¶tάq¶sh katά monάda, M3(x).

Αpό ta parapάnw gίn¶tai jan¶rό pwV oi k antikatastάs¶iV x ≠ 1 + x, x ≠ 1 +

x,  …,  x  ≠  1  +  x  akolouqoύm¶n¶V  apό  thn  antikatάstash  x  ≠  1ÅÅÅÅÅÅÅÅÅÅ1+x  ¶ίnai
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isodύnam¶V m¶ thn antikatάstash x ≠ k + 1ÅÅÅÅx  akolouqoύm¶nh apό thn x ≠ 1 +

x.

ΑV doύm¶ tώra thn ¶pίdrash twn antikatastάs¶wn Möbius, ή isodύnama twn

g¶nnhtriώn  antikatastάs¶wn,  stiV  rίz¶V  miaV  poluwnumikήV  ¶xίswshV  p(x)  =

0 m¶  akέraiouV  sunt¶l¶stέV,  baqmoύ  n  kai  m¶  mίa  m¶tablhtή.   Έstw  loipόn

όti 

p(x) = cn xn + cn-1 xn-1 + ∫ + c0 = cn(x - a1)(x - a2) ∫ (x - an) = 0.

Αn sto p(x) kάnoum¶ thn antikatάstash x ≠ 1ÅÅÅÅx , (antistrojή) tόt¶ prokύpt¶i

to poluώnumo    

p( 1ÅÅÅÅx ) = pi(x) = cnÅÅÅÅÅÅxn  + cn-1ÅÅÅÅÅÅÅÅÅÅxn-1  + ∫ + c1ÅÅÅÅÅÅx  + c0 

= cn 1ÅÅÅÅÅÅxn  (1 - xa1)(1 - xa2) ∫ (1 - xan) 

 = cn (a1a2∫an) H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅxn  (x - 1ÅÅÅÅÅÅÅa1

)(x - 1ÅÅÅÅÅÅÅa2
) ∫ (x - 1ÅÅÅÅÅÅÅan

) 

 

 = c0
H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅxn  (x - 1ÅÅÅÅÅÅÅa1

)(x - 1ÅÅÅÅÅÅÅa2
) ∫ (x - 1ÅÅÅÅÅÅÅan

) = 0,

¶p¶idή  c0  =  cn(a1a2∫an).   ΠollaplasiάzontaV  thn  parapάnw  ¶xίswsh  ¶pί

H-1Lnxn έcoum¶

H-1Ln xnp( 1ÅÅÅÅx ) = c0 xn + c1 xn-1 + ∫ + cn 

 = c0 (x - 1ÅÅÅÅÅÅÅa1
)(x - 1ÅÅÅÅÅÅÅa2

) ∫ (x - 1ÅÅÅÅÅÅÅan
) = 0.

∆hladή  bl¶poum¶  pwV  ύst¶ra  apό  thn  antikatάstash  x  ≠  1ÅÅÅÅx ,  oi

sunt¶l¶stέV kai oi rίz¶V tou poluwnύmou antistrέjontai!

Όtan  sto p(x) kάnoum¶  thn antikatάstash  x ≠ k  + x, k  œ , (m¶tάq¶sh) tόt¶

prokύpt¶i to poluώnumo 

p(k + x) = pt(x) = cn(k + x - a1)(k + x - a2) ∫ (k + x - an) 

   = cn(x - (a1 - k))(x - (a2 - k)) ∫ (x - (an - k)) = 0.
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∆hladή,  ύst¶ra  apό  mίa  m¶tάq¶sh  to  pragmatikό  mέroV  twn  rizώn  tou  nέou

poluwnύmou p(k + x) qa mikrύn¶i ή qa m¶galώs¶i, anάloga m¶ to an to k ¶ίnai

q¶tikό ή arnhtikό, antίstoica.  

Πrosέxt¶  pwV  oi  sunt¶l¶stέV  tou  nέou  poluwnύmou  ¶ίnai  akέraioi  mόno  sthn

p¶rίptwsh  pou  k  œ  .   Σthn  p¶rίptwsh  pou  k  œ  ,  k  = aÅÅÅÅb  ˜  1, gia  na  kάnoum¶

touV  sunt¶l¶stέV  ak¶raίouV  prέp¶i  na  pollaplasiάsoum¶  to  nέo  poluώnumo

pou prokύpt¶i ¶pί bn.

p@x_D = x3 − 7 x + 7; 23 pAx +
3

2
E êê Expand

−1 − 2 x + 36 x2 + 8 x3

ΤέloV,  όtan  sto  p(x)  kάnoum¶  thn  antikatάstash  x  ≠  kx,  k  œ    kai  k  ∫  0,

(tάnusma) tόt¶ prokύpt¶i to poluώnumo 

p(k x) = ps(x) = cn Hk xLn + cn-1 Hk xLn-1 + ∫ + c0 

= cn(k x - a1)(k x - a2) ∫ (k x - an) 

 = cn kn (x - a1ÅÅÅÅÅÅÅk )(x - a2ÅÅÅÅÅÅÅk ) ∫ (x - anÅÅÅÅÅÅÅk ) = 0.

Βlέpoum¶  loipόn  pwV  ύst¶ra  apό  έna  tάnusma  oi  rίz¶V  tou  nέou  poluwnύmou

p(k  x) qa  mikrύnoun  ή  qa  m¶galώsoun  anάloga  m¶ to an  to k  ¶ίnai  > 1 ή  < 1,

antίstoica.

Κai  s¶  autήn  thn  p¶rίptwsh  oi  sunt¶l¶stέV  tou  nέou  poluwnύmou  ¶ίnai

akέraioi mόno sthn p¶rίptwsh pou k œ .  Σthn p¶rίptwsh pou k œ , k = aÅÅÅÅb  ˜

1,  gia  na  kάnoum¶  touV  sunt¶l¶stέV  ak¶raίouV  prέp¶i  na  pollaplasiάsoum¶

to nέo poluώnumo pou prokύpt¶i ¶pί bn.  Γia parάd¶igma

p@x_D = x3 − 7 x + 7; 23 pA 3

2
 xE êê Expand

56 − 84 x + 27 x3

ή 
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p@x_D = x3 − 7 x + 7; 33 pA 2

3
 xE êê Expand

189 − 126 x + 8 x3

Αnajέroum¶  ¶n  parόdw  όti  an  k  = b  >  0,  όpou  b  ¶ίnai  έna  pάnw  jrάgma  stiV

apόlut¶V timέV twn rizώn tou p(x), tόt¶ to nέo poluώnumo p(bx) = ps(x) = 0 qa

έc¶i όl¶V tiV rίz¶V tou mέsa ston monadiaίo kύklo.

ΈcontaV  d¶i  thn  ¶pίdrash  twn  g¶nnhtriώn  antikatastάs¶wn,  stiV  rίz¶V  miaV

poluwnumikήV  ¶xίswshV  p(x)  =  0  m¶  akέraiouV  sunt¶l¶stέV  kai  m¶  mίa

m¶tablhtή  qa  ¶x¶tάsoum¶  sthn  sunέc¶ia  pwV  ¶kt¶loύntai  autέV  oi

antikatastάs¶iV.

Η  antistrojή,  x  ≠  1ÅÅÅÅx ,  kai  to  tάnusma,  x  ≠  kx,  ¶kt¶loύntai  ¶ukolόtata  — h

m¶n  prώth  (antikatάstash)  m¶  aplή  antistrojή  thV  tάxhV  (s¶irάV)  twn

sunt¶l¶stώn  tou  poluwnύmou  h  d¶  d¶ύt¶rh  klimakώnontaV  touV   sunt¶lstέV

m¶ dunάm¶iV tou k. 

Η  m¶tάq¶sh,  x ≠  k  +  x,  ¶ίnai  h  antikatάstash  m¶  to  m¶galύt¶ro  ¶ndiajέron.

ΕktόV  apό  ton  upologismό  thV  m¶  to  anάptugma  katά  Taylor,  ¶kt¶l¶ίtai  polu

apot¶l¶smatikά  kai  m¶  thn  mέqodo  twn  Ruffini-Horner  —  ¶dάjio  4.1  tou

prώtou tόmou.

ü 6.3.3  Τo q¶ώrhma tou Vincent: ¶pέktasή tou kai ¶jarmogή tou

Σto  ¶dάjio  autό  qa  ¶x¶tάsoum¶  to  q¶ώrhma  tou  Vincent  tou  1836,  to  opoίo

apot¶l¶ί  thn  bάsh  thV  m¶qόdou  twn  sun¶cώn  klasmάtwn  gia  thn  apomόnwsh

twn pragmatikώn rizώn poluwnumikώn ¶xisώs¶wn.

Αrcίzoum¶  m¶  mίa  pio  l¶ptom¶rή  m¶lέth  tou  q¶wrήmatoV  twn  Cardano-Des-

cartes.   ΌpwV  ¶ίdam¶,  bάs¶i  tou  q¶wrήmatoV  autoύ  o  ariqmόV  r+  twn  q¶tikώn

rizώn  miaV  poluwnumikήV  ¶xίswshV  p(x)  =  0  d¶n  mpor¶ί  na  ¶ίnai  m¶galύt¶roV

apό  ton  ariqmό  v twn  m¶tabolώn  prosήmou  thV  akolouqίaV  twn  sunt¶l¶stώn

tou,  kai  sthn  p¶rίptwsh  mh  isόthtaV  iscύ¶i  h  scέsh  v  =  r+  +  2l,  όpou  l  œ

¥0.
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Τo  q¶ώrhma  twn  Cardano-Descartes  ¶ίnai  sc¶tikά  adύnato  diόti  maV  dίn¶i  ton

akribή ariqmό twn rizώn mόno stiV ¶xήV dύo p¶riptώs¶iV:

ä   an  stouV  sunt¶l¶stέV  ¶nόV  poluwnύmou  d¶n  upάrc¶i  kamίa

m¶tabolή prosήmou, dhladή v = 0, tόt¶ d¶n upάrc¶i kamίa q¶tikή rίza, dhladή

r+ = 0, kai

ä   an  stouV  sunt¶l¶stέV  ¶nόV  poluwnύmou  upάrc¶i  mίa  m¶tabolή

prosήmou, dhladή v = 1, tόt¶ upάrc¶i mίa q¶tikή rίza, dhladή r+ = 1.

ΌpwV  qa  doύm¶  sthn  sunέc¶ia  oi  p¶riptώs¶iV  autέV  crhsimopoioύntai  (¶ktόV

twn  άllwn) san  kritήrio  t¶rmatismoύ  sthn  mέqodo  apomόnwshV  pragmatikώn

rizώn  m¶  sun¶cή  klάsmata.  Τo  axioshm¶ίwto ¶ίnai  pwV  apό tiV  parapάnw

dύo  p¶riptώs¶iV  mόno  sthn  prώth  iscύ¶i  kai  to  antίstrojo!   ∆hladή

iscύ¶i to ¶xήV:

Λήmma (Stodola):

Αn h poluwnumikή ¶xίswsh 

p(x) = cn xn + cn-1 xn-1 + ∫ + c0 = 0, (cn > 0)

m¶  pragmatikoύV  sunt¶l¶stέV  ci,  0  §  i  §  n,  έc¶i  rίz¶V  m¶  mόno  arnhtikά

pragmatikά mέrh, tόt¶ όloi oi sunt¶l¶stέV thV ¶ίnai q¶tikoί kai ¶pomέnwV d¶n

parousiάzoun kamίa m¶tabolή prosήmou.

Αpόd¶ixh:

 Έstw όti -a ,  = 1, 2, …,  ¶ίnai oi arnhtikέV rίz¶V, kai -g  ± Âd ,  = 1, 2, …,

 ¶ίnai oi migadikέV rίz¶V thV p(x) = 0, όpou a  > 0 kai g  > 0 gia όla ta  kai .

Τo  poluώnumo  p(x)  mpor¶ί  na  grajt¶ί  san  to  ginόm¶no  grammikώn  όrwn  όlwn

twn rίzώn tou, dhladή san

p(x) = cn ¤ =1 Hx + a L ¤ =1 HHx + g L2 + d2L

όpou  όloi  oi  parάgont¶V  έcoun  q¶tikoύV  sunt¶l¶stέV.   Σun¶pώV,  oi

sunt¶l¶stέV tou ginomέnou qa ¶ίnai όloi touV q¶tikoί kai d¶n qa parousiάzoun

kamίa m¶tabolή prosήmou.//
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ΧwrίV proϋpoqέs¶iV, to antίstrojo thV d¶ύt¶rhV p¶rίptwshV d¶n iscύ¶i:

dhladή  an  έna  poluώnumo  έc¶i  mίa  q¶tikή  rίza  tόt¶  d¶n  sun¶pάg¶tai  pwV

anagkastikά  qa  upάrc¶i  stouV  sunt¶l¶stέV  tou  mίa  m¶tabolή  prosήmou.

Αutό jaίn¶tai kaqarά apό to poluώnumo 

(x - 1)(x - Â)(x + Â) = x3 - x2 + x - 1,

to  opoίo  ¶nώ  έc¶i  mίa  q¶tikή  rίza  — kai  dύo  migadikέV  — parousiάz¶i  tr¶iV

m¶tabolέV  prosήmou.   Μ¶  orismέn¶V  proύpoqέs¶iV  όmwV  iscύ¶i  kai  sthn

d¶ύt¶rh p¶rίptwsh to antistrojo.  Ιscύ¶i to ¶xήV:

Λήmma (Akritas - Danielopoulos):

Έtsw  p(x)  =  0  mίa  poluwnumikή  ¶xίswsh  baqmoύ  n  >  1,  m¶  pragmatikoύV

sunt¶l¶stέV, cwrίV pollaplέV rίz¶V kai h opoίa έc¶i mόno mίa q¶tikή rίza a ∫

0  kai  n  -  1  rίz¶V  a1,  a2,  …,  an-1  m¶  arnhtikό  pragmatikό  mέroV  —  ¶k  twn

opoίwn  oi  migadikέV rίz¶V  ¶mjanίzontai  s¶ suzugoί z¶ύgoi.  Έstw ¶piplέon όti

oi n - 1 rίz¶V m¶ to arnhtikό pragmatikό mέroV mporoύn na grajtoύn san

a j = -(1 + b j), j = 1, 2, …, n - 1

m¶ όla ta b j na ikanopoioύn thn anisόthta »b j» < ¶n, όpou

¶n = (1 + 1ÅÅÅÅn L1êHn-1L - 1.

∆hladή,  oi  n -  1 rίz¶V  m¶  to  arnhtikό pragmatikό mέroV  brίskontai  όl¶V  mέsa

s¶  έnan  kύklo  m¶  kέntro  to  -1  kai  aktίna  ¶n.   Τόt¶  h  akolouqίa  twn

sunt¶l¶stώn tou p(x) parousiάz¶i akribώV mίa m¶tabolή prosήmou.

Αpόd¶ixh:

ΕktόV apό έnan staq¶rό parάgonta to poluώnumo grάj¶tai kai wV 

    p(x) = (x - a)(x - a1)∫(x - an-1)

= (x - a)(x + 1 + b1)∫(x + 1 + bn-1)

= (x - a)( xn-1 + c1 xn-2 + ∫ + cn-1). 

Γia touV sunt¶l¶stέV ck, 1 § k § n - 1, iscύ¶i

ck = ⁄H1 + b1L H1 + b2L ∫H1 + bkL, 
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όpou  to  άqroisma  apot¶l¶ίtai  apό  Jn - 1
k

N  όrouV.   ΠrojanώV,  to  poluώnumo

p(x) mpor¶ί na grajt¶ί ¶piplέon kai wV

    p(x) =  xn + (c1 - a)xn-1 + (c2 - c1a)xn-2 + ∫ + (cn-1 - cn-2a)x - cn-1a.

Αn tώra apod¶ίxoum¶ pwV ck  > 0, 1 § k § n - 1, kai pwV o lόgoV ckÅÅÅÅÅÅÅÅÅÅck-1
, όpou c0 =

1,  ¶lattώn¶tai  gia  auxάnonta  k,  tόt¶  projanώV  to  poluώnumo  p(x)  έc¶i

akribώV mίa m¶tabolή prosήmou.

ck  >  0:   ΧrhsimopoiώntaV  to  lήmma  tou  Stodola  pou  anajέram¶  parapάnw  h

apόd¶ixh  tou  ck  > 0,  1 §  k §  n  -  1,  ¶ίnai  άm¶sh  diόti  autoί  ¶ίnai  sunt¶l¶stέV

tou poluwnύmou mέsa sthn parέnq¶sh p(x) = (x - a)( xn-1 + c1 xn-2 + ∫ + cn-1)

pou έc¶i rίz¶V mόno m¶ arnhtikά pragmatikά mέrh. 

ck+1ÄÄÄÄÄÄÄÄÄÄÄck
 <  ckÄÄÄÄÄÄÄÄÄÄck-1

:   Γia  na  apod¶ίxoum¶  pwV  o  lόgoV  ckÅÅÅÅÅÅÅÅÅÅck-1
,  όpou  c0  =  1,  ¶lattώn¶tai

gia auxάnonta k, 1 § k § n - 1, prέp¶i na broύm¶ m¶ ti isoύntai oi sunt¶l¶stέV

ck.   Πarathroύm¶  pwV  gia  kάq¶  έnan  apό  touV  Jn - 1
k

N  όrouV  tou  aqroίsmatoV

έcoum¶

»(1 + b1)(1 + b2)∫(1 + bk) - 1» § (1 + »b1»)(1 + »b2»)∫(1 + »bk ») - 1

kai ¶p¶idή ¶x upoqέs¶wV έcoum¶ »b j» < ¶n, 1 § j § n - 1, prokύpt¶i

    (1 + »b1»)(1 + »b2»)∫(1 + »bk ») - 1 §  (1 + ¶n Lk - 1 

§  (1 + ¶n Ln-1 - 1 = 1ÅÅÅÅn .

ΕpomέnwV mporoύm¶ na grάyoum¶  

ck = Jn - 1
k

N(1 + gk),    

όpou »gk » § 1ÅÅÅÅn .  Γia mίa akόma jorά jaίn¶tai pwV ck > 0, 1 § k § n - 1.

ΧrhsimopoiώntaV thn έkjrash ck = Jn - 1
k

N(1 + gk), prokύpt¶i

ckÅÅÅÅÅÅÅÅÅÅck-1
 = n-kÅÅÅÅÅÅÅÅÅÅk

1+gkÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1+gk-1
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kai 

ck+1ÅÅÅÅÅÅÅÅÅÅck
 = n-k-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk+1

1+gk+1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1+gk
.

ΕpomέnwV gia na d¶ίxoum¶ pwV ck+1ÅÅÅÅÅÅÅÅÅÅck
 < ckÅÅÅÅÅÅÅÅÅÅck-1

 prέp¶i na apod¶ίxoum¶ pwV  

kHn-k-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHk+1L Hn-kL  < H1+gkL2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH1+gk-1L H1+gk+1L .

Αutό όmwV iscύ¶i diόti aj' ¶nόV m¶n έcoum¶

kHn-k-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHk+1L Hn-kL  = 1 - nÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHk+1L Hn-kL  § 1 - 4 nÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn+1L2  = Hn-1L2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn+1L2

¶p¶idή nÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHk+1L Hn-kL  ¥ 4 nÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn+1L2 , όpwV blέpoum¶ kai m¶ to Mathematica

AssumingA8n, k< ∈ Integers && n > k && k ≥ 1,

RefineA n

Hk + 1L Hn − kL
≥

4 n

Hn + 1L2
EE

True

aj' ¶tέrou d¶, lόgw thV scέshV »gk » § 1ÅÅÅÅn ,

H1+gkL2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH1+gk-1L H1+gk+1L  > H1 - 1ÅÅÅÅn L2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
H1 + 1ÅÅÅÅn L2  = Hn-1L2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn+1L2 .

Εp¶idή  loipόn  aj'  ¶nόV  m¶n  ck  >  0,  1  §  k  §  n  -  1,  aj'  ¶tέrou  d¶  o  lόgoV   ckÅÅÅÅÅÅÅÅÅÅck-1
,

όpou  c0  =  1,  ¶lattώn¶tai  gia  auxάnonta  k,  1  §  k  §  n  -  1,  to  poluώnumo  p(x)

parousiάz¶i mίa m¶tabolή prosήmou.//

Τo  q¶ώrhma  tou  Vincent  pou  akolouq¶ί  sthrίz¶tai  sta  dύo  prohgoύm¶na

lήmmata.  

Θ¶ώrhma tou Vincent (1836):

Αn s¶ mίa poluwnumikή ¶xίswsh m¶ rhtoύV sunt¶l¶stέV kai cwrίV pollaplέV

rίz¶V kάnoum¶ diadocikέV antikatastάs¶iV thV morjήV

 x ≠ a1 + 1ÅÅÅÅx , x ≠ a2 + 1ÅÅÅÅx , x ≠ a3 + 1ÅÅÅÅx , …

όpou  a1  ¥  0  ¶ίnai  tucaίoV  mh  arnhtikόV  akέraioV  kai  a2,  a3,  … ¶ίnai  tucaίoi

q¶tikoί  akέraioi,  ai  >  0,  i  > 1,  tόt¶  to  nέo  poluώnumo  pou  prokύpt¶i  ¶ίt¶  d¶n
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έc¶i  kamίa,  ¶ίt¶  έc¶i  mίa  m¶tabolή  prosήmou.   Σthn  t¶l¶utaίa  p¶rίptwsh  h

¶xίswsh έc¶i akribώV mίa q¶tikή rίza pou parίstatai apό to sun¶cέV klάsma 

a1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a2+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

a3 +
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∏

¶nώ sthn prώth p¶rίptwsh d¶n upάrc¶i q¶tikή rίza.

Αpόd¶ixh:

Η apόd¶ixh brίsk¶tai sto άrqro tou Vincent tou 1836 kai paral¶ίp¶tai.  Αnt'

autήV  qa  parousiάsoum¶  pio  kάtw  thn  apόd¶ixh  ¶nόV  g¶nikόt¶rou

q¶wrήmatoV.//

ΠrojanώV,  to  q¶ώrhma  tou  Vincent  apomonώn¶i  mόno  tiV  q¶tikέV  rίz¶V  ¶nόV

poluwnύmou p(x).  Οi arnhtikέV rίz¶V apomonώnontai — όpwV akribώV prόt¶in¶

o Sturm — ajoύ gίnoun prώta q¶tikέV, m¶ thn antikatάstash  x ≠ -x sto p(x).

Η g¶nikόthta tou q¶wrήmatoV tou Vincent d¶n p¶riorίz¶tai apό ton όro na mhn

έc¶i  to  poluώnumo  p(x)  pollaplέV  rίz¶V,  diόti  sthn  antίq¶th  p¶rίptwsh  to

diaspάm¶ s¶ parάgont¶V ¶l¶ύq¶rouV apό t¶trάgwna — kai apomonώnoum¶ tiV

rίz¶V kάq¶ ¶nόV apό autoύV.

Ο  ίdioV  o  Vincent  anajέr¶i  pwV  to  q¶ώrhma  autό  to  upainίcqhk¶  o  Fourier  to

1827,  allά  potέ  d¶n  to  apέd¶ix¶  — ή  an  to  apέd¶ix¶,  h  apόd¶ixh  d¶n  brέqhk¶

potέ.   Εpiplέon  h  basikή  idέa  tou  q¶wrήmatoV  crhsimopoiήqhk¶  polύ  pio  prin

apό ton Lagrange.

Η  ¶xάrthsh  tou  q¶wrήmatoV  tou  Vincent  apό  ¶k¶ίno  tou  Budan  jaίn¶tai

¶ύkola an kάq¶ antikatάstash thV morjήV x ≠ ai + 1ÅÅÅÅx  antikatastaq¶ί apό tiV

isodύnam¶V antikatastάs¶iV {x ≠ ai + x, x ≠ 1ÅÅÅÅx }.

ΜilώntaV  diaisqhtikά,  o  skopόV  twn  diadocikώn  antikatastάs¶wn  thV

morjήV  x  ≠  ai  +  1ÅÅÅÅx  pou  gίn¶tai  sto  poluώnumo  p(x),  baqmoύ  n,  gia  na

apomonwqoύn oi rίz¶V tou ¶ίnai diplόV: 

skopόV 1oV:  anagkάz¶i tiV arnhtikέV rίz¶V na mpoun  s¶ έnan kύklo m¶ kέntro

to  -1  kai  aktίna  ¶n  =  (1  +  1ÅÅÅÅn L1êHn-1L  -  1  —  blέp¶  kai  to  lήmma  twn  Akritas-

Danielopoulos pou anajέram¶ pio pάnw.
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skopόV  2oV:   anagkάz¶i  tiV  q¶tikέV  rίz¶V  na  katan¶mhqoύn  sύmjwna  m¶  έnan

apό  touV  ¶xήV  dύo  trόpouV: ¶ίt¶  mίa  apό  tiV  q¶tikέV  rίz¶V ¶ίnai  sto diάsthma

(0, 1) ¶nώ oi upόloip¶V ¶ίnai sto diάsthma (1, ¶) ¶ίt¶ mίa apό tiV q¶tikέV rίz¶V

¶ίnai  sto  diάsthma  (1,  ¶)  ¶nώ  oi  upόloip¶V  ¶ίnai  sto  diάsthma  (0,  1)  —

¶xairώntaV thn p¶rίptwsh na ¶ίnai to 1 rίza tou p(x).  

Αn  mίa  apό  tiV  q¶tikέV  rίz¶V  ¶ίnai  sto  diάsthma  (0,  1), ¶nώ  oi  upόloip¶V  ¶ίnai

sto  diάsthma  (1,  ¶),  tόt¶  apό  thn  ¶piplέon  antikatάstash  thV  morjήV  x  ≠
1ÅÅÅÅÅÅÅÅÅÅ1+x  prokύpt¶i  έna  poluώnumo  m¶  mίa  q¶tikή  rίza  kai  mίa  m¶tabolή  prosήmou!

Αntίq¶ta,  an  mίa  apό  tiV  q¶tikέV  rίz¶V  ¶ίnai  sto  diάsthma  (1,  ¶),  ¶nώ  oi

upόloip¶V  ¶ίnai  sto  diάsthma  (0,  1),  tόt¶  apό  thn  ¶piplέon  antikatάstash

thV  morjήV  x  ≠  1 + x  prokύpt¶i  έna  poluώnumo  m¶  mίa  q¶tikή  rίza  kai  mίa

m¶tabolή prosήmou!

Σto  q¶ώrhma  tou Vincent ¶ύkola  gi¶nnέtai  h ¶rώthsh  sc¶tikά  m¶ ton  mέgisto

ariqmό  antikatastάs¶wn  pou  prέp¶i  na  gίnoun  gia  na  prokύy¶i  to  poluώnumo

m¶ to polύ mίa m¶tabolή prosήmou.  

Η  apάnthsh  sto  ¶rώthma  autό  dόqhk¶  apό  ton  Uspensky  pou  g¶nίk¶us¶  to

q¶ώrhma  tou  Vincent  kai  apέkths¶  έna  pάnw  jrάgma  ston  ariqmό  twn

antikatastάs¶wn.   ΌmwV  h  parousίasή  tou  Uspensky  ¶ίc¶  orismέna  lάqh

sthn  diatύpwsh  kai  apόd¶ixh  ta  opoίa  diorqώqhkan  apό  ton  grάjonta.

Αkolouq¶ί to g¶nik¶umέno q¶ώrhma:

Θ¶ώrhma (Vincent-Uspensky-Akritas):

Έstw p(x) = 0 mίa poluwnumikή ¶xίswsh baqmoύ n > 1, m¶ rhtoύV sunt¶l¶stέV

kai  cwrίV  pollaplέV  rίz¶V  kai  έstw  ¶piplέon  όti  ∆  >  0  ¶ίnai  h  ¶lάcisth

apόstash  twn rizώn tou p(x) — όpwV autή orίsqhk¶ sthn ¶nόthta 6.2.3.  ΑV

sumbolίsoum¶ ¶piplέon m¶ m ton mikrόt¶ro d¶ίkth έtsi ώst¶

(1)Fm-1
∆ÅÅÅÅÅ2  > 1,   kai    Fm-1Fm∆ > 1 + 1ÅÅÅÅÅÅ¶n

,

όpou Fk ¶ίnai to k-stό mέloV thV akolouqίaV Fibonacci 1, 1, 2, 3, 5, 8, 13, … kai 

(2)¶n = (1 + 1ÅÅÅÅn L1êHn-1L - 1, 
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h  aktίna  tou  kύklou  gύrw  apό  to  -1  —  pou  anajέram¶  prin  apό  to  q¶ώrhma

autό.   ΤέloV  έstw  a1  ¥  0  tucaίoV  mh  arnhtikόV  akέraioV  kai  a2,  a3,  …,  am

tucaίoi q¶tikoί akέraioi, ai > 0, 1 < i § m.  Τόt¶ m¶ thn antikatάstash  

(3)
 x ≠ a1 +  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

a2+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∏

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
am +

1
ÅÅÅÅÅÅÅx

,

pou  ¶ίnai  isodύnamh  m¶  thn  akolouqίa  twn  diadocikώn  antikatastάs¶wn  thV

morjήV  x ≠ ai  + 1ÅÅÅÅx ,  1 §  i §  m,  apό thn  ¶xίswsh  p(x) = 0 prokύpt¶i  h ¶xίswsh

pti(x) = 0, pou έc¶i to polύ mίa m¶tabolή prosήmou. 

Αpόd¶ixh:

Γia  na  apod¶ίxoum¶  to  q¶ώrhma  ark¶ί  na  d¶ίxoum¶  pwV  m¶tά  tiV  diadocikέV

antikatastάs¶iV thV morjήV x ≠ ai  + 1ÅÅÅÅx , 1 § i § m, ta pragmatikά mέrh όlwn

twn  migadikώn  rizώn  gίnontai  arnhtikά,  όpwV  ¶pίshV  gίnontai  arnhtikέV  kai

όl¶V  oi  pragmatikέV  rίz¶V  ¶ktόV  apό  to  polύ  mίa.   Σhm¶iώst¶  pwV  oi  rίz¶V

thV ¶xίswshV pti(x) = 0, “maz¶ύontai” mέsa s¶ έnan mikrό kύklo gύrw apό to

-1.

Πrάgmati, έstw όti pkÅÅÅÅÅÅÅqk
 ¶ίnai h k-stή sugklίnousa sto sun¶cέV klάsma  

a1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a2+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

a3 +
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∏

Αpό to ¶dάjio 3.5 tou prώtou tόmou xέroum¶ pwV gia k ¥ 0, p-1 = 0, p0 = 1, q-1

= 1 kai q0 = 0, iscύoun oi tύpoi

pk+1 = ak+1 pk + pk-1,

   qk+1 = ak+1 qk +  qk-1.

Εp¶idή q1  = 1 kai q2  = a2  ¥ 1, έp¶tai pwV qk  ¥ Fk.  Εpiplέon, h antikatάstash

(3) mpor¶i na graj¶ί wV

x ≠ pm  x+pm-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm  x+qm-1

apό thn opoίa prokύpt¶i to poluώnumo pti(x).  ∆hladή 

pti(x) = p( pm  x+pm-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm  x+qm-1
).  
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ΠrojanώV, m¶ thn antίstrojh antikatάstash

x ≠ - pm-1-qm-1  xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  x ,

apoktoύm¶ pάli to poluώnumo p(x).  ∆hladή 

p(x) = pti(- pm-1-qm-1  xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  x ).  

Πrosέxt¶ pwV h antίstrojh antikatάstash pou anajέram¶ antistoic¶ί ston

pίnaka J qm-1 - pm-1

-qm pm
N, ton antίstrojo tou pίnaka J pm pm-1

qm qm-1
N m¶ thn isόthta

pou orίsam¶.

ΕpomέnwV, an a ¶ίnai mίa rίza thV ¶xίswshV p(x) = 0, h posόthta 

(4)aè  = - pm-1-qm-1  aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  a  

pou orίz¶tai ¶ίnai h antίstoich rίza thV ¶xίswshV pti(x) = 0.  Θa ¶x¶tάsoum¶

tiV  p¶riptώs¶iV  όpou  h  rίza  a  thV  ¶xίswshV  p(x)  =  0  ¶ίnai  migadikή  ή

pragmatikή  kai  qa  d¶ίxoum¶  pwV  oi  antίstoic¶V  rίz¶V  thV  ¶xίswshV  pti(x)  =  0

έcoun όl¶V arnhtikό pragmatikό mέroV — ¶ktόV apό mίa to polύ pragmatikή

rίza — kai ¶ίnai mέsa s¶ έnan mikrό kύklo gύrw apό to -1.

Μigadikή rίza:

Έstw όti a ¶ίnai mίa migadikή rίza thV ¶xίswshV p(x) = 0.  Έstw dhladή a = a

± Âb, b ∫ 0.  Σthn p¶rίptwsh autή kάnontaV tiV prάx¶iV blέpoum¶ pwV to pm(aé ),

to  pragmatikό  mέroV  thV  aè ,  thV  antίstoichV  rίzaV  thV  ¶xίswshV  pti(x)  =  0,

¶ίnai

(5)pm(aè ) = - Hpm-1 - qm-1  aL Hpm - qm  aL + qm-1  qm  b2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHpm - qm  aL2 + qm

2  b2

Θέloum¶  na  apod¶ίxoum¶  pwV  pm(aé )  <  0.   Σthn  p¶rίptwsh  pou  sthn  (5)

Hpm-1 - qm-1 aL Hpm - qm aL  ¥  0  projanώV  to  pm(aè )  ¶ίnai  arnhtikό  kai

t¶l¶iώsam¶.   Σthn  p¶rίptwsh  όmwV  pou  Hpm-1 - qm-1 aL Hpm - qm aL  <  0,

prέp¶i  na  apod¶ίxoum¶  pwV  qm-1 qm b2  >  »Hpm-1 - qm-1 aL Hpm - qm aL».   ΠroV

toύto  prosέxt¶  pwV  h  timή  tou  a  p¶riέc¶tai  anάm¶sa  stiV  dύo  diadocikέV

sugklίnous¶V  pm-1ÅÅÅÅÅÅÅÅÅÅÅÅqm-1
 kai  pmÅÅÅÅÅÅÅÅqm

,  h  diajorά  twn  opoίwn  s¶  apόluth  timή  ¶ίnai
1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm

.  ΕpomέnwV, έcoum¶ tiV anisόtht¶V 
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… pm-1ÅÅÅÅÅÅÅÅÅÅÅÅqm-1
- a … < 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm

  kai  … pmÅÅÅÅÅÅÅÅqm
- a … < 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm

,

apό tiV opoί¶V sun¶pάg¶tai όti 

(6)»Hpm-1 - qm-1 aL Hpm - qm aL» < 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm
 § 1.

Αpό tiV (5) kai (6) sump¶raίnoum¶ pwV to pm(aè ) qa ¶ίnai arnhtikό an

qm-1 qm b2 > 1.  

Γia  na  apod¶ίxoum¶  thn  t¶l¶utaίa  anisόthta  prosέxt¶  pwV  ¶p¶idή  ∆  ¶ίnai  h

¶lάcisth apόstash twn rizώn tou p(x) έcoum¶

»(a + Âb) - (a - Âb)» = »2Âb» = 2»b» ¥ ∆,

apό thn opoίa prokύpt¶i »b» ¥ ∆ÅÅÅÅÅ2 .  Εpiplέon xέroum¶ pwV qm  ¥ qm-1  ¥ Fm-1, kai

apό  thn  (1)  pwV  Fm-1
∆ÅÅÅÅÅ2  >  1.   ΕpomέnwV  iscύ¶i  Fm-1»b»  >  1,  apό  thn  opoίa

έpontai kai oi anisόtht¶V

qm-1»b» > 1  kai  qm»b» > 1.

Αpό  autέV  tiV  t¶l¶utaί¶V  dύo  anisόtht¶V  prokύpt¶i  qm-1 qm b2  >  1,  to  opoίo

apod¶iknύ¶i  pwV  to  pm(aè )  ¶ίnai  arnhtikό.   Αutό  jusikά  iscύ¶i  gia  όl¶V  tiV

migadikέV  rίz¶V  thV  ¶xίswshV  pti(x)  =  0.   Υp¶nqumίzoum¶  pwV  h  pti(x)  =  0

prokύpt¶i apό thn p(x) = 0 m¶ antikatάstash thV morjήV (3).

Πragmatikή rίza:

ΑV  q¶wrήsoum¶ kat'  arcάV  thn  p¶rίptwsh  όti  gia  όl¶V  tiV  pragmatikέV  rίz¶V

ai thV ¶xίswshV p(x) = 0 iscύ¶i h anisόthta

Hpm-1 - qm-1 aiL Hpm - qm aiL > 0.

Αpό tiV (4) kai (5) έp¶tai pwV όl¶V oi pragmatikέV rίz¶V thV ¶xίswshV pti(x) =

0  qa  ¶ίnai  arnhtikέV.   Εpiplέon  xέroum¶  pwV  όl¶V  oi  migadikέV  rίz¶V  thV

¶xίswshV pti(x) = 0 έcoun arnhtikό pragmatikό mέroV.  Σun¶pώV, apό to Λήmma

tou  Stodola  prokύpt¶i  pwV  d¶n  upάrc¶i  m¶tabolή  prosήmou  sto  poluώnumo

pti(x). 
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Έstw  loipόn  tώra  όti  gia  kάpoia  pragmatikή  rίza  a  thV  ¶xίswshV  p(x)  =  0

iscύ¶i

(7)Hpm-1 - qm-1 aL Hpm - qm aL § 0.

Τόt¶  projanώV  h  rίza  a  p¶riέc¶tai  anάm¶sa  stiV  dύo  diadocikέV

sugklίnous¶V  pm-1ÅÅÅÅÅÅÅÅÅÅÅÅqm-1
 kai  pmÅÅÅÅÅÅÅÅqm

,  ¶ίnai  q¶tikή  kai  iscύ¶i  … pmÅÅÅÅÅÅÅÅqm
- a …  <  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm

.

Έstw  όti  ak  ∫  a,  ¶ίnai  mίa  άllh  rίza,  pragmatikή  ή  migadikή,  thV  ¶xίswshV

p(x) = 0, diάjorh thV rίzaV a, kai έstw όti 

aè k = - pm-1-qm-1  akÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  ak

¶ίnai h antίstoich rίza thV pti(x) = 0.  Τόt¶ an lάboum¶ up' όyh όti

pm qm-1 - pm-1 qm = H-1Lm,

kai prosqέsoum¶ sthn rίza aè k thn posόthta qm-1ÅÅÅÅÅÅÅÅÅÅÅqm
 prokύpt¶i h isόthta 

aè k + qm-1ÅÅÅÅÅÅÅÅÅÅÅqm
 = H-1Lm

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqmHpm - qm  akL

pou grάj¶tai kai 

aè k = - qm-1ÅÅÅÅÅÅÅÅÅÅÅqm
J1 - H-1Lm

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qmI pmÅÅÅÅÅÅÅÅqm
- akM N = - qm-1ÅÅÅÅÅÅÅÅÅÅÅqm

(1 + bk),

όpou  

bk = H-1Lm-1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qmI pmÅÅÅÅÅÅÅÅqm

- akM .

Εp¶idή d¶ xέroum¶ pwV qm ¥ qm-1 ¥ Fm-1, kai apό thn (1) pwV Fm-1
∆ÅÅÅÅÅ2  > 1, iscύ¶i

 … pmÅÅÅÅÅÅÅÅqm
- ak … = … pmÅÅÅÅÅÅÅÅqm

- a + a - ak … ¥ »a - ak » - … pmÅÅÅÅÅÅÅÅqm
- a …

¥ ∆ - 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm
 > 0

kai sun¶pώV 

»bk » § 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm  ∆- 1  § 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅFm-1  Fm  ∆- 1 .

Αpό  thn  parapάnw  anisόthta  kai  thn  anisόthta  Fm-1Fm∆  >  1  +  1ÅÅÅÅÅÅ¶n
 thV  (1)

sun¶pάg¶tai pwV 
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»bk » § ¶n.

ΕktόV  loipόn  apό  thn  q¶tikή  rίza  aè ,  όl¶V  oi  upόloip¶V  rίz¶V  aè k  thV  ¶xίswshV

pti(x)  =  0  pou  antistoicoύn  stiV  rίz¶V  ak  thV  ¶xίswshV  p(x)  =  0  —  kai  pou

¶ίnai όl¶V diάjor¶V thV rίzaV a — ¶ίnai thV morjήV

(8)aè k = - qm-1ÅÅÅÅÅÅÅÅÅÅÅqm
(1 + bk),    »bk » § ¶n,   1 § k § n - 1.

∆hladή, oi n - 1 rίz¶V thV ¶xίswshV pti(x) = 0 — pou prokύpt¶i apό thn p(x) = 0

m¶  antikatάstash  thV  morjήV  (3)  —  έcoun  όl¶V  touV  arnhtikό  pragmatikό

mέroV kai έcoun maz¶ut¶ί gύrw apό to -1.

Οrίzoum¶ tώra to poluώnumo  

qti(x) = (x - aè )(x + (1 + b1))∫(x + (1 + bk)),

to  opoίo  plhr¶ί  tiV  sunqήk¶V  tou  ΛήmmatoV  twn  Akritas-Danielopoulos  kai

¶pomέnwV parousiάz¶i mίa m¶tabolή prosήmou!   Εp¶idή όmwV iscύ¶i

pti(x) = I qm-1ÅÅÅÅÅÅÅÅÅÅÅqm
Mn-1q(x)

έp¶tai pwV kai to pti(x) ¶pίshV parousiάz¶i mίa m¶tabolή prosήmou!

Τo  mόno  pou  mέn¶i  na  ¶x¶tάsoum¶  ¶ίnai  h  p¶rίptwsh  pou  h  (7)  ¶ίnai  isόthta,

dhladή

Hpm-1 - qm-1 aL Hpm - qm aL = 0.

Αn pm-1 - qm-1 a = 0, tόt¶ έp¶tai pwV aè  = - pm-1-qm-1  aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  a  = 0, kai h ¶xίswsh pti(x)

= 0 d¶n έc¶i m¶tabolή prosήmou (Λήmma tou Stodola).  Αn pάli pm - qm a = 0,

tόt¶  έp¶tai  pwV  aè  =  - pm-1-qm-1  aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  a  =  ¶,  kai  h  ¶xίswsh  pti(x)  =  0

m¶taschmatίz¶tai  s¶  ¶xίswsh  baqmoύ  n  -  1.   Εp¶idή  d¶  όl¶V  oi  rίz¶V  thV

m¶taschmatismέnhV  ¶xίswshV  έcoun  arnhtikό  pragmatikό  mέroV,

sump¶raίnoum¶  (Λήmma  tou  Stodola)  pwV  h  pti(x)  =  0  d¶n  parousiάz¶i  kamίa

m¶tabolή prosήmou.  Έtsi apod¶ίcqhk¶ to q¶ώrhma ¶nt¶lώV.//

Αpό  to  parapάnw  q¶ώrhma  blέpoum¶  pwV  m  ¶ίnai  έna  pάnw  jrάgma  ston

ariqmό  twn  antikatastάs¶wn  thV  morjήV  x  ≠  ai  +  1ÅÅÅÅx  pou  prέp¶i  na
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¶kt¶l¶sqoύn  έtsi  ώst¶  to  poluώnumo  pou  prokύpt¶i  na  έc¶i  to  polύ  mίa

m¶tabolή prosήmou.  Ιscύ¶i to ¶xήV:

Λήmma:

Μ¶ tiV proϋpoqέs¶iV tou parapάnw q¶wrήmatoV iscύ¶i

m = ΟH n log n + n log » pHxL »¶ L.

Αpόd¶ixh:

Εx  orismoύ  m  ¶ίnai  o  mikrόt¶roV  d¶ίkthV  έtsi  ώst¶  na  iscύoun  kai  oi  dύo

anisόtht¶V  sthn  (1).   ΠrojanώV,  mίa  apό  autέV  tiV  dύo  anisόtht¶V  —  kai

piqanόn kai oi dύo — d¶n qa iscύ¶i an ¶lattώsoum¶ to m katά έna.  Έstw όti

“calά¶i” h prώth anisόthta thV (1) kai gίn¶tai

(9)Fm-2
∆ÅÅÅÅÅ2  § 1.

ΕjarmόzontaV  thn  scέsh  Fk  =  fk
ÅÅÅÅÅÅÅÅÅÅè!!!!5 ,  όpou  f  =  1.618...  kai  h  stroggύl¶ush

gίn¶tai proV ton plhsiέst¶ro akέraio, prokύpt¶i fm-2 § 2 
è!!!5 1ÅÅÅÅÅ∆  kai sun¶pώV, 

(10)m § 2 + logf2 + 1ÅÅÅÅ2 logf5 - logf∆.

Εpiplέon apό to q¶ώrhma tou Mahler έcoum¶ 

(11)∆ ¥ è!!!3  n- Hn+2Lê2 » pHxL »1-Hn-1L

opόt¶  sundiάzontaV  tiV  (10)  kai  (11)  apod¶iknύoum¶  to  zhtoύm¶no  —  an  antί

tou  » pHxL »1  crhsimopoioύm¶  to  » pHxL »¶  pou  ¶ίnai  thV  ίdiaV  tάxhV  m¶gέqouV.

Τo  ίdio  apotέl¶sma  prokύpt¶i  an  upoqέsoum¶  όti  “calά¶i”  h  d¶ύt¶rh

anisόthta thV (1).//

ΛambάnontaV  up'  όyh  όti  to  b-mήkoV  tou  baqmoύ  twn  poluwnύmwn  gia  tiV

p¶riptώs¶iV pou ¶x¶tάzoum¶ ¶ίnai l(n) = 1, ή log n = 1, prokύpt¶i

(12)m = ΟH n log » pHxL »¶ L.
Τo  q¶ώrhma  tou  Vincent  mpor¶ί  na  crhsimopoihq¶ί  gia  thn  apomόnwsh  twn

pragmatikώn  rizώn  miaV  poluwnumikήV  ¶xίswshV.   Πrosέxt¶  όti  ¶dώ  —  s¶

antίq¶sh  m¶  to  q¶ώrhma  tou  Sturm  —  d¶n  έcoum¶  άllh  ¶pilogή  apό  to  na

apomonώsoum¶ prώta tiV q¶tikέV kai ύst¶ra tiV arnhtikέV rίz¶V (kάnontaV thn
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antikatάstash x ≠ -x).  Γia na d¶ίt¶ thn ¶jarmogή tou prosέxt¶ ta akόlouqa

shm¶ίa apό thn parapάnw apόd¶ixh:

a.   Η  antikatάstash  (3)  tou  q¶wrήmatoV  pou  apod¶ίxam¶  mpor¶ί  na  grajt¶ί

kai wV 

(13)x ≠ pm  x+pm-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm  x+qm-1
,

όpou pkÅÅÅÅÅÅÅqk
 ¶ίnai h k-stή sugklίnousa sto sun¶cέV klάsma  

a1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a2+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

a3 +
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∏

kai  όpwV  anajέram¶,  gia  k  ¥  0, p-1  = 0, p0  = 1, q-1  = 1 kai  q0  = 0, iscύoun  oi

tύpoi

(14)pk+1 = ak+1 pk + pk-1,
 qk+1 = ak+1 qk + qk-1.

b.  Η apόstash m¶taxύ dύo diadocikώn sugklinousώn ¶ίnai 

… pm-1ÅÅÅÅÅÅÅÅÅÅÅÅqm-1
 - pmÅÅÅÅÅÅÅÅqm

… = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm-1  qm
.

ΠrojanώV, oi mikrόt¶r¶V timέV twn qm  ¶mjanίzontai όtan "i, ai  = 1.  Τόt¶ qm  =

Fm,  o  m-stόV  ariqmόV  Fibonacci.   Αutό  ¶xhg¶ί  diaisqhtikά  thn  scέsh  m¶taxύ

twn ariqmώn Fibonacci kai thn apόstash ∆ twn rizώn.

g.   Έstw  pti(x)  =  0  h  ¶xίswsh  pou  prokύpt¶i  apό  thn  p(x)  =  0  m¶

antikatάstash  thV  morjήV  (13)  kai  έstw  ¶piplέon  όti  iscύoun  oi

proϋpoqέs¶iV tou q¶wrήmatoV pou apod¶ίxam¶ kai όti to pti(x) parousiάz¶i mίa

m¶tabolή  prosήmou.   Τόt¶  to  poluώnumo  pti(x)  qa  έc¶i  akribώV  mίa  q¶tikή

rίza aè  sthn opoίa antistoic¶ί mίa q¶tikή rίza a tou poluwnύmou p(x).  Οi rίz¶V

twn dύo autώn poluwnύmwn sc¶tίzontai m¶ ton tύpo 

aè  = - pm-1-qm-1  aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅpm - qm  a ,

dhladή  thn  scέsh  (4)  pou  sunantήsam¶  sthn  apόd¶ixh  tou  q¶wrήmatoV.

Πrosέxt¶ pwV h antikatάstash (13) ap¶ikonίz¶i to diάsthma (0, ¶) — mέsa

sto opoίo brίsk¶tai h monadikή q¶tikή rίza aè  tou pti(x) — pάnw sto diάsthma

m¶ άkra ta shm¶ίa pm-1ÅÅÅÅÅÅÅÅÅÅÅÅqm-1
 kai pmÅÅÅÅÅÅÅÅqm

 — mέsa sto opoίo brίsk¶tai mίa q¶tikή rίza a
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tou p(x).  Τa άkra tou diastήmatoV, pm-1ÅÅÅÅÅÅÅÅÅÅÅÅqm-1
 kai pmÅÅÅÅÅÅÅÅqm

, brίskontai an sthn έkjrash
pm  x+pm-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqm  x+qm-1

 thV  (13) antikatastήsoum¶  to  x  prώta  m¶  to  0 kai  ύst¶ra  m¶  to  ¶,

antίstoica.

ü 6.3.4  Αpomόnwsh twn q¶tikώn rizώn m¶ sun¶cή klάsmata

Αpό  thn  parapάnw  suzήthsh  ¶ίnai  jan¶rό  pwV  h  apomόnwsh  twn  q¶tikώn

rizώn  ¶nόV  poluwnύmou  p(x)  m¶  sun¶cή  klάsmata  d¶n  ¶ίnai  tίpot¶  άllo  apό

ton upologismό twn m¶rikώn phlίkwn a1, a2, …, am  gia antikatastάs¶iV thV

morjήV  (3)  pou  odhgoύn  s¶  poluώnuma  pti(x)  m¶  akribώV  mίa  m¶tabolή

prosήmou.  

ΥyίsthV shmasίaV ¶ίnai to g¶gonόV pwV to q¶ώrhma tou Budan — m¶ thn dikή

tou  idiόmorjh  diatύpwsh  —  crhsimopoi¶ίtai  san  έna  ¶ίdoV  “t¶rmatikoύ

t¶st”  ston  upologismό  kάq¶  ¶nόV  apό  ta  m¶rikά  phlίka  a1,  a2,  …,  am.   Γia

parάd¶igma, an ta poluώnuma pti(x + ai) kai pti(x + ai + 1) έcoun ton ίdio ariqmό

m¶tabolώn prosήmou, qέtoum¶ ai  ≠ ai  + 1 kai sun¶cίzoum¶ ton upologismό tou

ai.   An  όmwV  phgaίnontaV  apό  kάpoio  ¶ndiάm¶so  poluώnumo  pti(x  +  ai)  sto

poluώnumo  pti(x  +  ai  +  1)  “cάsoum¶”  m¶tabolέV  prosήmou,  tόt¶  h  timή  tou

tucaίou  m¶rikoύ  phlίkou  ai  έc¶i  upologisq¶ί.   ΈcontaV  upologίs¶i  to  ai

¶kt¶loύm¶ thn antikatάstash x ≠ 1ÅÅÅÅÅÅÅÅÅÅx+1 , gia na arcίsoum¶ ton upologismό tou

¶pόm¶nou m¶rikoύ phlίkou ai+1 ή na stamatήsoum¶. 

Υpάrcoun  dύo  trόpoi  upologismoύ  twn  m¶rikώn  phlίkwn  ai  —  kai  sun¶pώV

dύo  mέqodoi  apomόnwshV  twn  q¶tikώn  rizώn  ¶nόV  poluwnύmou  p(x)  m¶  sun¶cή

klάsmata.   Ο  prώtoV  trόpoV  anaptύcqhk¶  apό  ton  Vincent  to  1836  ¶nώ  o

d¶ύt¶roV  anaptύcqhk¶  apό ton  grάjonta  to  1978.  Η diajorά  anάm¶sa stouV

dύo  autoύV  trόpouV  upologismoύ  twn  ai  ¶ίnai  anάlogh  thV  diajorάV  pou

upάrc¶i  anάm¶sa  sta  oloklhrώmata  katά  Riemann  kai  katά  Lebesgue.

∆hladή,  όpwV  xέroum¶,  to  άqroisma  1  +  1  +  1  +  1  +  1  mpor¶ί  na  upologisq¶ί

katά dύo trόpouV: katά Riemann upologίz¶tai wV 1 + 1 = 2, 2 + 1 = 3, 3 + 1 =

4, 4 + 1 = 5, ¶nώ katά Lebesgue upologίz¶tai wV 5·1 = 5.

ΕktόV  apό  touV  dύo  proanaj¶rqέnt¶V  trόpouV  upologismoύ  twn  m¶rikώn

phlίkwn ai, sthn sunέc¶ia anajέroum¶ kai mίa “apotuchmέnh” prospάq¶ia tou
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Uspensky.  Η apotucίa autή oj¶ίl¶tai sto g¶gonόV όti o Uspensky d¶n gnώriz¶

to q¶ώrhma tou Budan.

ΥpologismόV tucaίou m¶rikoύ phlίkou ai katά Vincent:

Ο  Vincent  sto  άrqro  tou  toύ  1836  upologίz¶i  thn  timή  tou  tucaίou  m¶rikoύ

phlίkou  ai  m¶  monadiaί¶V  auxήs¶iV  thV  morjήV  ai  ≠  ai  +  1.   Σ¶  kάq¶  tέtoia

aύxhsh  antistoic¶ί  h  antikatάstash  x  ≠  x  +  1  pou  ¶kt¶l¶ίtai  s¶  kάpoio

¶ndiάm¶so  poluώnumo  pti(x)  kai  akolouq¶ί  έl¶gcoV  gia  piqanό  “cάsimo”

m¶tabolώn  prosήmou  —  cάsimo  pou  shmatodot¶ί  kai  to  tέloV  tou

upologismoύ tou ¶n lόgw ai.  

Τonίzoum¶  pwV  mόno  an  phgaίnontaV  apό  kάpoio  ¶ndiάm¶so  poluώnumo  pti(x  +

ai)  sto  poluώnumo  pti(x  +  ai  +  1)  “caqoύn”  m¶tabolέV  prosήmou  tόt¶,  kai

mόnon tόt¶, ¶kt¶l¶ί o Vincent sto poluώnumo pti(x + ai) thn antikatάstash x

≠ 1ÅÅÅÅÅÅÅÅÅÅx+1 , m¶ skopό na arcίs¶i ton upologismό tou ¶pόm¶nou m¶rikoύ phlίkou ai+1

ή na stamatήs¶i.

Η  mέqodoV  autή  tou  Vincent  odhg¶ί  s¶  mίa  ¶kq¶tikή  mέqodo  apomόnwshV  twn

q¶tikώn  rizώn,  kάti  pou  ¶ίc¶  gίn¶i  antilhptό  kai  apό  ton  Sturm  kai  apό  ton

Uspensky.   Η  ¶kq¶tikή  autή  sump¶rijorά  ¶mjanίz¶tai  mόno  sthn  p¶rίptwsh

m¶gάlwn  m¶rikώn  phlίkwn  ai.   Γia  mikrά  ai  h  mέqodoV  tou  Vincent  ¶ίnai  polύ

ikanopoihtikή.

Πarάd¶igma:

Έstw όti qέloum¶ na apomonώsoun¶ tiV rίz¶V tou poluwnύmou

p(x) = (x - a)(x - b).

Εpilέgoum¶ a = 10  + e, όpou 0 < e < 1,  œ >0 kai ark¶tά m¶gάlo, kai b = a + e.

Σthn  p¶rίptwsh  autή,  to  prώto  m¶rikό  phlίko  a1  ¶ίnai  to  akέraio  mέroV  thV

rίzaV a, dhladή a1 = dat = 10 .  

Γia  na  upologίsoum¶  to  a1  m¶  ton  trόpo  tou  Vincent  qέtoum¶  a1  ≠  1,  pti(x)  ≠

p(x),  upologίzoum¶  to  pti(x  +  1)  kai  ¶lέgcoum¶  gia  m¶ίwsh  tou  ariqmoύ  twn

m¶tabolώn prosήmou.  Εp¶idή ta poluώnuma pti(x) kai pti(x + 1) έcoun ton ίdio

ariqmό  m¶tabolώn  prosήmou  xέroum¶  apό  to  q¶ώrhma  tou  Budan  pwV  d¶n

upάrc¶i  rίza  tou  p(x)  sto  diάsthma  (0,  1).   Αuxάnoum¶  loipόn  to  a1  katά
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monάda,  a1  ≠  a1  + 1, qέtoum¶  pti(x)  ≠  pti(x + 1),  upologίzoum¶  to  pti(x + 1) kai

¶lέgcoum¶  xanά  gia  m¶ίwsh  tou  ariqmoύ  twn  m¶tabolώn  prosήmou.   Η

diadikasίa  autή  ¶panalambάn¶tai  10  jorέV  kai  —  an  to   ¶pil¶cq¶ί

katάllhla — mpor¶ί na diarkέs¶i crόnia ston grhgorόt¶ro upologistή.

ΥpologismόV tucaίou m¶rikoύ phlίkou ai katά Uspensky:

ΌpwV ¶ίdam¶ parapάnw h timή tou tucaίou m¶rikoύ phlίkou ai  upologίz¶tai m¶

thn  crήsh  tou q¶wrήmatoV  tou Budan.  Έtsi, an ta  poluώnuma pti(x) kai pti(x

+  1)  έcoun  ton  ίdio  ariqmό  m¶tabolώn  prosήmou  o  Vincent  procwr¶ί  sthn

¶pόm¶nh  monadiaίa  aύxhsh  ai  ≠  ai  +  1  —  kai  jusikά  kai  sthn  ¶pόm¶nh

antikatάstash  x  ≠  x  +  1.   Κai  autό  ¶p¶idή  xέr¶i  pwV  d¶n  upάrc¶i  rίza  tou

pti(x) sto diάsthma (0, 1).

Ο  Uspensky  sto  biblίo  tou  (1949)  upologίz¶i  thn  timή  tou  tucaίou  m¶rikoύ

phlίkou ai  ¶pίshV m¶ monadiaί¶V auxήs¶iV thV morjήV ai ≠ ai  + 1 — kai jusikά

antikatastάs¶iV  thV  morjήV  x  ≠  x  +  1.   Μhn  gnwrίzontaV  όmwV  to  q¶ώrhma

tou  Budan,  o  Uspensky  d¶n  mpor¶i  na  sump¶rάn¶i  όti  to  pti(x)  d¶n  έc¶i  rίza

sto diάsthma (0, 1), an ta poluώnuma pti(x) kai pti(x + 1) έcoun ton ίdio ariqmό

m¶tabolώn  prosήmou.   Έtsi  loipόn,  gia  na  b¶baiwq¶ί  pwV  to  pti(x)  d¶n  έc¶i

rίza  sto  diάsthma  (0,  1),  o  Uspensky  kάn¶i  s¶  kάq¶  bήma,  ¶ktόV  apό  thn

antikatάstash  x ≠  x + 1, kai  thn  antikatάstash  x ≠  1ÅÅÅÅÅÅÅÅÅÅÅx +1  — apό  thn  opoίa

sthn  prok¶imέnh  p¶rίptwsh  prokύpt¶i  έna  poluώnumo  cwrίV  kamίa  m¶tabolή

prosήmou.   ∆i¶ukrinίzoum¶  pwV  m¶  thn  antikatάstash  x  ≠  1ÅÅÅÅÅÅÅÅÅÅÅx +1  oi  rίz¶V  tou

pti(x) pou ¶ίnai > 1 gίnontai arnhtikέV ¶nώ oi rίz¶V pou ¶ίnai < 1 gίnontai > 1.  

Έtsi  o  Uspensky  to  mόno  pou  katόrqws¶  ήtan  na  diplasiάs¶i  ton  crόno

upologismoύ  thV  m¶qόdou  tou  Vincent.   Σun¶pώV  oi  iscurismoί  tou  —  sthn

¶isagwgή  tou  biblίou  tou  —  όti  dήq¶n  anakάluy¶  mίa  nέa  mέqodo  gia  thn

apomόnwsh twn rizώn d¶n ¶ustaqoύn.  

Η sumbolή tou Uspensky έgk¶itai sta ¶xήV:

a.  Γia thn antikatάstash x ≠ x + 1 crhsimopoίhs¶ thn mέqodo twn Ruffini-Hor-

ner, ¶nώ o Vincent to anάptugma Taylor.  
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b.   Γia  na  ¶xajanίs¶i  thn  ¶kq¶tikή  sump¶rijorά  thV  m¶qόdou  prόt¶in¶  antί

twn antikatastάs¶wn x ≠ x + 1 na gίnontai antikatastάs¶iV thV morjήV x ≠

x  +  ,  όpou   ¶pilέg¶tai  tucaίa  kai  diadocikά  auxάn¶tai  —  kάti  pou  d¶n

pέtuc¶.   ΠrojanώV  d¶n  ¶ίc¶  gίn¶i  katanohtή  h  g¶wm¶trikή  shmasίa  twn

m¶rikώn phlίkwn ai.

ΥpologismόV tucaίou m¶rikoύ phlίkou ai katά ton grάjonta:

Σthn  didaktorikή  tou  diatribή,  1978,  o  grάjwn  m¶  thn  boήq¶ia  tou

q¶wrήmatoV tou Cauchy (¶nόthta 6.2.5) upolόgis¶ to tucaίo m¶rikό phlίko ai

san  έna  kάtw  jrάgma,  ,  stiV  timέV  twn  q¶tikώn  rizώn  kάpoiou  ¶ndiάm¶sou

poluwnύmou  pti(x).   Θ¶wrhtikά  loipόn  o  upologismόV  tou  ai  gίn¶tai  άm¶sa

qέtont¶V ai  ≠ ,  ¥ 1, kai autό antistoic¶ί sthn antikatάstash x ≠ x + 

pou ¶kt¶l¶ίtai sto pti(x).  ∆¶domέnou όti oi antikatastάs¶iV x ≠ x + 1 kai x ≠

x  +  ,   ¥  1,  ¶kt¶loύntai  ston  ίdio  p¶rίpou  crόno  ¶ίnai  projanέV  όti  h

¶kq¶tikή sump¶rijorά thV m¶qόdou ¶xajanίsqhk¶.

Πrosέxt¶  pwV  gia  "i,  ai  =  dast,  όpou  as  ¶ίnai  h  mikrόt¶rh  q¶tikή  rίza  kάpoiou

¶ndiάm¶sou poluwnύmou pti(x).  Εp¶idή g¶nikά to kάtw jrάgma d¶n maV dίn¶i to

akέraio  mέroV  thV  mikrόt¶rhV  rίzaV,  to  q¶ώrhma  tou  Cauchy  qa  cr¶iast¶ί  na

¶jarmosq¶ί  p¶rissόt¶r¶V  apό  mίa  jorά  gia  ton  upologismό  tou  dast.   Έtsi,

sto  parάd¶igma  pou  ¶ίdam¶  parapάnw, gia  na  upologisq¶ί  to  dat,  a = 5·109  +

e, cr¶iάsthkan 18 ¶jarmogέV.

Σunqήkh 1h:

∆¶domέnou όti o ariqmόV ¶jarmogώn tou q¶wrήmatoV tou Cauchy d¶n mpor¶ί na

probl¶jq¶ί  kai  ¶ίnai  polύ  mikrόV  sc¶tikά  m¶  thn  timή  tou  ai,  sthn  q¶wrhtikή

anάlush thV m¶qόdou qa q¶wrήsoum¶ pwV gia to kάtw jrάgma iscύ¶i  = dast
.   Αutό  d¶n  p¶riorίz¶i  thn  g¶nikόthta  diόti,  όpwV  ¶ίdam¶,  to  kόstoV  kάq¶

¶jarmogήV tou q¶wrήmatoV tou Cauchy ¶ίnai polύ mikrό.

Αn  analogisqoύm¶  όti  o  skopόV  twn  antikatastάs¶wn  ¶ίnai  ¶ίt¶  mίa  apό  tiV

q¶tikέV  rίz¶V  na  mp¶i  sto  diάsthma  (0,  1)  ¶nώ  oi  upόloip¶V  na  mpoun  sto

diάsthma (1, ¶) ¶ίt¶ mίa apό tiV q¶tikέV rίz¶V na mp¶i sto diάsthma (1, ¶) ¶nώ

oi upόloip¶V na mpoun sto diάsthma (0, 1) — blέp¶ kai thn suzήthsh prin thn

6:  Αpomόnwsh pragmatikώn rizώn

ΑlkibiάdhV Γ. ΑkrίtaV 77 ΤΜΗΥΤ∆, ΠΘ



apόd¶ixh  tou  q¶wrήmatoV  tou  Vincent  —  tόt¶  ¶ύloga  dikaiolog¶ίtai  h

¶rmhn¶ίa pou dώsam¶ sta m¶rikά phlίka.  Τa akόlouqa lήmmata ¶ίnai sc¶tikά.

Λήmma (gia thn antistrojή pragmatikώn rizώn):

Έstw  p(x)  mίa  poluwnumikή  ¶xίswsh  miaV  m¶tablhtήV,  baqmoύ   ¥  2,  m¶

akέraiouV sunt¶l¶stέV kai cwrίV pollaplέV rίz¶V, h opoίa έc¶i  pragmatikέV

rίz¶V  mέsa  sto  diάsthma  (0,  1),  2  §   §  ,  kai  έstw  ∆  >  0,  h  ¶lάcisth

apόstasή  touV.   Τόt¶  an  sto  p(x)  kάnoum¶  thn  antistrojή  x ≠  1ÅÅÅÅx ,  oi   rίz¶V

ap¶ikonίzontai  sto  diάsthma  (1,  ¶),  όpou  tώra  h  ¶lάcisth  apόstasή  touV

¶ίnai ∆ ' > ∆. 

Αpόd¶ixh:

Έstw όti 0 < a1 < ∫ < a  < a  < ∫ < a  < a  < ∫ < a  < 1 ¶ίnai oi  rίz¶V tou

p(x) mέsa  sto  diάsthma  (0, 1), kai  έstw  όti  ∆  = a  -  a ,  ¶nώ  ∆'  = 1ÅÅÅÅÅÅÅÅa  -  1ÅÅÅÅÅÅÅa .   Η

apόd¶ixh tou lήmmatoV jaίn¶tai amέswV apό to 

∆' = 1ÅÅÅÅÅÅÅÅa  - 1ÅÅÅÅÅÅÅa  = a - aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa  a  > a  - a  ¥ a  - a  = ∆.//

Λήmma (gia thn antistrojή migadikώn rizώn):

Έstw  p(x)  mίa  poluwnumikή  ¶xίswsh  miaV  m¶tablhtήV,  baqmoύ   ¥  2,  m¶

akέraiouV  sunt¶l¶stέV kai cwrίV  pollaplέV rίz¶V, h opoίa έc¶i  dύo migadikέV

suzug¶ίV  rίz¶V,  a1  kai  a2  mέsa  ston  kύklo  m¶  kέntro  ( 1ÅÅÅÅ2 ,  0)  kai  aktίna  1ÅÅÅÅ2 ,  kai

έstw ¶piplέon d = » a1 - a2 ».  Τόt¶ an sto p(x) kάnoum¶ thn antistrojή x ≠ 1ÅÅÅÅx ,

oi  2  migadikέV  rίz¶V  ap¶ikonίzontai  sto  hmi¶pίp¶do  m¶  pragmatikό  mέroV  >  1,

όpou tώra h apόstasή touV ¶ίnai d ' > d. 

Αpόd¶ixh:

Όmoia m¶ thn prohgoύm¶nh.//

Αkolouq¶ί  mia  l¶ptom¶rέst¶rh  p¶rigrajή  thV  apomόnwshV  pragmatikώn

rizώn m¶ sun¶cή klάsmata.

ΑV  q¶wrήsoum¶  έna  άp¶iro  duadikό  dέndro  s¶  kάq¶  korujή  tou  opoίou

antistoicoύm¶ mίa triάda thV morjήV { f (x), M(x), v f }, όpou to poluώnumo f (x)

prokύpt¶i  apό  to  arcikό poluώnumo p(x) ύst¶ra  apό thn  antikatάstash  x  ≠

M(x) = a x + bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc x + d , kai v f  ¶ίnai o ariqmόV twn m¶tabolώn prosήmou sthn akolouqίa

twn sunt¶l¶stώn tou f (x).  
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Αpό  thn  prohgoύm¶nh  suzήthsh  gnwrίzoum¶  pwV  an  f(x)  =  p( a x + bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc x + d ),  tόt¶  oi

q¶tikέV  rίz¶V  tou  f(x)  antistoicoύn  s¶  ¶k¶ίn¶V  tiV  q¶tikέV  rίz¶V  tou  p(x)  pou

brίskontai  mέsa  sto  diάsthma  m¶  άkra  bÅÅÅÅÅd  kai  aÅÅÅÅc .   Πrosέxt¶  pwV  h  diάtaxh

twn  bÅÅÅÅÅd ,  aÅÅÅÅc  d¶n  ¶ίnai  gnwstή,  kai  έtsi  gia  ¶ukolίa  to  diάsthma  autό  qa  to

sumbolίzoum¶  wV  interval(a,  b,  c,  d).  Υp¶nqumίzoum¶  pwV  ta  άkra  autά

proέrcontai  apό  thn  έkjrash  a x + bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc x + d  antikaqistώnt¶V  to  x  m¶  to  0  kai  to  ¶,

antίstoica.

Αn  p(x)  ¶ίnai  to  arcikό  poluώnumo  m¶  v  m¶tabolέV  prosήmou  sthn  akolouqίa

twn  sunt¶l¶stώn  tou,  tόt¶  sthn  rίza  tou  duadikoύ  dέndrou  antistoic¶ί  h

triάda { f (x) ≠ p(x), M(x) ≠ x, v f  ≠ v}.

Ο drόmoV apό kάq¶ korujή ή kόmbo (node) proV ton d¶xiό apόgono antistoic¶ί

sthn  antikatάstash  x  ≠  x  +  1,  ¶nώ  o  drόmoV  proV  ton  arist¶rό  apόgono

antistoic¶ί  sthn  antikatάstash  x  ≠  1ÅÅÅÅÅÅÅÅÅÅx+1 .   Πrosέxt¶  pwV  gia  kάq¶  m¶rikό

phlίko  ai,  mia  s¶irά  apό  ai  diadocikέV  antikatastάs¶iV  thV  morjήV  x  ≠  x  + 1

akolouqoύm¶n¶V  apό  thn  x  ≠  1ÅÅÅÅÅÅÅÅÅÅx+1  ¶ίnai  isodύnam¶V  m¶  thn  x  ≠  ai  +  1ÅÅÅÅx

akolouqoύm¶nh apό thn x ≠ x + 1.  

Όl¶V oi kόmboi  pou  anήkoun s¶ kάpoio drόmo (path), p¶p¶rasmέno  ή άp¶iro, qa

q¶wroύntai mέlh mh t¶mnomέnwn sunόlwn triώn tύpwn.  Έna sύnolo tύpou V0,

V1  ή  Vn  p¶riέc¶i  kόmbouV  pou  antistoicoύn  s¶  poluώnuma  m¶  0,  1  ή

p¶rissόt¶r¶V  m¶tabolέV  prosήmou,  antίstoica.   Τa  sύnola  tύpou  V0  ή  V1

kaloύntai t¶rmatikά sύnola.  Σthn p¶rίptwsh pou sύnola anήkoun ston ίdio

drόmo lέm¶ pwV to sύnolo X prohg¶ίtai tou sunόlou Y ¶άn kai mόnon ¶άn "x œ

X  kai  "y  œ  Y  to  mήkoV  tou  drόmou(x)  <  to  mήkoV  tou  drόmou(y).   Σ¶  έna

t¶rmatikό  sύnolo,  o  kόmboV  m¶  thn  mikrόt¶rh  apόstash  apό  thn  korujή

lέg¶tai t¶rmatikόV kόmboV.

ΣΧΗΜΑ 7.3.1 apό to biblίo
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Σc¶tikά  m¶  to  duadikό  autό  dέndro  έcoum¶ kai  thn  akόlouqh  upόq¶sh, όpou  to

poluώnumo  f (x)  antistoic¶ί  s¶  kάpoio  kόmbo  kai  ta  poluώnuma  f (x  + 1)  kai

f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 )  ¶ίnai  oi  dύo  apόgonoί  tou.   Η  upόq¶sh  autή  crhsimopoi¶ίtai

sthnanάlush  thV  crήshV  mnήmhV  tou  upologistή  apό  thn  mέqodo  twn

sun¶cώn klasmάtwn.

Υpόq¶sh (Strzebonski-Akritas):

Έstw  to  poluώnumo  f (x)  baqmoύ  n,  f (0)  ∫  0,  m¶  rhtoύV  sunt¶l¶stέV  kai

cwrίV  pollaplέV  rίz¶V  kai  έstw  ¶piplέon  όti  m¶  sv( f (x))  sumbolίzoum¶  tiV

m¶tabolέV  prosήmou  sthn  akolouqίa  twn  sunt¶l¶stώn  tou.   Τόt¶  gia  ta

poluώnuma  f (x  +  1)  kai  f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 ),  iscύ¶i  h  anisόthta  twn  m¶tabolώn

prosήmou

sv( f (x + 1)) + sv((x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 )) § sv( f (x)).

Σuzήthsh:

Η  iscύV  thV  upόq¶shV  autήV  έc¶i  ¶pib¶baiwq¶ί  apό  έnan  pάra  polύ  m¶gάlo

ariqmό p¶iramάtwn.  ∆ustucώV όmwV h apόd¶ixh maV diaj¶ύg¶i.  Θa mporoύs¶

na ¶ίnai wV ¶xήV:  

ΌpwV xέroum¶ apό thn apόd¶ixh twn q¶wrhmάtwn tou Fourier kai Cardano-Des-

cartes — gia thn g¶nikή p¶rίptwsh pou ¶pitrέpontai pollaplέV rίz¶V (¶nόthta

6.2) — o  ariqmόV  twn  m¶tabolώn  prosήmou  tou  f (x) ¶ίt¶  isoύtai  akribώV  m¶

ton  ariqmό  twn  q¶tikώn  rizώn  tou  f (x)  ¶ίt¶  ton  up¶rbaίn¶i  katά  kάpoio  άrtio

ariqmό  pou  oj¶ίl¶tai  s¶  kάpoi¶V  rίz¶V  orismέnwn  paragώgwn  tou  f (x).   Γia

parάd¶igma to poluώnumo

f@x_D = i
k
jjx −

7

3
y
{
zz Hx − L Hx + L êê Expand

−
7
3
+ x −

7 x2

3
+ x3

m¶  mίa  q¶tikή  rίza  kai  tr¶iV  m¶tabolέV  prosήmou  oj¶ίl¶i  tiV  dύo  parapάnw

m¶tabolέV prosήmou sthn rίza 0.25662 thV prώthV tou paragώgou
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Solve@ f'@xD 0D êê N

88x → 0.25662<, 8x → 1.29894<<

Solve@ f''@xD 0D êê N

88x → 0.777778<<

Αutό  jaίn¶tai  apό  to  g¶gonόV  όti  katά  to  “pέrasma” apό  thn  rίza  0.25662 h

akolouqίa Fourier cάn¶i dύo m¶tabolέV prosήmou 

Fseq@x_D = createFourierSequence@ f@xDD;
variations@Fseq@0.25DD − variations@Fseq@0.26DD

2

Λέm¶ loipόn pwV h rίza 0.25662 thV prώthV paragώgou sun¶isjέr¶i sto f (x)

2  m¶tabolέV  prosήmou.   Η  d¶ύt¶rh  rίza  thV  prώthV  paragώgou,  1.29894,

kaqώV  kai  h  monadikή  rίza  thV  d¶ύt¶rhV  paragώgou,  0.777778,  d¶n

sunisjέroun kamίa m¶tabolή prosήmou

variations@Fseq@1.29DD − variations@Fseq@1.30DD

0

variations@Fseq@0.77DD − variations@Fseq@0.78DD

0

Αpό  to  q¶ώrhma  Fourier  loipόn  sump¶raίnoum¶  pwV  o  ariqmόV  twn  m¶tabolώn

prosήmou,  sv( f (x)),  apot¶l¶ίtai  apό  tiV  sun¶isjorέV  twn  q¶tikώn  rizώn  tou

f (x)  —  mίa  m¶tabolή  prosήmou  anά  q¶tikή  rίza  —  kai  apό  tiV  piqanέV

sun¶isjorέV  kάpoiwn  rizώn  orismέnwn  paragώgwn  tou  f (x)  —  άrtioV

ariqmόV m¶tabolώn prosήmou anά q¶tikή rίza paragώgou.  

Αpόp¶ira apόd¶ixhV m¶ thn akolouqίa Fourier:  

Όson  ajorά  thn  antikatάstash  x ≠ x + 1, όpwV  blέpoum¶  apό to  anάptugma

katά Taylor tou f (x + 1) 
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Series@ f@x + 1D, 8x, 0, 4<D êê Normal

f@1D + x f @1D + 1
2

x2 f @1D + 1
6

x3 fH3L@1D + 1
24

x4 fH4L@1D

to  poluώnumo  f (x  +  1)  qa  έc¶i  tόs¶V  m¶tabolέV  prosήmou  όs¶V  έc¶i  kai  h

Fseq(1) — h akolouqίa Fourier tou f (x) upologismέnh sthn timή x = 1:

8 f@xD, f'@xD, f''@xD, f'''@xD, f''''@xD< ê. x → 1

Αpό  to  q¶ώrhma  tou  Fourier  xέroum¶  όmwV  pwV  gia  kάq¶  poluώnumo  f (x)  kai

thn  antίstoich  akolouqίa  tou  Fseq(x)  iscύ¶i  sv(Fseq(0))  ¥  sv(Fseq(1))  kai

¶pomέnwV

sv( f (x + 1)) = sv(Fseq(1)) § sv(Fseq(0)) = sv( f (x)).

ΜέcriV ¶dώ o trόpoV autόV pά¶i kalά.  Γia thn antikatάstash όmwV x ≠ 1ÅÅÅÅÅÅÅÅÅÅx+1

apό thn akolouqίa Fourier 

8 f@xD, f'@xD, f''@xD, f'''@xD, f''''@xD< ê. x → 1

kai to anάptugma katά Taylor tou (x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 ) 

SeriesAHx + 1L4 fA 1

x + 1
E, 8x, 0, 4<E êê Normal

f@1D + x H4 f@1D − f @1DL + x2 J6 f@1D − 3 f @1D + f @1D
2

N +

x3 J4 f@1D − 3 f @1D + f @1D − 1
6

fH3L@1DN +

x4 Jf@1D − f @1D + f @1D
2

−
1
6

fH3L@1D + 1
24

fH4L@1DN

pou grάj¶tai kai san

Collect@%, 8 f@1D, f'@1D, f''@1D, f'''@1D, f''''@1D<D

H1 + 4 x + 6 x2 + 4 x3 + x4L f@1D + H−x − 3 x2 − 3 x3 − x4L f @1D +
i
k
jj x2

2
+ x3 +

x4

2
y
{
zz f @1D + i

k
jj− x3

6
−

x4

6
y
{
zz fH3L@1D + 1

24
x4 fH4L@1D

blέpoum¶  pwV  d¶n  mporoύm¶  na  kάnoum¶  kamίa  prόbl¶yh  gia  ton  ariqmό  twn

m¶tabolώn  prosήmou  tou  (x  +  1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 ).   Πrέp¶i  na  xέroum¶  tiV  timέV  twn

paragώgwn gia x = 1. 
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Αpόp¶ira apόd¶ixhV m¶ tiV rίz¶V:  

Γia  ¶ukolίa  cwrίzoum¶  tiV  q¶tikέV  rίz¶V  r+  tou  f (x)  s¶  mikrόt¶r¶V,  ίsh  kai

m¶galύt¶r¶V  apo  to  1.   ∆hladή  r+  =  r<1  +  1  +  r>1.   Κatά  ton  ίdio  trόpo

cwrίzoum¶  kai  tiV  q¶tikέV  rίz¶V  twn  paragώgwn  tou  f (x)  pou  sun¶isjέroun

stiV  m¶tabolέV  prosήmou.   ∆hladή  έcoum¶  p+  =  p<1  +  p=1  +  p>1.   Σun¶pώV,  o

ariqmόV twn m¶tabolώn prosήmou ¶ίnai

sv(f(x)) = (r<1 + 2 p<1) + (1 + 2  p=1) + (r>1 + 2 p>1).

M¶ thn antikatάstash x ≠ x + 1 oi rίz¶V tou f (x) kai ¶k¶ίn¶V twn paragώgwn

tou pou  brίskontai sto diάsthma (0, 1) qa m¶takinhqoύn sto diάsthma (-1, 0),

kai έtsi to poluώnumo f (x + 1) qa έc¶i sv( f (x + 1)) m¶tabolέV prosήmou, όpou

sv(f(x + 1)) §  r>1 + 2 p>1.

Αpό  thn  άllh,  m¶  thn  antikatάstash  x ≠  1ÅÅÅÅÅÅÅÅÅÅÅx +1  — pou  ¶ίnai  isodύnamh  m¶  thn

antikatάstash  x  ≠  1ÅÅÅÅx  akolouqoύm¶nh  apό  thn  x  ≠  x  +  1  (blέp¶  6.3.1)  —

έrc¶tai  h  s¶irά  twn  rizώn  tou  f (x)  kai  ¶k¶ίnwn  twn  paragώgwn  tou  pou

brίskontai  sto  diάsthma  (1,  ¶)  na  m¶takinhqoύn  sto  diάsthma  (-1,  0).   Έtsi

to  poluώnumo  (x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 ) qa  έc¶i  sv((x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 ))  m¶tabolέV  prosήmou,

όpou

sv((x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 )) § r<1 + 2 p<1.

Σthn  p¶rίptwsh  autή  όmwV  mpor¶ί  na  sumb¶ί  to  ¶xήV:  mίa  q¶tikή  rίza

paragώgou  pou  mέn¶i  sto  diάsthma  (0,  ¶)  m¶tά  thn  antikatάstash  x ≠  1ÅÅÅÅÅÅÅÅÅÅÅx +1

stamatά¶i  na  sun¶isjέr¶i  m¶tabolέV  prosήmou  sto  (x  +  1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 )  kai  to

“έrgo”  autό  “analambάn¶i”  mia  q¶tikή  rίza  άllhV  paragώgou.   Βlέp¶  gia

parάd¶igma to poluώnumo, f(x) = 924x7  - 86x6  - 962x5  - 715x4  + 112x3  + 831x2  -

518x + 91 (Strzebonski).  ΠwV mporoύm¶ na diab¶baiώsoum¶ pwV m¶ thn allagή

sun¶isjorάV d¶n ¶mjanίzontai p¶rissόt¶r¶V m¶tabolέV prosήmou;

Αpό  ta  parapάnw  blέpoum¶  pwV  h  antikatάstash  x  ≠  1ÅÅÅÅÅÅÅÅÅÅÅx +1  ¶ίnai  h

problhmatikή  p¶rίptwsh.   Αn  mporέsoum¶ na  d¶ίxoum¶ pwV  sv((x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 ))

§ sv( f (x)) - sv( f (x + 1)), tόt¶ qa έcoum¶ to zhtoύm¶no

sv( f (x + 1)) + sv((x + 1Ln f ( 1ÅÅÅÅÅÅÅÅÅÅx+1 )) § sv( f (x)),
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kai h isόthta qa iscύ¶i mόnon όtan r+ = r<1 + r>1 kai p+ = 0.//

Αkolouq¶ί mίa akόma sunqήkh prin parousiάsoum¶ ton algόriqmo.

Σunqήkh 2h:

Έstw p(x) = 0 mίa poluwnumikή ¶xίswsh baqmoύ n > 1, m¶ rhtoύV sunt¶l¶stέV

kai  cwrίV  pollaplέV rίz¶V pou  antistoic¶ί sthn korujή  tou duadikoύ dέndrou

pou proanajέram¶.  Έstw ¶piplέon όti h antikatάstash

 x ≠ a1 +  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a2+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∏

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a +

1
ÅÅÅÅÅÅÅx

,

όpou  a1  ¥  0  tucaίoV  mh  arnhtikόV  akέraioV  kai  a2,  a3,  …,  am  tucaίoi  q¶tikoί

akέraioi, ai  > 0, 1 < i §  § m, (to m orίz¶tai  apό thn (1) tou q¶wrήmatoV  tou

Vincent)  m¶taschmatίz¶i  thn  poluwnumikή  ¶xίswsh  p(x)  =  0  s¶  mίa  άllh  pou

antistoic¶ί s¶ V0 ή V1 t¶rmatikό kόmbo.  Τόt¶ gia όla ta i, 1 § i §  iscύ¶i

ai = ΟH » pHxL »¶L

Σuzήthsh:

Η  d¶ύt¶rh  autή  sunqήkh,  όpwV  kai  h  1h,  maV  cr¶iάz¶tai  gia  thn  q¶wrhtikή

anάlush thV m¶qόdou twn sun¶cώn klasmάtwn.  

ΌpwV  ¶ίdam¶  h  mέqodoV  twn  sun¶cώn  klasmάtwn  katά  Vincent  parousiάz¶i

¶kq¶tikή  sump¶rijorά  sc¶tikά  m¶  ton  ariqmό  twn  antikatastάs¶wn  thV

morjήV  x  ≠  x  +  1  pou  prέp¶i  na  ¶kt¶l¶sqoύn  gia  ton  upologismό  kάpoiou

m¶rikoύ phlίkou ai.  

Η  ¶kq¶tikή  sump¶rijorά  thV  m¶qόdou  twn  sun¶cώn  klasmάtwn  ¶xal¶ίjqhk¶

apό  ton  grάjonta  pou  upologίz¶i,  m¶ thn  boήq¶ia  tou  q¶wrήmatoV  tou  Cauchy

(¶nόthta  6.2.5),  ta  ai  san  ta  kάtw  jrάgmata  q¶tikώn  rizώn  poluwnύmwn.

Έtsi,  ston  ίdio  p¶rίpou  crόno  pou  cr¶iάz¶tai  na  ¶kt¶l¶sq¶ί  mίa

antikatάstash thV morjήV x ≠ x + 1 ¶kt¶l¶ίtai h antikatάstash x ≠ x + ai.  

Υpάrc¶i  όmwV  kai  to  ¶xήV  prόblhma:  to  mέg¶qoV  twn  akέraiwn

sunt¶l¶stώn twn poluwnύmwn pou prokύptoun apό thn antikatάstash x ≠ x

+  ai  auxάn¶tai  kai  gia  pάra  polύ  m¶gάla  ai  ¶pibradύn¶i  touV  upologismoύV.
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Γ¶nniέtai  loipόn  to ¶rώthma an  upάrc¶i  έna  pάnw  jrάgma stiV timέV twn ai

gia na mporέsoum¶ na problέyoum¶ ton crόno upologismoύ thV m¶qόdou.

∆iakrίnoum¶ dύo p¶riptώs¶iV:

Α.   Οi  rίz¶V  ai  tou  poluwnύmou  ¶pilέgontai  apό  ¶mάV  kai  to  poluώnumo

grάj¶tai wV p(x) = (x - a1)∫(x - an).  Σthn p¶rίptwsh autή ¶ίnai projanέV pwV

iscύ¶i  

ai = ΟH » pHxL »¶L,

diόti  όpwV  xέroum¶  h  staq¶rά  tou  poluwnύmou  isoύtai  m¶  to  ginόm¶no  twn

rizώn kai » pHxL »¶ ¶ίnai o m¶galύt¶roV sunt¶l¶stήV s¶ apόluth timή.

Β.   Οi  rίz¶V  ¶ίnai  tucaί¶V.   Σthn  p¶rίptwsh  autή  ta  prάgmata  ¶ίnai  lίgo  pio

sύnq¶ta.  

Αpό thn mίa m¶riά ¶ίnai gnwstό pwV όtan anaptύsoum¶ άrrhtouV ariqmoύV s¶

sun¶cή  klάsmata  ¶mjanίzontai  m¶gάla  m¶rikά  phlίka  gia  ta  opoίa  d¶n  ¶ίnai

gnwstό  kanέna  pάnw  jrάgma.   Γia  parάd¶igma,  to  432o  m¶rikό  phlίko  sthn

anάptuxh tou p ¶ίnai 20776, kάti pou d¶n qa mporoύsam¶ na to jantastoύm¶.

Last@ContinuedFraction@π, 432DD

20776

Αpό  thn  άllh  m¶riά  έcoum¶  to  q¶ώrhma  twn  Gauss-Kuzmin  pou  maV  lέ¶i  pwV,

gia  sc¶dόn  όlouV  touV  ariqmoύV, h piqanόthta  na  ¶ίnai  to ai,  to  i-stό m¶rikό

phlίko, ίso m¶ ton q¶tikό akέraio j ¶ίnai

log2
H j+1L2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅjH j+2L .

Αutό  shmaίn¶i  pwV,  gia  sc¶dόn  όlouV  touV  ariqmoύV,  ai  =  1  m¶  piqanόnhta

0.41.  ΟmoίwV ai = 20776 m¶ piqanόthta 3.34·10-9 ή º 0.  

Η  statistikή  anάlush  twn  m¶rikώn  phlίkwn  tou  p  sumjwn¶ί  m¶  to  q¶ώrhma

twn Gauss-Kuzmin.

<< Statistics`DataManipulation`
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freq = Frequencies@ContinuedFraction@π, 500DD;

<< Graphics`Graphics`

BarChart@freqD;
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Apό ta 500 m¶rikά phlίka ta 216 ήtan 1, dhladή posostό p¶rίpou 43%.

Γ¶nikά  loipόn,  to  q¶ώrhma  twn  Gauss-Kuzmin  maV  lέ¶i  pwV  d¶n  mporoύm¶  na

broύm¶  έna  pάnw jrάgma stiV timέV twn ai.  Εidikά όmwV gia thn p¶rίptwsή

maV, ¶p¶idή crhsimopoioύm¶ polύ lίga m¶rikά phlίka gia na apomonώsoum¶ tiV

rίz¶V,  to  ίdio  to  q¶ώrhma  twn  Gauss-Kuzmin  maV  lέ¶i  pwV  h  piqanόthta

¶mjάnishV  m¶gάlwn  m¶rikώn  phlίkwn  ¶ίnai  ίsh  m¶  mhdέn.   Άra  loipόn  h

sunqήkh maV ¶ίnai dikaiologhmέnh.//

Σumpέrasma:   Αpό  thn  suzήthsh  thV  2hV  sunqήkhV  prokύpt¶i  όti  h  mέqodoV

twn sun¶cώn klasmάtwn qa ¶ίnai lίgo argή gia pάra polύ m¶gάla m¶rikά

phlίka.   Τo  sumpέrasma  autό  ¶pib¶baiώn¶tai  kai  p¶iramatikά  sthn  ¶pόm¶nh

¶nόthta όpou ¶m¶ίV ¶pilέgoum¶ rίz¶V — kai άra anagkάzoum¶ ta m¶rikά phlίka

na ¶ίnai — thV tάxhV 10300  (1000 bits)!  Σ¶ όl¶V tiV άll¶V p¶riptώs¶iV ¶ίnai

h mέqodoV twn sun¶cώn klasmάtwn ¶ίnai h pio grήgorh ston kόsmo.

Αkolouq¶ί o algόriqmoV gia thn apomόnwsh twn q¶tikώn rizώn όpou allάzoum¶

lίgo thn morjή thV triάdaV { f (x), M(x), v f } kai — d¶domέnou όti M(x) = a x + bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc x+d ,

gia  mh  arnhtikoύV  akέraiouV  a,  b,  c,  kai  d  έtsi  ώst¶  ad  -  bc  ∫  0  —  thn

grάjoum¶ san {a, b, c, d, f , v}.  ΌpwV kai prin to diάsthma m¶ άkra bÅÅÅÅÅd , kai aÅÅÅÅc
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(h  diάtaxh  twn  opoίwn  d¶n  ¶ίnai  gnwstή)  sumbolίz¶tai  wV  interval(a,  b,  c,  d).

Η klimάkwsh twn rizώn sto 4o bήma tou algorίqmou oj¶ίl¶tai ston Strzebon-

ski (1994).  Η timή thV paramέtrou 0  sto bήma autό brίsk¶tai ¶mp¶irikά kai

ston algόriqmό maV ¶ίnai 0 = 16.

ΑlgόriqmoV:  Ο  klassikόV  algόriqmoV  twn  Vincent  -  Akritas  -  Strzebonski

(1836, 1978, 1994) gia tiV q¶tikέV rίz¶V.

ΕίsodoV:  p(x) = 0, mίa poluwnumikή ¶xίswsh m¶ akέraiouV sunt¶l¶stέV, cwrίV

pollaplέV rίz¶V kai p(0) ∫ 0.

ΈxodoV:  Τa diastήmata apomόnwshV twn q¶tikώn rizώn tou p(x) ή oi akrib¶ίV

q¶tikέV rίz¶V s¶ morjή diasthmάtwn.

===========   

1.  Αrcikopoioύm¶ thn lίsta twn diasthmάtwn apomόnwshV twn rizώn rootIsola-

tionIntervals  =  {}.   Θέtoum¶  f  ≠  p(x)  kai  upologίzoum¶  v  ≠  sv(f).   Αn  v  =  0

¶pistrέjoum¶ thn άd¶ia lίsta {}.  Αn v = 1 ¶pistrέjoum¶ thn lίsta {(0, )},

όpou   ¶ίnai  έna  pάnw  jrάgma  stiV  q¶tikέV  rίz¶V  tou  f  pou  upologίz¶tai  m¶

thn  sunάrthsh  CauchyPositiveRootUpperBound[].  Θέtoum¶  thn  “triάda” {1, 0,

0, 1, f, v} sthn lίsta twn diasthmάtwn proV ¶xέtash intervalsToBeProcessed.  

2.   (*  ¶p¶x¶rgasίa diastήmatoV (bήmata 3-10)  *)

Αn h lίsta intervalsToBeProcessed ¶ίnai άd¶ia ¶pistrέjoum¶ thn lίsta rootIso-

lationIntervals,  alliώV  ¶panalambάnoum¶  thn  ¶xήV  diadikasίa:  bgάzoum¶  thn

prώth “triάda” {a, b, c, d, f, v} apό thn lίsta intervalsToBeProcessed.

3.   Μ¶  thn  sunάrthsh  CauchyPositiveRootLowerBound[]  upologίzoum¶  έna

kάtw jrάgma  stiV q¶tikέV rίz¶V tou f.

4.  Αn  > 0 qέtoum¶ f(x) ≠ f( ·x), a ≠ ·a, c ≠ ·c, kai  ≠ 1.

5.  Αn  ¥ 1 qέtoum¶ f(x) ≠ f(x + ), b ≠ ·a + b, kai d ≠ ·c + d.  Αn f(0) = 0,

¶pisunάptoum¶  to  diάsthma  { bÅÅÅÅÅd ,  bÅÅÅÅÅd }  sthn  lίsta  rootIsolationIntervals  kai

qέtoum¶ f(x) ≠ f HxLÅÅÅÅÅÅÅÅÅÅÅx .  Υpologίzoum¶ v ≠ sv(f).  Αn v = 0 phgaίnoum¶ sto bήma 2.

Αn v = 1 ¶pisunάptoum¶ to diάsthma interval(a, b, c, d) sthn lίsta rootIsolation-

Intervals kai phgaίnoum¶ sto bήma 2.
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6.  Υpologίzoum¶ f1(x) ≠ f(x + 1) kai qέtoum¶ a1 ≠ a, b1 ≠ a + b, c1 ≠ c, d1 ≠ c +

d,  kai  r  ≠  0.   Αn  f1(0)  =  0,  ¶pisunάptoum¶  to  diάsthma  { b1ÅÅÅÅÅÅd1
,  b1ÅÅÅÅÅÅd1

}  sthn  lίsta

rootIsolationIntervals  kai  qέtoum¶  f1(x)  ≠  f1  HxLÅÅÅÅÅÅÅÅÅÅÅÅÅx ,  kai  r  ≠  1.   Υpologίzoum¶  v1  ≠

sv( f1) kai qέtoum¶ v2 ≠ v - v1 - r, a2 ≠ b, b2 ≠ a + b, c2 ≠ d, kai d2 ≠ c + d.

7.  Αn  v2 > 1, upologίzoum¶ f2(x) ≠ (x + 1Lmf( 1ÅÅÅÅÅÅÅÅÅÅx+1 ) όpou ¶ίnai o baqmόV tou f.  Αn

f2(0) = 0, qέtoum¶ f2(x) ≠ f2  HxLÅÅÅÅÅÅÅÅÅÅÅÅÅx  kai upologίzoum¶ v2 ≠ sv( f2).

8.  Αn  v1 < v2, antallάssoum¶ (swap) to {a1, b1, c1, d1, f1, v1} m¶ to {a2, b2, c2,

d2, f2, v2}.

9.  Αn   v1  = 0, phgaίnoum¶  sto  bήma  2.  Αn  v1  = 1 ¶pisunάptoum¶  to diάsthma

interval(a1,  b1,  c1,  d1)  sthn  lίsta  rootIsolationIntervals,  alliώV  ¶pisunάptoum¶

thn  “triάda”  {a1,  b1,  c1,  d1,  f1,  v1}  sthn  arcή  thV  lίstaV  intervalsToBePro-

cessed. 

10.  Αn  v2 = 0, phgaίnoum¶ sto bήma 2.  Αn v2 = 1 ¶pisunάptoum¶ to diάsthma

interval(a2,  b2,  c2,  d2)  sthn  lίsta  rootIsolationIntervals,  alliώV  ¶pisunάptoum¶

thn  “triάda”  {a2,  b2,  c2,  d2,  f2,  v2}  sthn  arcή  thV  lίstaV  intervalsToBePro-

cessed.  Πhgaίnoum¶ sto bήma 2.

===========

ΌpwV  kai  sthn  mέqodo  tou  Sturm,  gia  thn  apomόnwsh  twn  arnhtikώn  rizώn

prώta ¶x¶tάzoum¶ an p(x) = p(-x).  Αn iscύ¶i h isόthta, autό shmaίn¶i pwV oi

arnhtikέV  rίz¶V  ¶ίnai  summ¶trikέV  m¶  tiV  q¶tikέV  gia  tiV  opoί¶V  έcoum¶  ήdh

upologίs¶i  ta  diastήmata  apomόnwsήV  touV.   Άra  sthn  p¶rίptwsh  autή  ta

diastήmata  apomόnwshV  twn  arnhtikώn  rizώn  brίskontai  stoic¶iwdώV.   Αn

p(x)  ∫  p(-x)  tόt¶  qέtoum¶  p(x)  ≠  p(-x),  ¶panalambάnoum¶  ton  parapάnw

algόriqmo  akόma  mίa  jorά  kai  sto  tέloV  ap¶ikonίzoum¶  ta  diastήmata

apomόnwshV twn rizώn ston arnhtikό hmiάxona.

Όson  ajorά  to  0,  ¶ύkola  ¶lέgcoum¶  an  p(0)  =  0,  kai  sthn  p¶rίptwsh  autή

qέtoum¶ p(x) = pHxLÅÅÅÅÅÅÅÅÅÅx .  

Αpaitήs¶iV s¶ mnήmh:

Μ¶  thn  boήq¶ia  thV  upόq¶shV  twn  Strzebonski-Akritas  mporoύm¶  na

apod¶ίxoum¶ pwV o mέgistoV ariqmόV twn triάdwn thV morjήV { f (x), M(x), v f },
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ή  isodύnama  thV  morjήV  {a,  b,  c,  d,  f ,  v},  pou  prέp¶i  na  apoqhk¶utoύn  sthn

lίsta  intervalsToBeProcessed  katά  thn  diάrk¶ia  ¶ktέl¶shV  thV  m¶qόdou  twn

sun¶cώn klasmάtwn ¶ίnai to polύ 

1 + log2n, 

όpou n ¶ίnai o baqmόV tou arcikoύ poluwnύmou.  

Πrάgmati,  an  upoqέsoum¶  pwV  iscύ¶i  h  anisόthta  twn  m¶tabolώn  prosήmou

pou  anajέram¶  έp¶tai  pwV  o  ariqmόV  twn  m¶tabolώn  prosήmou  kάq¶  triάdaV

apoqhk¶umέnhV  sthn  lίsta  ¶ίnai  toulάciston  ίsoV  m¶  ton  olikό  ariqmό  twn

m¶tabolώn  prosήmou  s¶  όl¶V  tiV  triάd¶V  pou  prohgoύntai.   Εp¶idή  o  ariqmόV

twn m¶tabolώn prosήmou sthn prώth triάda thV lίstaV ¶ίnai toulάciston 2,

kai o olikόV ariqmόV twn m¶tabolώn prosήmou s¶ όl¶V tiV triάd¶V thV lίstaV

¶ίnai  to  polύ  n,  όpou  n  ¶ίnai  o  baqmόV  tou  arcikoύ  poluwnύmou,  έp¶tai  pwV  o

ariqmόV  twn  triάdwn  sthn  lίsta  ¶ίnai  to  polύ  log2n.   ΕpomέnwV  o  mέgistoV

ariqmόV  m¶taschmatismέnwn  poluwnύmwn  pou  cr¶iάz¶tai  na  apoqhk¶ύsoum¶

sthn lίsta ¶ίnai to polύ 1 + log2n.

Αkolouq¶ί  o  parapάnw  algόriqmoV  s¶  anagwgikή  morjή  (recursive)

¶jarmosmέnoV  sto  Mathematica.   Γia  ton  algόriqmo  autό  cr¶iάz¶tai  h  nέa

sunάrthsh 

intrv[a_,b_] := If[a>b,{b,a},{a,b}]

kai  na  έcoun  ¶n¶rgopoihq¶ί  oi  palaiόt¶r¶V  sunartήs¶iV  variations[],  Cauchy-

PositiveRootUpperBound[], kai CauchyPositiveRootLowerBound[].

VASposRootIsol@p_D := ModuleA
8a, b, c, d, a1, b1, c1, d1, a2, b2, c3, d2, at, bt, ct, dt,
intervalsToBeProcessed = 8<, lb, rootIsolationIntervals = 8<,
f = p, f1, f2, ft, r, ub, v, v1, v2, vt, x<,

H∗ step 1∗L
x = First@Variables@fDD;
v = variations@fD;
ub = CauchyPositiveRootUpperBound@fD;
If@v 0, Return@rootIsolationIntervalsDD;
If@v 1, Return@880, ub<<DD;
PrependTo@intervalsToBeProcessed, 81, 0, 0, 1, f, v<D;
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H∗ step 2 ∗L
WhileAintervalsToBeProcessed ≠ 8<,
8a, b, c, d, f, v< = First@intervalsToBeProcessedD;
intervalsToBeProcessed = Rest@intervalsToBeProcessedD;

H∗ step 3 ∗L
lb = CauchyPositiveRootLowerBound@fD;

H∗ step 4 ∗L
If@lb > 16,
f = Hf ê. x → lb xL êê Expand; a = lb a; c = lb c; lb = 1D;

H∗ step 5 ∗L
If@lb ≥ 1,
f = Hf ê. x → lb + xL êê Expand; b = lb a + b; d = lb c + dD;

IfAHf ê. x → 0L 0, AppendToArootIsolationIntervals, 9 b

d
,

b

d
=E;

f = CancelA f

x
EE; v = variations@fD;

IfAv 0, Continue@D;
IfAv 1,

AppendToArootIsolationIntervals, IfAc ≠ 0, intrvA a
c
,

b

d
E,

8b, b + CauchyPositiveRootUpperBound@fD<EE; Continue@DEE;

H∗ step 6 ∗L
f1 = Hf ê. x → x + 1L êê Expand;
a1 = a; b1 = a + b; c1 = c; d1 = c + d; r = 0;
IfAHf1 ê. x → 0L 0, AppendToArootIsolationIntervals,

9 b1

d1
,

b1

d1
=E; f1 = CancelA f1

x
E; r = 1E;

v1 = variations@f1D; v2 = v − v1 − r; a2 = b;
b2 = a + b; c2 = d; d2 = c + d;

H∗ step 7 ∗L
IfAv2 > 1,

f2 = i
k
jjjHx + 1LExponent@f,xD i

k
jjjf ê. x →

1

x + 1
y
{
zzzy{
zzz êê Expand êê SimplifyE;

IfAHf2 ê. x → 0L 0, f2 = CancelA f2

x
E;

v2 = variations@f2DE;

H∗ step 8 ∗L
If@v1 < v2, 8at, bt, ct, dt, ft, vt< = 8a1, b1, c1, d1, f1, v1<;
8a1, b1, c1, d1, f1, v1< = 8a2, b2, c2, d2, f2, v2<;
8a2, b2, c2, d2, f2, v2< = 8at, bt, ct, dt, ft, vt<D;
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H∗ step 9 ∗L
If@v1 0, Continue@DD;
IfAv1 1,

AppendToArootIsolationIntervals, IfAc1 ≠ 0, intrvA a1
c1

,
b1

d1
E,

8b1, b1 + CauchyPositiveRootUpperBound@f1D<EE,
PrependTo@intervalsToBeProcessed, 8a1, b1, c1, d1, f1, v1<DE;

H∗ step 10 ∗L
If@v2 0, Continue@DD;
IfAv2 1,

AppendToArootIsolationIntervals, IfAc2 ≠ 0, intrvA a2
c2

,
b2

d2
E,

8b2, b2 + CauchyPositiveRootUpperBound@f2D<EE,
PrependTo@intervalsToBeProcessed, 8a2, b2, c2, d2, f2, v2<DE

E;
Sort@rootIsolationIntervalsD
E

Έtsi  blέpoum¶  pwV  oi  q¶tikέV  rίz¶V  tou  poluwnύmou  p(x)  =  x3  -  7x  +  7

brίskontai sta diastήmata apomόnwshV (1, 3ÅÅÅÅ2 ) kai ( 3ÅÅÅÅ2 , 2):

p@x_D = x3 − 7 x + 7; VASposRootIsol@p@xDD

991, 3
2
=, 9 3

2
, 2==

¶nώ h monadikή arnhtikή brίsk¶tai sto diάsthma (-4, 0).

VASposRootIsol@p@−xDD

880, 4<<

Αnάlush tou crόnou upologismoύ thV m¶qόdou t:

Έstw  p(x)  to  poluώnumo  baqmoύ  n  tou  opoίou  qέloum¶  na  apomonώsoum¶  tiV

rίz¶V.   Αpό  thn  ¶nόthta  4.1  tou  prώtou  tόmou  xέroum¶  pwV  h  antikatάstash

thV morjήV x ≠ ai + x ¶kt¶l¶ίtai s¶ crόno 

ΟH n3 log2 ai + n2 log ai log » pHxL »¶L.

Αpό  thn  (12)  xέroum¶  pwV  gia  kάq¶  pragmatikή  rίza  tou  p(x)  xέroum¶  pwV

prέp¶i na ¶kt¶lέsoum¶ to polύ m tέtoi¶V antikatastάs¶iV, όpou
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m = ΟH n log » pHxL »¶ L.

Εpiplέon,  apό  thn  d¶ύt¶rh  sunqήkh  xέroum¶  pwV  gia  kάq¶  rίza  kai  gia  kάq¶

antikatάstash thV morjήV x ≠ ai + x iscύ¶i

ai = ΟH » pHxL »¶L.

Σundiάzont¶V  ta  parapάnw  apot¶lέsmata  blέpoum¶  pwV  mίa  rίza  tou  p(x)

mpor¶ί na apomonwq¶ί s¶ crόno

ΟH n4 log3 » pHxL »¶ L.

ΕpomέnwV,  ¶p¶idή  to  p(x)  έc¶i  to  polύ  n  pragmatikέV  rίz¶V  έp¶tai  pwV

apomonώnontai s¶ crόno

ΟH n5 log3 » pHxL »¶ L.

Τόso q¶wrhtikά όso kai ¶mp¶irikά h mέqodoV twn sun¶cώn klasmάtwn gia thn

apomόnwsh twn pragmatikώn rizώn ¶ίnai h grhgorόt¶rh ston kόsmo.
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6.4   Σύgkrish  diajόrwn  m¶qόdwn  gia  thn  apomόnwsh  pragmatikώn  rizώn

m¶ dicotόmhsh 

Σthn  ¶nόthta  autή  parousiάzoum¶  pίnak¶V,  diajόrwn  ¶pocώn,  pou

sugkrίnoun tiV m¶qόdouV: twn sun¶cώn klasmάtwn, tou Sturm, twn Collins-Akri-

tas kai  miaV  tropopoίhshV  thV  t¶l¶utaίaV  apό  touV  Rouillier kai  Zimmermann.

Τo  sumpέrasma  ¶ίnai  pwV  h  mέqodoV  twn  sun¶cώn  klasmάtwn  ήtan,  kai

¶xakolouq¶ί  na  ¶ίnai  h  tacύt¶rh  mέqodoV  aponόnwshV  pragmatikώn  rizώn

ston kόsmo!

Άnoixh tou 1978:

Οi  prώtoi  tr¶iV  pίnak¶V  ¶ίnai  apό  thn  didaktorikή  diatribή  tou  grάjonta.

Έginan  crhsimopoiώntaV  to  sύsthma  sac-1  s¶  upologistή  IBM  S/370  Model

175 kai  sugkrίnoun  thn  mέqodo  twn  sun¶cώn  klasmάtwn  — cwrίV  jusikά  thn

b¶ltίwsh  tou  Strzebonski  —  m¶  ¶k¶ίnh  tou  Sturm.   Πrosέxt¶  pwV  stouV

pίnak¶V  autoύV  o  baqmόV  twn  poluwnύmwn  ¶ίnai  to  polύ  20  —  baqmόV

“apίst¶uta” m¶gάloV gia thn ¶pocή ¶k¶ίnh!

Πoluώnuma m¶ rίz¶V tucaίa ¶pil¶gmέn¶V apό to diάsthma (0, 103)

ΒaqmόV sun¶cή klάsmata      dicotόmhsh 

        poluwnύmou          V-A                          Sturm

     5    0.71                 0.73

    10           23.22          22.50

    15           95.35        151.42

    20                    288.49                 > 600

ΠίnakaV  6.4.1.   Κάq¶  poluώnumo  baqmoύ  n,  (όpou  n  =  5,  10,  15  kai  20)  ston  pίnaka  autό
schmatίsthk¶ paίrnontaV to ginόm¶no antίstoicou ariqmoύ grammikώn όrwn.
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Πoluώnuma m¶ 10-yήjiouV sunt¶l¶stέV tucaίa ¶pil¶gmέnouV

ΒaqmόV sun¶cή klάsmata      dicotόmhsh 

        poluwnύmou          V-A                          Sturm

     5    0.26                 2.05

    10             0.46          33.28

    15             0.94        156.40

    20                        2.36                    524.42

ΠίnakaV  6.4.2.   Οi  sunt¶l¶stέV  kάq¶  poluwnύmou  ston  pίnaka  autό  ¶ίnai  όloi  touV  diάjoroi

tou mhd¶nόV, 10-yήjioi kai tucaίa ¶pil¶gmέnoi.

Αpό  touV  dύo  parapάnw  pίnak¶V  ¶ίnai  projanέV  pwV  h  mέqodoV  twn  sun¶cώn

klasmάtwn  ¶ίnai  katά  polύ  grhgorόt¶rh  thV  m¶qόdou  tou  Sturm.   ΠwV

sugkrίn¶tai  όmwV  m¶  thn  mέqodo  twn  Collins-Akritas  —  miaV  akόmh  m¶qόdou

dicotόmhshV  — pou  ¶ίc¶  anaptucq¶ί  mόliV  dύo  crόnia  nwrίt¶ra  kai  pou  ¶ίnai

kai autή grhgorόt¶rh thV m¶qόdou tou Sturm;  

Η  apάnthsh  thn  ¶pocή  ¶k¶ίnh  dόqhk¶  έmm¶sa  wV  ¶xήV:   Τa  poluώnuma  tou

Πίnaka 6.4.2 ¶ίnai ta ίdia m¶ ¶k¶ίna pou ¶ίcan crhsimopoihq¶ί gia na sugkriq¶ί

h mέqodoV twn Collins-Akritas m¶ thn mέqodo tou Sturm.  Έtsi ston Πίnaka 6.4.3

sugkrίnoum¶  touV  lόgouV  twn  crόnwn   thV  m¶qόdou  twn  sun¶cώn  klasmάtwn

kai  thV  m¶qόdou  twn  Collins-Akritas  proV  touV  antίstoicouV  crόnouV  thV

m¶qόdou tou Sturm.

Σύgkrish thV m¶qόdou twn sun¶cώn klasmάtwn m¶ thn mέqodo twn Collins-

Akritas gia ta poluώnuma tou Πίnaka 6.4.2

ΒaqmόV           sun¶cή klάsmata      Collins-Akritas 

        poluwnύmou          / Sturm                       / Sturm

     5     0.13                  0.28

    10              0.014             0.10

    15              0.004             0.05

    20                         0.0045                         0.03

ΠίnakaV 6.4.3.  Σύgkrish twn lόgwn twn crόnwn  thV m¶qόdou twn sun¶cώn klasmάtwn kai thV

m¶qόdou twn Collins-Akritas proV touV antίstoicouV crόnouV thV m¶qόdou tou Sturm.
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Αn  kai  h  sύgkrish  twn  dύo  m¶qόdwn  d¶n  ήtan  ¶kt¶nήV,  apό  ton  Πίnaka  6.4.3

blέpoum¶  pwV  ¶mp¶irikά  h  mέqodoV  twn  sun¶cώn  klasmάtwn  ¶ίnai  kallίt¶rh

thV  m¶qόdou  twn  Collins-Akritas.   ∆¶domέnou  όti  o  crόnoV  upologismoύ  thV

t¶l¶utaίa ¶ίnai ΟH n6 log2 » pHxL »¶ L, to sumpέrasmά maV sumjwn¶ί plήrwV m¶

thn q¶wrhtikή anάlush twn m¶qόdwn.  

Άnoixh tou 2002:

Σthn  prόsjath  ¶rgasίa  touV  oi  Rouillier  kai  Zimmermann  (2002),

parousiάzoun  mίa  nέa  mέqodo  apomόnwshV  pragmatikώn  rizώn  pou  ¶ίnai  aj'

¶nόV m¶n tόso grήgorh όso kai h mέqodoV twn Collins-Akritas, aj' ¶tέrou d¶ h

kallίt¶rh όson ajorά thn crήsh mnήmhV tou upologistή.

Οi  pίnak¶V  pou  akolouqoύn  sugkrίnoun  thn  mέqodo  twn  sun¶cώn  klasmάtwn

(CF), όpwV tropopoiήqhk¶ m¶ thn b¶ltίwsh tou Strzebonski, m¶ thn mέqodo REL

twn Rouillier kai Zimmermann.  Κai oi dύo mέqodoi έginan mέroV tou purήna tou

Mathematica.  Γia sύgkrish brίskontai sthn istos¶lίda 

http://members.wolfram.com/webMathematica/Users/adams/RootIsolation.jsp

Οi  dύo  mέqodoi  dokimάsthkan  sta  poluώnuma  Chebyshev,  Laguerre,  Wilkinson

kai  Mignotte,  pou  crhsimopoίhsan  oi  Rouillier  kai  Zimmermann  kaqώV  ¶pίshV

kai  s¶  tr¶iV  tύpouV  tucaίwn  poluwnύmwn  pou  crhsimopoiήqhkan  sthn

didaktorikή diatribή tou grάjonta.

Όloi  oi  upologismoί  έginan  s¶  έnan  850 MHz Athlon PC m¶  256 MB RAM.  Οi

plhrojorί¶V  sc¶tikά  m¶  thn  mnήmh  tou  upologistή  pou  crhsimopoiήqhk¶

apoktήqhkan m¶ thn sunάrthsh MaxMemoryUsed tou Mathematica.  Σthn arcή

twn upologismώn o purήnaV tou Mathematica katalambάn¶i 1.6 MB.
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Εidikά Πoluώnuma 

Πoluώnuma ΒaqmόV  Αr. rizώn         CF               REL    

        T (s)/M (MB)     T (s)/M (MB) 

==============================================

Chebyshev   1000       1000    2172/9.2       7368/8.5

Chebyshev   1200       1200    4851/12.8     15660/11.8

Laguerre     900         900    3790/8.7     22169/14.1

Laguerre   1000       1000    6210/10.4     34024/17.1

Wilkinson     800         800     73.4/3.24       3244/10 

Wilkinson     900          900      143/3.66       5402/12.5

Wilkinson   1000       1000      256/4.1       8284/15.1

Mignotte     300             4              0.12/1.75         803/7.7  

Mignotte     400             4              0.22/1.77       3422/15.8

Mignotte     600             4              0.54/1.89     26245/49.1

  

ΠίnakaV 6.4.4.  Γia ta ¶idikά poluώnuma h mέqodoV twn sun¶cώn klasmάtwn ¶ίnai grhgorόt¶rh

apό thn REL apό 3 jorέV — gia ta poluώnuma Chebyshev — mέcri p¶rίpou 50000 jorέV gia ta

poluώnuma Mignotte.

ΌpwV  anajέram¶,  h  mέqodoV  twn  sun¶cώn  klasmάtwn  apomonώn¶i  prώta  tiV

q¶tikέV  rίz¶V  kai  ύst¶ra  tiV  arnhtikέV.   Αn  jusikά  to  poluώnumo  ¶ίnai

summ¶trikό apomonώnoum¶ mόno tiV q¶tikέV tou rίz¶V.  Τa poluώnuma  Cheby-

shev  ¶ίnai  summ¶trikά  kai  έtsi  ¶km¶tall¶uόmast¶  to  g¶gonόV  autό,  kάti  pou

d¶n kάn¶i h mέqodoV REL.
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Πoluώnuma m¶ tucaίa paragόm¶nouV sunt¶l¶stέV (sun/stέV)

Σun/stέV ΒaqmόV  Αr. rizώn         CF               REL    

(ar. bits)         T (s)/M (MB)  T (s)/M (MB)   

==============================================

                    10                  500         3.6              0.78/2.2           1.66/2.81

                    10                1000         4.4              6.67/3.75         34.2/7.5

                    10                2000         5.6              215/11.4           562/22.8

    1000                  500         3.2              0.56/2.28         2.19/2.97

    1000                1000         3.6              12.7/5.1           31.4/6.5

    1000                2000         6                 329/14.2           510/24.3

ΠίnakaV  6.4.5.   Γia  poluώnuma  m¶  tucaίa  paragόm¶nouV  sunt¶l¶stέV  h mέqodoV  twn  sun¶cώn

klasmάtwn ήtan grhgorόt¶rh apό thn REL apό 1.5 mέcri 5 jorέV.

Σton  Πίnaka  6.4.5  kάq¶  apotέl¶sma  ήtan  o  mέsoV  όroV  sunόlou  5

poluwnύmwn.   Ο  ariqmόV  twn  rizώn  ήtan  ¶pίshV  o  mέsoV.   Τa  ίdia  tucaίa

poluώnuma crhsimopoiήqhkan kai gia tiV 2 m¶qόdouV. 

Πoluώnuma  m¶  tucaίa  paragόm¶nouV  sunt¶l¶stέV  kai  monadiaίo  kύrio

sunt¶l¶stή (sun/stή)

Σun/stέV ΒaqmόV  Αr. rizώn         CF               REL    

(ar. bits)          T (s)/M (MB)   T (s)/M (MB

==============================================

                    10                500           5.2              1.43/2.48          8.48/3.84

                    10              1000           4.8              7.12/3.74          80.7/10.1

                    10              2000           6.8               263/11.4         1001/37.1

                1000                100           4.4              0.01/1.75          56.8/5.5

                1000                200           6               0.086/1.93           252/17

                1000                500           5.6              0.57/2.28         1917/96.8

                1000              1000           6                 25.5/5.2         >5000/? 

ΠίnakaV  6.4.6.   Η  p¶rίptwsh  twn  poluwnύmwn  m¶  tucaίa  paragόm¶nouV  sunt¶l¶stέV  kai

monadiaίo  kύrio  sunt¶l¶stή  apod¶ίcqhk¶  idiaίt¶ra  “sklhrή”  gia  thn  REL  pou  ήtan  pάli

ciliάd¶V jorέV argόt¶rh.

Εmp¶irikά apot¶lέsmata 
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Η  bradύthta  thV  m¶qόdou  REL  ston  Πίnaka  6.4.6  d¶n  ¶ίnai  tucaίa.

Πoluώnuma  m¶  tucaίa  paragόm¶nouV  sunt¶l¶stέV  kai  monadiaίo  kύrio

sunt¶l¶stή  έcoun  kai  polύ  m¶gάl¶V  kai  polύ  mikrέV  rίz¶V  m¶  sunέp¶ia  mίa

mέqodoV dicotόmhshV na arcίz¶i m¶ έna pάra polύ m¶gάlo diάsthma pou prέp¶i

na dicotomhq¶ί pollέV jorέV protoύ apomonwqoύn oi mikrέV rίz¶V.

Πoluώnuma m¶ tucaί¶V paragόm¶n¶V rίz¶V

    Ρίz¶V         ΒaqmόV  Αr. rizώn         CF               REL    

(ar. bits)          T (s)/M (MB)    T (s)/M (MB

==============================================

                    10                100           100               0.8/1.82           0.61/1.92

                    10                200           200             2.45/2.07           10.1/2.64

                    10                500           500             33.9/2.07            878/8.4

                1000                  20             20             0.12/1.88         0.044/1.83   

                1000                  50             50             16.7/3.18           4.27/2.86

                1000                100           100              550/8.9             133/6.49

ΠίnakaV  6.4.7.   Η  p¶rίptwsh  twn  poluwnύmwn  m¶  tucaίa  paragόm¶n¶V  rίz¶V  m¶gέqouV  tάxhV

10300  ¶ίnai h mόnh pou h mέqodoV twn sun¶cώn klasmάtwn ¶ίnai argόt¶rh thV REL — kai autό
mόliV katά 4 jorέV.

ΌpwV anam¶nόtan apό thn  anάlush thV m¶qόdou twn sun¶cώn klasmάtwn, to

adύnato  shm¶ίo  thV  m¶qόdou  maV  ¶ίnai  όtan  oi  rίz¶V  —  kai  sun¶pώV  kai  ta

m¶rikά  phlίka  ai  —  ¶ίnai  pάra  polύ  m¶gάla,  dhladή  tάxhV  10300.   Αutό

¶pib¶baiώn¶tai kai apό ton Πίnaka 6.4.7.

Αpό ta parapάnw jaίn¶tai pwV h mέqodόV maV twn sun¶cώn klasmάtwn ¶ίnai

sc¶dόn  pάnta  grhgorόt¶rh  apό  tiV  m¶qόdouV  pou  basίzontai  sthn

dicotόmhsh.  Κai sthn prάxh, h crήsh thV mnήmhV tou upologistή, anajorikά

m¶  ta  poluώnuma  pou  cr¶iάz¶tai  na  apoqhk¶ύs¶i,  ¶ίnai  kallίt¶rh  apό  ¶k¶ίnh

thV REL.

6:  Αpomόnwsh pragmatikώn rizώn
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Abstract

We present an improved variant of the matrix-triangularization subresultant
prs method [2] for the computation of a greatest common divisor of two poly-
nomials A and B (of degrees m and n, respectively) along with their polyno-
mial remainder sequence. It is improved in the sense that we obtain complete
theoretical results, independent of Van Vleck’s theorem [13] (which is not al-
ways true [1], [6]), and, instead of transforming a matrix of order 2·max(m, n)
[2], we are now transforming a matrix of order m + n. An example is also
included to clarify the concepts.

1 Introduction

Let I be an integral domain, and let

Ai =
m∑

j=1

cijx
m−j ,

where cij ∈ I, i = 1, 2, . . . , n; then

mat(A1, A2, . . . , An)

denotes the matrix (cij) of order n × m. Moreover, let A, B ∈ I[x], deg A =
m, deg B = n and let

Mk = mat(xn−k−1A, xn−k−2A, . . . , A, xm−k−1B, xm−k−2B, . . . , B),
0 ≤ k < min(m, n)
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be the matrix of order (m+n−2k)× (m+n−k), where M0 is the well-known
Sylvester’s matrix. Then, kth subresultant polynomial of A and B is called
the polynomial

Sk =
k∑

i=0

M i
kx

i,

of degree ≤ k, where M i
k is a minor of the matrix Mk of order m + n − 2k,

formed by the elements of columns 1, 2, . . . , m + n − 2k − 1 and column
m + n − k − i. Habicht’s known theorem [7] establishes a relation between
the subresultant polynomials S0, S1, . . . , Smin(m,n)−1 and the polynomial re-
mainder sequence(prs) of A and B, and also demonstrates the so-called gap
structure. (For a surprisingly simple proof of Habicht’s theorem see González
et al [6].)

According to the matrix-triangularization subresultant prs method (see for
example Akritas’ book [1] or papers [2], [3]) all the subresultant polynomials of
A and B can be computed within sign by transforming the matrix (suggested
by Sylvester [12])

mat(xmax(m,n)−1A, xmax(m,n)−1B, xmax(m,n)−2A, xmax(m,n)−2B, . . . , A, B),

of order 2 · max(m, n), into its upper triangular form with the help of Dodg-
son’s integer preserving transformations [5]; they are then located using an
extension of a theorem by Van Vleck [2], [13]. (We depart from established
practice and we give credit to Dodgson, and not to Bareiss [4], for the inte-
ger preserving transformations; see also the work of Waugh and Dwyer [14]
where they use the same method as Bareiss, but 23 years earlier, and they
name Dodgson as their source–differing from him only in the choice of the
pivot element ([14], page 266). Charles Lutwidge Dodgson (1832–1898) is the
same person widely known for his writing Alice in Wonderland under the
pseudonym Lewis Carroll.)

Below we propose a matrix-triangularization subresultant prs method al-
lowing us to exactly compute and locate the members of the prs (without using
Van Vleck’s theorem [13]) by applying Dodgson’s integer preserving transfor-
mations to a matrix of order m + n.

2 Our Method and Its Theoretical Justifi-

cation

We assume that deg A = m ≥ deg B = n and we denote by M the following
matrix

M = mat(xm−1B, xm−2B, . . . , xn−1B, xn−1A, xn−2B, xn−2A, . . . , B, A)

of order m + n with elements aij(j, i = 1, 2, . . . , m + n). (This matrix can be
obtained from Sylvester’s matrix M0 after a rearrangement of its rows.)

Dodgson’s integer preserving transformations (which can be easily proved
using Sylvester’s identity (S) below)

ak+1
ij =

(ak
ijak

kk−ak
ikak

kj)

ak−1
k−1,k−1

(D)
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(see [4], [5], [9] or [14]) where we set a0
00 = 1 and it is assumed that ak

kk �=
0, k = 1, 2, . . . , m + n, are applied to the matrix M = (aij) and transform it
to the upper-triangular matrix MD = (bij), (i, j = 1, 2, . . . , m + n), where

bij =

{
0 for i > j

ai
ij for i ≤ j

and, in general,

ak
ij =

∣∣∣∣∣∣∣∣∣∣

a11 . . . a1,k−1 a1j
...

. . .
...

...
ak−1,1 . . . ak−1,k−1 ak−1,j

ai1 . . . ai,k−1 aij

∣∣∣∣∣∣∣∣∣∣
with 1 ≤ k ≤ m + n, and k ≤ i, j ≤ m + n.

The following two theorems can be used to locate the members of the prs
in the rows of MD. The correct sign is computed.

Case 1: If none of the diagonal minors of the matrix M is equal
to zero, then we have:

Theorem 1. Dodgson’s integer preserving transformation will transform
matrix M to the upper triangular matrix MD, which contains all n subresul-
tants (located in rows m + n − 2k, k = 0, 1, 2, . . . , n − 1)

Sk =
k∑

i=0

M i
kx

i,

where
M i

k = (−1)σ(k)am+n−2k
m+n−2k,m+n−k−i

and

σ(k) = (m − n + 1) + · · · + (m − k)

=
(n − k)(2m − n − k + 1)

2
,

k = 0, 1, . . . , n − 1.

Proof: It is easy to see that the submatrix located in the upper left corner
of the matrix M (where the matrix M was defined in the beginning of this
section) and having m+n−2k rows and m+n−k columns (k = 0, 1, . . . , n−1)
will be

M ′
k = mat(xm−k−1B, . . . , xn−k−1B, xn−k−1A, xn−k−2B, xn−k−2A, . . . , B, A).

M ′
k differs from matrix Mk (mentioned above) only in the arrangement of the

rows. That is, in order to obtain Mk from M ′
k it is necessary to rearrange

σ(k) = (m − n + 1) + · · · + (m − k)

=
(n − k)(2m − n − k + 1)

2
,
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adjacent rows.
Therefore we have

M i
k = (−1)σ(k)am+n−2k

m+n−2k,m+n−k−i

where i = 0, 1, . . . , k, and k = 0, 1, . . . , n − 1. �

Before we proceed further, we state Sylvester’s determinant identity [11]
which is needed in the proof. If we set β0

00 = 1, Sylvester’s identity can be
expressed as

detDp(B) = (detB) · (βp−1
p−1,p−1)

r−p, 1 ≤ p ≤ r, (S)

where B = (bij), (i, j = 1, 2, . . . , r),

Dp(B) =

∣∣∣∣∣∣∣∣∣∣

βp
p,p βp

p,p+1 . . . βp
p,r

βp
p+1,p βp

p+1,p+1 . . . βp
p+1,r

...
...

. . .
...

βp
r,p βp

r,p+1 . . . βp
r,r

∣∣∣∣∣∣∣∣∣∣
of order r−p+1, and βp

i,j (p, i, j = 1, 2, . . . , r) are minors (just like ak
ij defined

above) obtained from matrix B by adding row i and column j to the (upper
left) corner minor of order p − 1 (see for example Malaschonok’s work [9],
([10], pages 30–35), [4], or [8]).

Case 2: If not all diagonal minors of the matrix M are nonzero,
then we have the following theorem (the term bubble pivot , used
below, means that, after pivoting, row ip is immediately below row
jp):

Theorem 2. Dodgson’s integer preserving transformations with bubble
pivot and choice of the pivot element by column, will transform matrix M
to the upper triangular matrix MD, and at the same time will compute all
subresultants Sk; if, in the process, s row replacements take place, namely row
j1 replaces row i1, j2 replaces i2, . . . , js replaces is, (and after each replacement
row ip is immediately below row jp, p = 1, 2, . . . , s), then (a) Sk = 0, for all k

such that (m+n−ip)
2 > k >

(m+n−jp)
2 and for all p = 1, 2, . . . , s. (b) for all p =

1, 2, . . . , s, if k = (m+n−ip)
2 is an integer number not in (a), Sk is located in row

ip before it is replaced by row jp. (c) for the remaining k, (k = 0, 1, . . . , n− 1
and those not in (a) or (b)) Sk is located in row j = m + n − 2k.

Moreover, in (b) and (c) the subresultant Sk =
∑k

i=0 M i
kx

i, is located in
row j in such a way that

M i
k = (−1)σ(k)+σ(j)aj

j,j+k−i

where

σ(k) =
(n − k)(2m − n − k + 1)

2
,

σ(j) =
s∑

p=1

jp −
s∑

p=1

ip, jp ≤ j, ip ≤ j.
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Proof: It is clear that the first m − n + 1 diagonal minors are not equal to
zero because ass, for s = 1, 2, . . . , m − n + 1, is the leading coefficient of B;
therefore

as
ss = (a11)s �= 0, (s = 1, 2, . . . , m − n + 1).

Suppose now that for some s > m−n+1 we have as
ss = 0, with as−1

s−1,s−1 �=
0. In this case we have the following two subcases :

I as
is = 0, for all i = s, s + 1, . . . , m + n.

Here, making the correspondence as
ij ↔ βp

i,j , ak
ij ↔ detB, and as−1

s−1,s−1 ↔
βp−1

p−1,p−1 in Sylvester’s identity, we see that as
is = 0 for i = s, s + 1, . . . , m + n

if and only if the first column of Dp(B) is 0, and hence detB =0; that is all
minors of the form ak

ij (k > s, i > s, j > s) are equal to zero, and therefore

Sk = 0 for all k ≤ (m+n−s)
2 .

II as
is = 0, for all i = s, s + 1, . . . , p − 1; as

ps �= 0.

In this subcase, using again Sylvester’s identity, we see that all minors ak
ij = 0

(s < k ≤ p − 1, i > s, j > s). Therefore, Sk = 0 for all k such that
(m+n−s−1)

2 ≥ k ≥ (m+n−p+1)
2 . However it is necessary to continue the com-

putation of the remaining subresultants Sk, k ≤ (m+n−p)
2 ; in order to do

this we use bubble-pivot to replace row s by row p, where as
ps �= 0 plays

the role of the corner mirror, and we now can continue Dodgson’s integer
preserving transformations. Such an interchange of rows results in all mi-
nors ak

ij (k > p) being multiplied by (−1)(p−s), that is, all subresultants

Sk, k = 0, 1, . . . , k1(k1 ≤ (m+n−p)
2 ) are being multiplied by (−1)(p−s).

Dodgson’s transformations may be continued further, as long as situations
I or II are not encountered. �

Note that in cases (b) and (c) Theorem 2 reduces to Theorem 1 in the case
of a complete prs, and due to the fact that rows above row j change places,
the sign changes by a factor (−1)σ(j).

3 Example

As in [2], it should be noted that if |P |∞ represents the maximum coefficient
in absolute value of a polynomial P over the integers, then the theoretical
computing time of this method is

O(n5L(|p|∞)2)

where |p|∞ = max(|A|∞, |B|∞). Below, we present an example that helps
clarify the method introduced above.

Example: If we triangularize the matrix M , of order 7, corresponding to
the polynomials [1, Example 2, p. 270]

A = 2x4 + 5x3 + 5x2 − 2x + 1 and
B = 3x3 + 3x2 + 3x − 4
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we obtain the following matrix:


3 3 3 −4 0 0 0
0 9 9 9 −12 0 0
0 0 27 27 27 −36 0
0 0 0 −63 135 0 0
0 0 0 0 147 −315 0
0 0 0 0 0 3411 −588
0 0 0 0 0 0 15683




along with the information that one pivot took place and row 3 was re-
placed by row 4.

The obtained polynomial remainder sequence is incomplete, and we only
have the remainders −63x + 135 and 15683, of degree 1 and 0 respectively.
However, we still have to determine the signs of these remainders; since piv-
oting took place, we are going to use Theorem 2 above.

In Theorem 2 we see have that we have to compute the quantity (−1)σ(k)+σ(j)

for k = 0, and 2, and j = 4, by which the two remainders are going to be mul-
tiplied. By the formula stated in the theorem, and given that the degrees are
m = 4 and n = 3, we see that

• σ(0) = (3 − 0)(2 · 4 − 3 − 0 + 1)/2 = 9,

• σ(2) = (3 − 2)(2 · 4 − 3 − 2 + 1)/2 = 2,

• σ(4) = 4 − 3 = 1

Therefore, 15683, the remainder of degree 0, is multiplied times (−1)9+1 =
1 whereas, S2 = −63x + 135, the remainder of degree 1, is multiplied times
(−1)2+1 = −1.
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