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VC.11 3D Flow Along
Basics

B.1) Measuring flow along a 3D curve

OB.1.a)

How do you measure the flow of a 3-dimensional vector field

Fieldx, y, zl = {m[x, y, z], n[x, Y, Z], p[X, ¥, Z|}
along a curve C given in parametric form

Rt] = {x[t], ylt], Z[t]}

witha<t<Db?

oAnswer:
Just about the same way you do it in 2D.
You measure the net flow Field[x, y, z] alongC by calculating the
3D path integral
J Field . unittand's
= fc m[x, y, zZldx + n[x,y, zZldy + p[x, Yy, zldz
= Jo (mIxItl, yit], Z[t] x'[t]

+ Nnx[t], yltl, z[t]Ty’[t]
+ pIXIt], yltl, z[t]] Z'[t) 4t
If this path integral calculates out as positive, then the net flow of

Field[x, y, z] alongC is in the direction specified by the
parameterization.

If this path integral calculates out as negative, then the net flow of

Field[x, y, z] alongC is against the direction specified by the
parameterization.

OB.1.b)

Here is a 3D vector field:
Clear [Field, m, n, p, X, y, z ]
mxy_z_ 1=y*2%

1 3
Ny oz 1= oxyz

PIXL Yoz 1= %Xy2 22;
Field [x_,y_,z_ 1={mXxvy,z 1,n[xYy,z 1,pIXYy.z 1}
2,3 1 3 1 2.2
{yz,ixyz,?xyz}
Here's a curve C in three dimensions:
Clear [t]
{X[t1,y[t_1,z[t_1}y={tt +Sin[l6t ],t -1}
{t,t +Sin [1.6t ], -1+t}
This curve is given to start at:
a =0.6;
start = {x[a],y [a],z [a]}
(0.6, 1.41919, -0.4 }
And this curve is given to end at:
I b=28;
end = {x[b],y [b],z [b]}
(2.8,1.82688, 1.8 }
Here's a look at C:

Clear [P, t, Cplot, labels, setup 1
PIt_1={x[t],y [t],z [t]}
Cplot = ParametricPlot3D [
Evaluate [P[t]], {t a b 1}, DisplayFunction - Identity  1;
labels =
{Graphics3D [Text ["start", start 11, Graphics3D [Text ["end", end 1]1};

setup = Show[Cplot, labels, ViewPoint - CMView,
Axes - Automatic, AxesLabel - Xy, }, Boxed - False,
DisplayFunction - $DisplayFunction 1;
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Measure the net flow of Figld, y, z] along C, and interpret the result.

OAnswer:
The measurement
J Field . unittand's
= fc m[x, y, Zldx + n[x, y, Zldy + p[X, y, Z| dz
= [ (mIx[tl, yit], Z[t]] x'[t]
+ n[x[t], yltl, [t y'[t]
+ pIXIt], yItl, z[t]] Z’[t]) d't
measures the flow of the vector field
Fieldx, y, Z] = {m[x, y, 2], n[x, Y, 2], p[X, ¥, ZI}
alongC:
Nintegrate [mx[t],y [t],z [t1]1X"[t]+

NIX[tL, Yy [t1, Z [t11Yy' [t]+p[x[t],y [t], Z [t1]Z'[t],
{t,ta,b 1}1]

16.2563
Positive.
This means that the net flow Field[x, y, z] alongC is fairly strong in
the direction of the parameterizationCif
To see what this means, just Gend some of its unit tangent vectors.

Clear [unittan ]
PIt]

PIt].P L]

unittan  [t_ ] = TrigExpand [

I:

X b-a
jump = ;

Show[
setup, Table [Arrow [unittan [t ], Tail - P[t]], {t a, b -jump,jump }11;

There you go with the flow.

B.2) The curl of a 3D vector field

Start with a cleared 3D vector field:

Clear [Field, m, n, p, X, Y, z 1

Field [x_,y ,z_ ]l={mXxy,z 1,n[XxYy,Z 1,p[xYy,Z 1}

mx,y,z I,nixy,z I,p[Xy.z ]}
The curl, curlFielfk, y, 7], of Fieldx, y, z] is given by:
You can detect some cyclic patterns here.

Clear [curlField 1
curlField [x,Yy_,z_ 1={D[pIXx,y,z 1,y1-DIn[x,y,z 1,21,
DIm[x,y,z 1,z1-Dlplxy,z 1,x1,D[nix,y,z 1,x1-DImx,y,z 1,y 1}
OOy z 1ep @0y, z 1m0 Ik y,z 1o pHO0 xy, 2 ],
X y,z ]+n "Iy z 1}
That's quite a pill to swallow, but the computer will swallow it for
you.

You'll want to use it to help finger a 3D vector field.
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0OB.2.a) UsingcurlField[x, y, zZ] to help finger a 3D vector field.

Stick the tail of a unit vector V at a poifa, b, ¢.
Push your finger onto the point of V so that V spikes through the
center of the bones of your finger, and the tip of your finger is at
{a, b, g.
How do you use

curlFielda, b, d
to determine whether the tip of your finger feels a net clockwise or
counterclockwise swirl resulting from the flow of the given 3D vector
field

Fieldx, y, z]?

OAnswer:
Here's how it works:
- If curlFielda, b, 4.V >0,
then you feeField[x, y, z] swirling in the counterclockwise way at the
tip of your finger.
- If curlFielda, b, 4.V <0,
then you feeField[x, y, z] swirling in the clockwise way at the tip of
your finger.
- If curlFielda, b, 4.V =0,
then you feel no net swirl at all.
Try it out for a given vector field, a given unit vecVirand a given
point{a, b, g:

Clear [Field, curlField, unitvector, s, t, X, y, z, m, n, p 1;

unitvector [s_.t_ 1:=N[{Sin [s] Cos[t],Sin [s]Sin [t], Cos [S]}]

mx_,y_,z_ 1=x-2z

nX,y,z 1=y-2x%

pPIx.,y.z 1=z-2y;

Field [x_y.,z_ 1={mxyz 1,n[xy.z 1,p[xy.z 1}

curlField [X.,y.z 1=
{DIp[x, ¥,z 1,y 1-DIn[x,y,z 1,21, D[mx,y,z 1,2]1-D[plx ¥,z 1,x1,
DInix,y,z 1,x1-DImx,y,z 1,y 1}

. . T T
curlField [0, 2, 1 ] .unitvector [3 :‘—]

-2.44949
Negative.
This tells you that when you push your finger onto

V = unitvectof 3, 7]

so thatV spikes through the center of your finger and the tip of your
finger is al{0, 2, 1, then your finger feels a net CLOCKWISE swirl.
Confirm this by plotting what's happening n{0, 2, 1 using the
plotting optionViewPoint— V to look from the tip oV to the tail ofV
at the poin{0, 2, 3:
point ={0,2,1 };
V = unitvector [%, %];

h =0.3;
scalefactor = 0.08;
fieldplot =
Table [Arrow [Field ee (point + {X,y,Zz }), Tall - N[point +{x,y,z }],
VectorColor - Blue, ScaleFactor - scalefactor 1,
{xX, -h,h,2h 3}, {y, -h,h,2h 3}, {z, -h,h,2h }1;
pointplot = Graphics3D [{PointSize [0.07 ], Point [point 1}1;

swirlplot = Show [pointplot, fieldplot, PlotRange - All,
Boxed - False, ViewPoint - V];
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Put the tip of your finger at the plotted point on the screen and feel that
net clockwise flow!

Just as the calculation predicted!

Try it for a different point and a different unit vector:

§ X 3n x
curlField [0, 0, 0 ] .unitvector [T E]

2.73205
Positive.
This tells you that when you push your finger onto

V = unitvectof 3, Z]

so thaiV spikes though the center of your finger and the tip of your
finger is a{0, 0, @, then your finger feels a net
COUNTERCLOCKWISE swirl.
Confirm with a plot:

point ={0,0,0 };
5 3x 7w
V = unitvector [— —];
2 6
h =0.2;
scalefactor = 0.4,
fieldplot =
Table [Arrow [Field ee (point +{X,y,z }),Tal - N[point +{x,y,z }1,
VectorColor - Blue, ScaleFactor - scalefactor 1,
{Xx, -h,h,2h }, {y, -h,h,2h }, {z, -h,h,2h }1;
pointplot = Graphics3D [{PointSize [0.07 ], Point [point ]1}1;

swirlplot = Show [ pointplot, fieldplot, PlotRange - All,
Boxed - False, ViewPoint - V];

L

v
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Put the tip of your finger at the plotted point on the screen and feel that
net clockwise flow!
Math happens again.
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B.3) Stokes's formula for using the curl to measure the swirl
of a vector field in 3D

In 2D, everyone likes the form of the Gauss-Green formula that tells
you that if

Fieldx, y] = {m[x, yI, n[x, yI}
and R is a region in two dimensions with boundary curve C, then

[ [ rotFieldd A

= ¢ Field . unittand's

= $.mix, yldx + nix, yldy

= net flow of Fieldx, y] along C.
Stokes's formula is the 3D analogue of this formula. Stokes's formula
says that if you go with a 3D vector field

Fieldx, y, zl ={ml[x, y, z], n[x, y, 2], p[X, ¥, 2]}
and R is a surface in three dimensions with boundary curve C, then

J [ curlField. topunitnormall A

= ¢, Field . unittand's

= 3€C mlx, y, zZ1dx + n[x,y, zZ1dy + p[X, Y, Z1dz

= netflow of Fieldx, y, z] along C.
Before you can make complete sense of this formula, you have to de:
with a few objections.

0OB.3.a.i) Two objections.

- Objection 1:
The integral
¢ Field . unittand's
insists on a counterclockwise parameterization for the boundary curve
C. But counterclockwise parameterization makes no sense in three
dimensions, so Stokes's formula
J J; curlField. topunitnormal/A = ¢_ Field . unittands
makes no sense.
— Objection 2:
Look at this piece of the yz-plane:

yzplanepiece =
Graphics3D [Polygon [{{0,0,0 }, {0,2,0 }, {0,2,1 }, {0,0,1 }}11;
Show[yzplanepiece, Axes - True, AxesLabel - {"x","y", "z" },
ViewPoint - CMView, Boxed - False, PlotRange - All,
DisplayFunction - $DisplayFunction 1;

1.
y 2

Because this surface sits in the yz-plane, you can't say whether the
front side or the back side is the top side.
Calculating

| J curlField. topunitnormal/ A
depends on knowing which side of the surface is the top side. So aga
Stokes's formula

[ curlField. topunitnormallA = ¢_ Field . unittand's
makes no sense.
How do you get around these legitimate objections?

OAnswer:

VC.11.B3

Taken separately, each of these two objections ruins any possibility of
making sense out of Stokes's formula, but if you deal with both of them
simultaneously, then you can get a full understanding of what Stokes's
formula says.

First, you pick one side of the surface at your own pleasure and call it
the top side.

The side you pick for the top side may not be the same
as the side designated the top side by the person
sitting at the computer next to you.

Once you pick the top side Rf, then you agree that you are going in
the counterclockwise direction «if, as you walk arounC, R is on
your left. With these two agreements carved in stone, Stokes's formulz
J [, curlField. topunitnormal/A = ¢ Field . unittand's
(= fc m(x, y, zZ1dx+ n[x,y, z1dy + p[X, Y, zldz)
for a given 3D vector field
Field(x, y, z1 = {m[x, y, 2], n[x, y, z], pX, Y, Z]}
and a given surfacR with boundary curvC makes perfect sense
provided you agree to parameterC.én the counterclockwise direction
dictated by your choice of the top side of the surface according to the
agreement above.

OB.3.a.ii) The designated top side.

Here is a surface R which is a cap of an ellipsoid:
Clear [Xx,Y,2z5s,t 1
{X[s_,t_ l,yI[s_.t 1,z[s_t 1}=
{5Sin [s] Cos[t],4Sin [s]Sin [t], 6Cos [S]};
{slow, shigh } = {0, %}
surfaceplot = ParametricPlot3D [{x[s,t 1,y [s, t 1,z [s,t 1},

{s, slow, shigh }, {t,0,2 )}, Boxed - False, PlotRange - All,
ViewPoint - CMView, AxesLabel - {"x","y", "z" 31

y
A parameterization of the boundary curve C is:
Clear [P]
P[t_ 1 = {x[shigh,t 1,y [shigh,t 1,z [shigh,t 1}
{g\/§COs[t],2 V3sin [t],3}
Here are the surface R, its boundary curve C, and a few tangent
vectors reflecting the direction of this parameterization of C:

Cplot = ParametricPlot3D [
Evaluate [P[t]1], {t, 0,2 s}, DisplayFunction - Identity  1;

tangents = Table [Arrow [P'[t], Tail -P[t1], {t 0,2 %r-}]

Show[surfaceplot, Cplot, tangents, Boxed - False,
PlotRange - All, AxesLabel
DisplayFunction

o Xy
- $DisplayFunction 1;

}, ViewPoint - CMView,

y 4
If you want to call this parameterization of boundary curve C
counterclockwise in accordance with the agreement above, then which
side of the cap must you designate as the top side?

OAnswer:

Walk around the boundary in the direction indicated by the tangents.
As you walk, your left foot hits on the visible side (the high side). This
is your designated top side.
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0OB.3.a.iii) A third objection:
Take a look at this sorry excuse for a surface:

Clear [P, X, Y, z, t, unittan, mainunitnormal, binormal, moebius ]
P[t_]1=2{-Cos[t],Sin [t],0};

: . PIt]
unittan  [t_ ] = TrigExpand | ———1];

P[t].P/[t]

mainunitnormal [t1=

unittan " [t] / («/TrigExpand [unittan “[t].unittan ‘[t]]);
binormal [t_] = TrigExpand [unittan [t ] x mainunitnormal [t11;
moebius [s_,t_ ] =

t t

P[t]+s (Sin [E] mainunitnormal [t ] -Cos[z] binormal [t ]);
ParametricPlot3D [Evaluate [moebius [s,t 1], {s, -0.5,05 1}, {t -x =},

PlotPoints - {2, 40 }, ViewPoint - CMView, PlotRange - All,

Boxed - False, Axes - False J;

This surface, which folks like to call a "Moebius strip," is unfortunate
enough to have only one side. How the hell are you going to
designate a top side for a surface that has only one side?

OAnswer:

You can't.

It's impossible to choose a top side.

The upshot:

It's impossible to use Stokes's formula for a surface that has only one
side.

OB.3.a.iv)
What else do you have to worry about?

OAnswer:
Stokes's formula works only for surfaces that are not the complete
boundary of a solid region.
For example, Stokes's formula is OkRifis a cap of a sphere, but
Stokes's formula does not workRfis the whole sphere. This is the
case simply because a whole sphere does not have a boundary curve
but any cap of a sphere does have a boundary curve.

0OB.3.b.i) Stokes's formula helps to explain why the finger test works.

Take a 3D vector field Fielg, y, z].

Stick the tail of a unit vector V at the poinb, Yo, o}

Push your finger onto V so that V spikes through the center of your

finger and the tip of your finger is &to, Yo, 2o}

Why does the tip of your finger feel a counterclockwise swirl if
curlFieldxo, Yo, 2o] -V > 0?

Why does the tip of your finger feel a clockwise swirl if
curlFieldxo, Yo, 20] -V < 0?

OAnswer:
Put a plane with normal vectV-through the point
{Xo, Yo, Zo}.
Put a small circl<C with center a{xo, Yo, Zo} in this plane. CalR the
part of this plane that is within the small circle. Designate the top side
by taking the directiolV points. This gives you
V = topunitnormal
for this little surfaceR.
Stokes's formula tells you:
net flow of Fieldx, y, zZ along C
= fc m[x, Y, zZ1dx + n[x, y, zldy + p[X, Y, Z1dz

VC.11.B3

= [ [, curlField . topunitnormad A
= [ [ curlField . VdA.
Here's the kicker:
If
curlFieldXo, Yo, 0] .V > 0,
then
curlFieldx, y, z].V >0
for all {x, y, z}'s close t({Xg, Yo, Zo}. So ifC is small enough so that
curlFieldx, y, 1.V >0
at all{x, y, Z's onR and insid¢C, then you see that
net flow of Fieldx, y, z] along C
= [ [ curlField.VdA > 0.
So the net flow oField[x, y, z] along such a small circC is
counterclockwise.
This is why the tip of your finger feels a counterclockwise swirl when
you stick the tail oV at the poin{xo, Yo, 2o}, and push your finger
ontoV so thatV spikes through the center of your finger and the tip of
your finger is a{Xo, Yo, Zo}-

Similarly, if curlFieldxo, Yo, zo].V < 0 and you stick the taV at the
point{Xo, Yo, Zo}, and push your finger onViso thatV spikes through
the center of your finger and the tip of your finger i{Xo, Yo, 2o},

then your fingertip feels a clockwise swirl.

0B.3.b.ii)

Given a 3D vector field Fie[d, y, z], when you stick the tail of a unit
vector V at the pointx, y, z and push your finger onto V so that V
spikes through the center of your finger and the tip of your finger is at
{x, y, z}, then what unit vector V do you want to use so that your
fingertip feels the greatest possible counterclockwise swirl?

What does the direction of curlFi¢)d y, z] tell you?

What does the length of curlFi¢id y, z] tell you?

OAnswer:
The swirl your fingertip feels is measured by
curlFieldx, y, z] .V
= |lcurlFieldx, y, zZ]|| |IV]| Codangle betweeh
= |lcurlFieldx, y, z]|| Codangle betweeh
becausV is a unit vector.
This is biggest when
Codangle betweeln= 1 = Coq0].
So you feel the biggest counterclockwise swirl when you take the unit
vectorV to be in the same direction curlFieldx, vy, z].

In other words, to feel the most counterclockwise swirl, you take

_ curlFieldx,y,z]
- \/curIFieIdx,y,z].curIFieIt{x,y,z]

The upshots:

— The direction ocurlFieldx, y, z] gives the direction of the axis of
the actual swirl oField[x, y, Z] at{x, y, z}.
— The length ocurlFieldx, y, z] measures how vigorous the swirl at
{x,y, z} is.
Check this out:

Clear [x, Y, z, m, n,p, Field, curlField 1

mx_,y.,z ]=x+22z%;
nixLy_z_ 1=y-2x%
PIX. Y.z 1=z+4y%
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Field [x_,y_.z_  1={mxy.z I,n[xy.z 1,p[xy.z 1}
curlField [X, Y.z 1={Dlplx,y,z 1,¥y1-DIn[x,y,z 1,21,

DIm[x,y,z 1,z 1-DIplx,y,z 1,x1,D[n[xy,z 1,x]1-DImx,y,z 1,y 1}
{8y,4z, -4x}

To feel the greatest possible counterclockwise swirl of this vector fielc
at{1, 1, 1, you should use:
| point ={1,1,1 };

curlField [1,1,1 ]

VcurlField  [1,1,1 7.curlField [1,1,1 ]

{ 2 1 ,i}
3' V6 6
Take a look down the vectV-from its tip to its tail a{1, 1, 1:
h =0.3;
scalefactor =0.1;
fieldplot =

Table [Arrow [N[Field ee (point + {X,y,z })], Tal - N[point +{X,y,z }],
VectorColor - Blue, ScaleFactor - scalefactor 1,
{x, -=h,h,2h 3}, {y, -h,h,2h }, {z, -h,h,2h }1;
pointplot = Graphics3D [ {PointSize [0.07 ], Point [point ]}1;

fingerplot = Show [ pointplot, fieldplot, Boxed - False, ViewPoint - V];

X
N

Powerfully counterclockwise just as you expected.
Math really happens.

OB.3.b.iii)
Where did the name "curl" come from?

OAnswer:

Take a look at the end of the answer to part ii) above.

OB.3.c.i)

Take a surface R with boundary curve C. Designate a top side of R.
The path integral

J Field . unittand's

= fc m[x, y, Zldx+ n[x,y, Zldy + p[X, Y, Z] dz
measures the net flow of a given 3D vector field

Fieldx, y, zZ] = {m[x, y, 2], n[X, Y, 2], pX, ¥, Z|}
along C.
If you know that

curlFieldx, y, Z] . topunitnormdlx, y, z] > 0
at all points{x, y, z} on the surface R, then how do you also know that
the net flow of Fielfk, y, z] along the boundary curve C is
counterclockwise?

OAnswer:
You calculate the flow cFieldx, y, z] alongC by calculating
fc mlx, y, zZ1dx + n[x, y, Z1dy + p[x, y, zZldz.
Stokes's formula tells you that this is the same as calculating
[ J, curlField . topunitnormad A
Here's the kicker:
If
curlFieldx, y, z] .topunitnormdlx, y, z] > 0
at all points oR, then the
flow of Field[x, y, z] along C
= fc m[x, y, zZldx+ n[x,y, zZ1ldy + p[x, Yy, zldz
= ffR curlField . topunitnormad A > 0,
becausccurlFieldx, y, z].topunitnormdlx, y, z] > 0 for all{x, y, Z}'s
onR.
So, if you know that

VC.11.B3-B4

curlFieldx, y, z] . topunitnormdlx, y, z] > 0
for all {x, y, z}'s onR, then you know that tHlow — along— C
measurement is positive.
This means that the net flow Field[x, y, z] along the boundary curve
C of R is counterclockwise.

oB.3.c.ii)

Take a surface R with boundary curve C. If you know that

curlFieldx, y, zZ1 =0
at all points{x, y, z} on the surface R, then how do you also know that
the net flow of Fielk, y, z] along C is 0?

OAnswer:

You calculate the net flow Field[x, y, z] alongC by calculating
fc mlx, y, zZ1dx+ n[x,y, zZ1dy + p[x, Y, zZldz.

Stokes's formula tells you that this is the same as calculating
[ J, curlField . topunitnormad A.

Here's the kicker:

If
curlFieldx, y, zZ1 =0

at all points oR, then the
net flow of Fieldx, y, z] along C
= fc m[x, Y, Zdx+ n[x, y, zldy + p[x, Y, zZ1dz
= [ [, curlField . topunitnormad A
= ffR 0dA
=0,

becausccurlFieldx, y, z] = 0 for all {x, y, Z}'s onR.

So

curlFieldx, y, zZ1 =0
for all {x, y, Z}'s onR guarantees that tiflow — along— C
measurement i0. This means that the net flowFieldx, y, z] along
the boundary curvC of R isO.

OB.3.c.iii) Irrotational vector fields.

Why do the fancy folks call a vector field Figtdy, z] with
curlFieldx, y, zZ1 =0
at all points(x, y, z} irrotational?

OAnswer:
As you saw above if
curlFieldx, y, zZ1 =0
for all points{x, y, 7}, then the flow oField[x, y, z] along any closed
curve is0.
This rules out any vortex or other swirl.

B.4) An attempt to explain Stokes's formula as an
outgrowth of the 2D Gauss-Green formula

You are perfectly free to call this explanation
esoteric, elite, abstruse,
or any other adjective you want to go with.
A detailed understanding is not required here.
What is hoped for is that you begin to see that someone can
explain the nitty-gritty behind Stokes's formula
as an outgrowth of the basic 2D Gauss-Green formula which,
in turn, is an outgrowth of the fundamantal formula.

OB.4.a)
Explain the reasoning behind Stokes's formula.

OAnswer:
Ultimately Stoke's formula is a consequence of the Gauss-Green
formula in two dimensions which, in turn, is a consequence of the
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fundamental formula of calculus in one variable.

The fundamental formula of calculus strikes again!

You can explain Stokes's formula as a rather easy consequence of th
Gauss-Green formula, but there is a lot of bookkeeping (bean countin
The first step is to reduce the explanation of the overall formula to an
explanation for a very simple surface.

OStep One: Reduction to parallelograms.

Look at a picture and think of it as a view of a suriRde three

dimensions.
Don't read the code; just look at the picture.
surface = Plot [{W —W}, {x, -1,1}, AspectRatio - Automatic,
Axes - None];

Split the surface into two pieces and label:

Don't read the code; just look at the picture.
splitter = Graphics [{RGBColor [1,0,0 1, Line [{{0, 11}, {0, -1}}1}1;

labels = Graphics [{Text ["Partl", {-% 0 }] Text ["PartZ", {% 0 }]

Text ["edgel”, {1,0}], Text ["edge2”, {.15, -.2}1,
Text ['edge3”, ({-.15,.2 }],Text ['edge4”, {-1,0}1}]

arrows ={Vector [{9 -%] {.9, %}],Vector [{-.9, %] {-.9, _E}]
vecwor [{1, <} {1 -z}]Vewor [{-1 -z} {-1 T}

Show[ {surface, splitter, labels, arrows },
PlotRange - {{-1.2,1.2 }, {-1.1,11 1}}1;

eddpB
2dgg4 Part 1 Part2 edgel
adge2

Now instead of one surface, you've got two surfaces with their own

boundaries. To integrate a function around the boundePart2, you
integrate out arounedgel, and then down aloedge2. To integrate
around the boundary Partl, you integrate up aloedge3 and out
aroundedge4.
Look at what happens:

F.unittand's

fedgelF unittards+ [ o
edge3 edge4F .unittand's

+ F.unittand's +

= fedgelF.unittards+ fedgeAF.unittards,
becaustedge2 anedge3 are the same curves going in opposite
directions.
What does it say?
It says that adding the integrals around the boundaries of the surface:
Partl ancPart2 gives the same result as integrating around the
boundary of the whole regicR before you split it.
And what does that say to you?
It tells you that to explain Stokes's formula

[ [, curlField . topunitnormad A = ¢_ Field . unittands,
you can cut the original surfaReup into small pieces, and if you can
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explain the formula for the small pieces and their boundary curves,
then you can add the formulas for the small pieces to arrive at a full
explanation of the formula for the whole original surfRce

Here is another view (R but this timeR is cut up into little pieces:

Don't read the code; just look ét the picture.

Plot3D [Vl-xz-yz, {x, -iZL-, %] {y, -%, %},Boxed - False,

Axes - None];

So explaining the formula for the whole surface is the same as
justifying it for each of the little parallelogram-like parts you see above
and adding the results together.

Now things are a lot simpler because each of the smaller parts is very
close to being a parallelogram. So if you can explain why Stokes's
formula holds for a parallelogram, you'll have explained Stokes's
formula forR.

OStep Two: Explaining Stokes's formula for a parallelogram.

You're not out of the woods yet. This is the part that is complicated ...
not hard, just complicated. It's really a job for those bean counting
dweebs who like to do a lot of bookkeeping. Recall what needs to be
explained:

ffR curlField . topunitnormall A = §c Field . unittard's,
where the surfacR is a parallelogram, and its boundCys the edge
of the parallelogram. Here's a picture with normal vector included:

Don't read the code; just look at the picture.

1{111}
a=—{1,1, B
3

aa—l{llO}'
=7 &L H

1 1
b= {-; 0, X}

bb = {-—;-,0,0 };

c={o, -3 g}:

cc = {O, -%,O };

para = Graphics3D [

{RGBColor [1,0.5,0 ], Polygon [{a,a +b,a +b+c,a +c,a }]}1;
base = Graphics3D [{RGBColor [0.8, 0.8, 0.8 1,

Polygon [{aa, aa +bb, aa +bb +cc,aa +cc,aa }1}1;

b+c b+c

normal = Vector [a+ a +

+2be];

lines = Graphics3D [{Line [{a, aa }], Line [{a+b, aa +bb}],
Line [{a+c,aa +cc}], Line [{a+b+c,aa +bb+cc}]}];

Show[lines, normal, para, base, ViewPoint
Axes - Automatic, AxesLabel - "Xy, "
PlotRange - All 1;

- CMView, Ticks - None,
}, Boxed - False,
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The upper parallelogram is the regRryou are working with, and the
lower parallelogram is the shadow of the upper parallelogram on the
xy-plane. When you parameterize to integrate around the bouCdary
on the top, you will be directly over a counterclockwise
parameterization of the boundary of the lower parallelogram in the
xy-plane. Ultimately you are going to use the two-dimensional
Gauss-Green formula applied to the lower parallelogram which will be
calledR,, when you parameterize wix = u andy = v. The boundary

of Ryy will be calledC,,.

Now set up some calculations:

Clear [X,Y, z, m, n,p, Field 1
Field [x_,y_,z_ 1={mXxvy,z 1,n[xYy,z 1,pIXYy.z 1}
mx,y,z I,n[xy,z J,p[xy.z ]}

The upper parallelogram with the normal vector pointing up out of it
lies in a plane. Write the equation for this plane as

z=Cc+ ax+ by,
or parametrically by:

Clear [u,v,a,b,c ]
{X[u_,v_1,y[u,v_1,z[u,vVv

_1}={u,v,c +ax[uVv]+byluvi}
{u,v,c +au+bvy}

As {u, v} varies througiRyy, {X[u, V], y[u, V], Z[u, v]} varies through
R.
Look at the normal vector:

Clear [normal ]

normal [u_,v_]=

Di{x[u,v 1,y [uVv] z[uVv]}ulxD{x[uv]y([uVv]lzI[uv]}Vv]
{-a, -b, 1}

Because this normal has a positive third slot, it points up, just as in th:
picture above.

Clear [topunitnormal 1

) normal [u, Vv ]
topunitnormal [u,v_1]=

+/normal [u, v ].normal [u,V ]
{7 a B b 1 }
1+a2+b2 1+a2 +b2 ' 1+a2+b?

This means that when you calculate the path integral you will have to

parameterize the boundary curve of the upper parallelogram so that a
you walk in the direction of the parameterization, your left foot touche:
the high side of the surfaR:
Now see what

[ J, curlField . topunitnormad A

= ffR curlFieldx[u, v], y[u, V], z[u, v]] . topunitnormau, v] SAyy[u,
looks like:

Clear [SAxyz]
| SAxyz [u_,v_ ] =+/normal [u,v ].normal [u,V ]
Viva? b2

Clear [curlField ]

curlField [X,y_.z_ 1={D[pix,y,z 1,y1-D[n[x,y,z 1,21,

DIm[x,y,z 1,z ]-DIplxy,z 1,x1,D[n[xy,z 1,x]-DImx,y,z 1,y 1}

(—n©01 ) [y vz 1.p@L0 ) (xy z 1, mO% ) xy z ]-ptO0 )k y z ],
7m(0,1,0 ) X, ¥,z ]+ n(l,O,o VXY, z 1)
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The integrand is:

integrand =
Simplify  [curlField
SAxyz [u, v 1]
“bm(@01 ) [ Jluv,c +au+bv]-
m(°*1'°7[U,V:C +au+bv]-ap uv,c +au+bvi+
N0 ) [y v,c +au+bv]+bp®0® ) [uv,c +au+bv]

Here's the bookkeeping trick:

[X[u,v 1,y [uVv], zI[u v ]].topunithormal [u, v ]

u,v,c +au+bv]+an(©0l

(0,10 ) [

Once you have done this, you can reduce the whole explanation to the
two dimensional Gauss-Green formula. Start by making a couple of

off-the-wall but delicious choices for ne2vdimensional functions.

Clear [mm, nn, FF, rotFF ]

mnfu_,v_ ] =m[x[u,ul,y [uVv]z[uvVv]l+ap[x[uvVv]yIluv]zI[uVv]]
nix_,y J=nix[uvlylluv]zuv]l+bpx[uv]yIlluvlz(uv]l]
FFlu_,v_ 1={mnfu,v 1,nn [u, Vv ]}

{m[u,v,c +au+bv]+apfuv,c +au+bv],

nfu,v,c +au+bv]+bp[uv,c +au+bv]}

Look atrotFHu, v]:
] rotFF [u_, v_ 1 =Expand [D[nn[u,v ],u]-D[mniu,v 1,V 1]

~bm©@®%1 )y v,c +au+bv]+an@l )y v,c +au+bv]-
m(0L0 ) [ 010 )
n (1,0,0 (1,0,0

u,v,c +au+bv]-ap
Jlu,v,c +au+bv]+bp

uv,c +au+bv]+
Jlu,v,c +au+bv]

rotFHu, v] looks like the quantity you got for the integrand up above.
Is it?

| integrand == rotFF [u, v ]
True

You bet it is!
This tells you that
[ J, curlField . topunitnormad A
= ffRuv rotFHu, vl dudv
and the two dimensional Gauss-Green formula says that

fwa rotFHu, vldudv

= SECWmm[u, vldu+ nnu, v]dv
whereC,, is the boundary (R, .
Now

5£Cwmm[u, vldu+ nnu, v]dv

= ¢ (mix[u, v, ylu, V], Zlu, VIl + apixu, V1, y[u, V], Zlu, VI) du +
(n[x[u, V1, y[u, V], Z[u, VI] + b px[u, V], y[u, V], Z[u, V]]) dv

= 9€c m[x[u, vl, y[u, v], Z[u, VIdu+ n[x[u, V], y[u, V], Z[u, V]| dV +

p(x[u, V], y[u, v, Z[u, V]] (@du+ bdV).
Now look at:

| ztu v
c+au+bv

Read off
dz=adu+ bdyv,
and plug into the above, remembering X = u andy = v, to realize
that when you parameterize and calculate
¢ Field . unittand's
55C mlx, y, zZldx + n[x,y, zZldy + p[x, Y, zldz,
then you get
§Cwmm[u, vldu+ nnu, v]dv
= [ g, rotFAu, vidudv
= [ [, curlField . topunitnormad A.
And now the formula
¢ Field . unittands = [ [ curlField . topunitnorma¥ A
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has been explained.
Review the explanation to see why Stokes's formula is just a
dressed-up version of the basic two dimensional Gauss-Green formul

VC.11 3D Flow Along
Tutorials

T.1) Stokes's formula in theory and practice

Stokes's formula says that if
Fieldx, y, z] = {m[x, y, 2], nx, y, 2z, p[x, Y, 21},
and if R is a surface in three dimensions with boundary curve C, and
you have made the right specifications of the top side and of what
counterclockwise means, then you are guaranteed that
[ J; curlField . topunitnormad A
= ¢ Field . unittand's
= fc m[x, y, zZldx+ n[x,y, zldy + p[X, y, Z1dz
= netflow of Fieldx, y, z] along C.
OT.1l.a)

How good a theoretical tool is Stokes's formula?

OAnswer:
It's a superb theoretical tool.
Check out B.3) to see how Stokes's formula confirms that the
counterclockwise swirl of a 3D vector fieField[x, y, z] in the
direction of a unit vectcV at a point{Xo, Yo, Zo} is measured by
curlFieldXo, Yo, Zo]. V.
This, in turn, tells you that if you stick the tail of
curlFieldXo, Yo, Zo]

at the poin{Xo, Yo, Zp}, then you get the axis of the direction of the
greatest counterclockwise swirl Field[x, y, z] at the point

{Xo, Yo, Zo}.

This is the direction of the curl of the flow representeField[x, vy, z].
Stokes's formula is a great theoretical tool that sets up concrete
calculations.

oT.1.b.i)
How good a calculational tool is Stoke's formula?

oAnswer:

Look at Stokes's formula again.

[ J, curlField . topunitnormad A

= ¢ Field . unittand's

= 9€c m[x, y, zZldx+ n[x,y, zZ1dy + p[x, Yy, zldz

= net flow of Fieldx, y, z] along C.
If curlFieldx, y, z] calculates out t{0, 0, G, then you don't have to do
any extra work to learn that the flow Field[x, y, z] along any closed
curve is0.
In fact, if you have a closed curC;z think of it as wire and throw a big
bed sheet over the wire. The part of the sheet iiGidefines a
surfaceR with boundary curvC.
If curlFieldx, vy, 7] is always<{0, 0, @, you get

0= [[,0dA

= ffR {0, 0, 0 . topunitnormald A

= [ [, curlField . topunitnormad A

= ¢ Field . unittand's
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= ﬁc mx, y, Zldx+ n[x,y, zldy + plX, y, zZldz

= netflow of Fieldx, y, z] along C.
This means that curlFieldx, vy, Z] is always{0, 0, @, then the net
flow of Field[x, y, z] along any closed curve 0s

And Stokes's formula gives you this juicy calculational fact with no
work on your part.

You've got to agree thatcurlFieldXx, y, 7] is alway<0, then Stokes's
formula is an excellent calculational tool.

oT.1.b.ii)

What happens when curlFi¢id y, z] does not calculate out to
{0, 0, @?

OAnswer:

Take another look at Stokes's formula:
[ J, curlField . topunitnormad A
= ¢ Field . unittand's
= 560 m(x, y, zZldx + n[x,y, zZldy + p[x, Y, zldz
= netflow of Fieldx, y, z] along C.
If curlFieldx, y, z] is not alway:0, then you are probably better off
ignoring Stokes's formula and calculating the path integral
fc mlx, y, zZldx+ n[x,y, zZ1dy + p[x, Yy, zldz
directly.
Reason:
Most surface integrals are harder to calculate than most path integrals.

oT.1l.c)

Here are two vector fields in three dimensions:
Clear [x,y, z, ml, nl, p1, m2, n2, p2, Fieldl, Field2 1
Fieldl [x_,y_,z_ 1=EY {2xSin [x? +2?], Cos [x? +22],22Sin [x?+22]};
{mi[x_,y .,z 1,nl [x,y.,z_ 1,pl[x,y_.,z_ 1}=~Fieldl [xy,z ]
{2E7Y xSin [x? +2%],E Y Cos[x? +2%],2E Y zSin [x? +2%]}
Field2 [x_,y .,z 1={(x-1)2xy, (z-Y)%}
{m2[x_,y_,z_ 1,02 [X,y_,z_ 1,p2 [X_,y_,z_ 1}=Field2 [xy z ]
(1402, xy, (-y+2)?}
Here is a closed curve C in three dimensions:
Clear [t,X,y,z 1]
{X[t_1,y [t 1,z [t 1}={3Sin [2t],2Cos [t],Sin [t]+0.2Cos [3t]};
{tlow, thigh } = {0, 2 =};
Clear [P]
PIt_1={x[t],y [t],z [t]}
Cplot = ParametricPlot3D [Evaluate [P[t 1], {t, tlow, thigh }
ViewPoint - CMView, Boxed - False, Axes - Automatic,
AxesLabel - {"x","y", "z" 11

y 2
Measure the flow of Fieldk, y, z] along this curve, and then measure
the flow of Field2x, y, z] along this curve.

OAnswer:

Take a look at the curls:

Clear [curlFieldl, x, Yy, z 1
curlField1 [X,Y_.,z_ 1={D[pl[x,y,z 1,y1-D[nl[x,y,z 1,21,
DImi[x,y,z 1,z 1-Dlpl[x,y,z 1,x1,
Dinl[x,y,z 1,x1-DImi[x,y,z 1,y 1}
{0,0,0 }

Ah-hal!
With no further work, you know that the flow Field1[x, y, z] along
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this curve i0. In fact, thanks to Stokes's formula, you also know that
the flow of Field1[x, y, z] along any other closed curve is a0s0

Now look at the second vector field and its curl:

Clear [curlField2 1

curlField2 [x.,Yy_z_ 1={D[p2[x,y,z 1,y1-D[n2[x,y,z 1,21,
DIm2[x,y,z 1,z ]1-D[p2[x, Y.z 1, X1,
D[n2[x,y,z 1,x]-DIm2[x,y,z 1,y 1}

(-2 (-y+2),0,y }
No such luck this timecurlFieldZx, y, z] does not calculate out to
{0, 0, 3. To measure the flow (Field2x, y, z] along the given curve,
calculate the path integral
fﬁc Field2 . unittands
= fc m2[x, Yy, zZldx + n2X, Y, z1dy + p2x,Y, zldz
thigh
= o m2[X[t], yit], Z[t] x'[t]
+ N2X[t, yIt], At Y[t
+ p2[x[t], yltl, Z[t]] Z'[t]) 4t
(X[ 1,y 1,2 [t_1}=P[t];
Nintegrate  [m2[x[t]1,y [t]1,z [t1] X' [t] +
n2[x[t],y [t1,z [t11y [t]+p2[x[t],y [t],Z [t1]12'[t],
{t, tlow, thigh }, AccuracyGoal - 2]
-18.8496

Negative.

This means the net flow [Field2x, y, z] alongC is fairly strong in the
direction opposite the direction of the parameterizaticC.of

To see what this means, just pGtind some of its tangent vectors.

scalefactor =0.5;
Show[Cplot, Table ~ [Arrow [ P'[t], Tal - P[t], VectorColor - Red,
. thigh - tlow
ScaleFactor - scalefactor 1, {t, tlow, thigh, T}]

ViewPoint - CMView, Boxed - False, Axes - Automatic,
AxesLabel - {"X","y", "z" H:

The net flow ofFieldZx, y, z] alongC is in the direction opposite the
direction indicated by the tangent vectors above.
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T.2) Path independence

OT.2.a)

You've got a vector field
Fieldx, y, z] = {m[x, y, 2], n[x, Y, z], p[X, ¥, Z]}
and you are fortunate enough to find that curlffielg, z] is always
0.
You also have a curve;@vith parameterization
Rt = {xa[t], ya[t], zz[t]} with & <t <1y,
and you have a curve,@ith parameterization
R[t] = {x2[t], y2[t], Z[t]} with & <t < by.
In addition, you are given that
Rila] = Plag] and R[by] = Pa[by];
so that both curves start at the same point and end at the same point.
Say how you know in advance with no calculation that
Jo, mix.y, Adx+ nlx,y, Zldy + plx, y, 2 dz

= Jop, (mixalt], yalt], [l xy'[t]

+ nixa[t], ya[t], z[t]] y1'[t]

+ pIxelt], yaltl, zo[t]] z1"[t]) At
is the same as

sz m[x, y, zZldx+ n[x,y, zZldy + p[X, y, zZldz
= Jop, (MDA, Yalt], Zo[t11%2'1t]

+ nixz[t], yo[t], z2[t]] y2'[t]

+ pXalt], yalt], Z2[t]] z2'[t]) d't

OAnswer:
fcl m[x, y, zZldx+ n[x,y, zZ1dy + p[x, VY, zldz
_fcz m[x, y, zZ1dx+ n[x, vy, zZ1dy + p[x, Y, zZldz
= 9§c m[x, y, Zldx+ n[x,y, zldy + p[X, y, Zldz,
whereC is the closed curve made by joiniCy andC,.

Think of C as rigid wire, and hang a sheet over the wire being careful
that the sheet doesn't pass through any singularities RGadl part of
the sheet bounded IC. Remembering that
curlFieldx, y, z] = {0, 0, @ at all points orR, use Stokes's formula to
see that

0= ffR {0, 0, O . topunitnormat/ A

= [ [, curlField . topunitnormad A

= ¢ Field . unittand's

= 56C m(x, y, zZldx+ n[x,y, zZ1dy + p[X, Yy, zldz

= fcl mlx, y, zZldx+ n[x,y, zZldy + p[X, Y, zZldz

—fCZ m[x, ¥, Z1dX+ n[x, Yy, zZ1dy + p[X, Y, Zldz

This tells you that

fcl m[x, y, zZldx+ n[x,y, zZ1dy + p[x, Y, zldz

= sz mlx, y, zZldX+ n[x, Y, zZ1dy + p[X, Y, zZldz

T.3) Work

oT.3.a)
What is work?
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OAnswer:

What's work for some folks is fun for other folks. Trig identities come
to mind; they always seem to be work for the math student but fun for
the math teacher. The physicists have their own technical notion of
work.
Just as in two dimensions, the physicists envision a 3D vector field
Fieldx, y, z] = {m[x, y, 2], n[x, y, 2z, p[X, Y, zI}
to represent the force (push) on an object position{x, y, z}. In this
interpretation, the vector fieFieldx, y, z] is called a force field.
Next, the physicists say that if an object goes along a 3D Cirve
specified by
P[t] = {x[t], y[t], Z[t]} witha<t<b,
then the work done by a force fieField[x, y, z] on the object during
the duration of the object's trip is measured by the path integral
f(')ength Field . unittard's
= fc m[x, y, zZldx+ n[x,y, zZ1ldy + p[x, Yy, zldz
= [ (mixt], yit], ZIt] x[t]

+ nIX(t, yitl, Z[ty'[tl
+ pIxIt], yitl, Z[t]] Z’[t]) d't
This might not be your own notion of work, but notice that it is not you

who does this work.

The physicists have a pretty good reason for using this word for this
measurement. Think of it this way:

If at a point on the trip,

- Field. unittar> 0, then at this point the force fieField[X, y, Z] is

working this much to push the object and the object does no work at ¢
But if
- Field. unittan< 0, then at this point the force fieField[x, y, Z] is
against the object; the object is working this much, and the force field
Field[x, y, z] does not work at all.
With this in mind, you can think of

fcl)e”gth Field . unittand's
as a measurement of

the force fields work— the objects work.

f(')ength Field . unittard's > 0,
then the force fielFieldx, y, z] did most of the work during the
object's trip.
But if
f(')ength Field . unittard's > 0,
then the object did most of the work during the object's trip.
If you agree that the object's work represents negative work for the
force field, then you'll probably agree that
f(')ength Field . unittard's
= fc mlx, y, zZ1dx + n[x, y, zldy + p[X, Y, Zldz
= [ (mixt], yit], 2t x[t]
+ nIx[t], yltl, z[t]]y’[t]
+ PIX[t], yItl, z[t]] Z'[t]) d't
is a reasonable measurement of the work done by the force field durir

the duration of the trip.
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aT.3.b)
Is there a difference between net flow along the curve and work?

OAnswer:
Mathematically there is no difference, because they are both measurec
by the same integral.
The difference is the interpretation.
When you are talking aboflow — along- the— curve, then you
envision
Fieldx, y, z] = {m[x, y, 2], n[x, Y, 2], p[X, ¥, 2]}
as the velocity vector {x, y, z} of a fluid flow.
The fluid is flowing and the curve is just sitting there.
When you are talking about work, then you envision
Fieldx, y, z] = {m[x, y, 2], n[x, y, z], p[X, Y, Z]}
as the force on an object{x, y, z} moving on a curve.
This time the force field is just sitting there and the object is moving on
the curve.

oT.3.c)

Here's a force field:
Clear [Xx,Yy,z, m, n,p, Field 1
Field [x_, Y.,z 1=EY {1-xy,z -2};
{MIx_,y_,z_ 1,n[x,y.,z 1,pI[X,y_.z_ 1}=Field [xy,z ]
(EY 1-x),EYYy,E”Y (-2+2)}
Here's a space curve:
Clear [t, P ]
(X[t 1,y [t_1,Zz [t_1}={3Sin [2t],4Sin [t], Cos [t]%};
PIt_1={x[t],y [t],z [t]1};
{tlow, thigh } = {0,2 n};
Cplot = ParametricPlot3D [Evaluate [P[t1], {t, tlow, thigh }
ViewPoint - CMView, Boxed - False, Axes - Automatic,
AxesLabel - {"x", "y", "z" 1

An object starts at:
| Prtiow ]
{0,0,1 }
And makes one trip around the curve, ending the trip at:
] Prthigh 1
{0,0,1 }
Which way should you send the object around C to make the force
field do most of the work?
OAnswer:

Take a look at the curl:

Clear [curlField ]
curlField [X,y_.z_ 1={D[plx,y,z 1,y1-D[n[x,y,z 1,21,

DIm[x,y,z 1,z1-Dlplxy,z 1,x1,D[nixy,z 1,x1-DImx,y,z 1,y 1}
{(-EY (-2+2),0,E Y (1-x)}

Too bad!
If curlFieldx, y, z] had calculated out to KO, 0, @, the work
measurement would have beGzrit wouldn't have mattered which way
you sent the object.
To measure the work done by the force field in moving the object
alongC in the given parameterization Cf calculate the path integral
J Field . unittand's
= fc m(x, y, zZ1dx + n[x, Y, zZ1dy + p[x, Y, zldz
= [ (mix[t], ylt], ZIt]] X'[t]
+ n[x[tl, yltl, [t y’[t]
+ pIXIt], yItl, Z[t]] Z'[t]) dt

236



Nintegrate [m[x[t],y [t],z [t]1]1X'[t]+
NIX[t],y [t1,z [t11y [t]+pIx[t],y [t], z [t]]z'[t],
{t, tlow, thigh }, AccuracyGoal - 2]
-242.111

Very negative.

This means that to make the force field do the lion's share of the work

the object should move in the direction OPPOSITE to the
parameterization C.

To see which direction that is, just pOtand a few of its NEGATIVE
tangent vectors.

scalefactor =0.5;
Show[CpIot, Table [Arrow [(-P'[t]), Tail - P[t], VectorColor - Red,
. thigh - tlow
ScaleFactor - scalefactor 1, {t, tlow, thigh, ——8———}]

ViewPoint - CMView, Boxed - False, Axes - Automatic,
AxesLabel - {"x","y", "z" M

y 4
This is the way you should send the object arcCrid make the force
field do most of the work.

If you send the object the other way, then the force field will work
against the object's motion.

T.4) The gradient test in 3D

OT.4.a)

The gradient test for a 2D vector field
Fieldx, y] = {m[x, y], n[x, ]}
is run by checking whether
rotFieldx, y] = D[n[x, y], x] - D[m[x, y], y] = 0.

If Field[x, y] passes this test, then you know how to go about trying to

find a function fx, y] with

gradfx, y] = Fieldx, y].
What is the three-dimensional version of the gradient test for a 3D
vector field?

oAnswer:
No surprise here; you just check whether
curlFieldx, y, zZ1 = {0, 0, Q.
To see why, check on what the curl of any gradient field is:

Clear [f, gradf, Field, X, y, z, m, n, p, curlField 1
gradf [x_,y_,z_ 1=
Orf[x,y,z 1,x1,DIf[xy,z 1,y 1,DIf[x v,z 1,21}
Field [x_,y_,z_ ]=gradf [x,y,z 1;
{mx_,y_.,z_ 1,n[x,Yy_.,z_ 1,pIX,Yy_.,z_ 1}=~Feld [x,y,z 1;
curlField  [x_,y_,z_ 1={D[plx,y.z 1.y 1-DInlx,y,z 1,21,
DImix,y,z 1,z1-D[p[xy,z 1,x1,DInix,y,z 1,x 1 -DImix,y,z 1,y 1}

{0,0,0 }
And that's that.
OT.4.b)
Here's a 3D vector field which passes the gradient test:
Clear [Field, x, y, z, m, n, p, curlField 1

Field [x_,y .,z 1=
{-2+yz,xz -52zSin [5yz],4E*? +xy -5ySin [5yz]};
{Mx_,y_,z 1,nIX,y_,z_ 1.pIX,y_,z 1}=~Field [xy,z I;
curlField X, y_,z_ 1={D[pix,y,z 1,y1-DIn[x,y,z 1,21,
DIm[x,y,z 1,z 1-DIplx,y,z 1,x1,DI[n[xy,z 1,x]1-DImx,y,z 1,y 1}
{0,0,0 }
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How do you try to come up with a functiofxfy, z] with
Fieldx, y, z] = gradfx, y, z]?

OAnswer:

You just take the procedure that worked so well in two dimensions, anc

make appropriate adjustments:
The goal is to come up with a functif[x, y, z] with
gradflx, y, Z] = Field[x, y, Z].
To do this, fix any poin{a, b, ¢ you like, and parameterize a liCe(or

other curve) running fror{a, b, g to the variable poir{x, y, z}:

{0, 0, @ is usually a good choice for {a, b, @.
Clear [X,Y,Z,t ]
{a,b,c }={0,0,0 };

fixedpoint ={a, bc };

variablepoint ={X,Y,Z},

tlow =0;

thigh =1;

{X[t_1,y [t 1,z [t_ 1} = fixedpoint +t (variablepoint - fixedpoint )

X ty, tz
To get a functioff[x, y, Z] with

gradilx, y, zZ1 = {m[x, y, zl, n[x, y, 2|, p[x, Y, 2},
all you gotta do is set

fix,y, 21 = fc m[x, y, Zldx + n[x, y, zZ1dy + p[X, Yy, Z1dz,
whereC is the line (or other curve) running from the fixed point
{a, b, ¢ to the variable poir{x, y, z}:

Clear [f]

thigh
fIX, Y, 21 =J:|D (MIX[t1,y [t],2 (L1 X [t]+

NIx[tl,y [(t],z [t11y [t]1+pIx[t],y [t], z [t]]zZ'[t])
dt

“2+E*? 4+ X (-2+Y2Z) +Cos[5Y2Z]

Try it out:

Clear [gradf ]

gradf [x_,y_.z_ 1={DIf[xy.z 1,x1,D[f[xy.z 1,yl.,DIf[xy,z 1,21}

{(-2+yz,xz -52zSin [5yz],4E%? +xy -5ySin [5yz]}
Compare:

| Field [x,y,z ]

{(-2+yz,xz -52zSin [5yz],4E** +xy -5ySin [5yz]}

| gradf [x,y,z ]==Field [x,y,z ]
True

Great.
This tells you that

gradflx, y, z] = Field[x, y, 2],
just as you wanted.

See what happens when you go with a different fixed point:

Clear [X,VY,Ztf 1
{a,b,c }=(3,0,1 };

fixedpoint ={ab,c };

variablepoint ={X,Y,Z};

tlow =0;

thigh = 1;

{X[t_1,y [t_1,2z [t 1} = fixedpoint +t (variablepoint - fixedpoint ~);

thigh
f[X_,Y_,Z_]:f (MIX[t],y [t],Zz [t1]X'[t]+
tl

low

NIX[EL, Yy [t1, 2 [t1TY [t]+pIx[t],y [t],Zz [t]]2Z'[t])

dt

5_E*+E*2?+X(-2+Y2Z) +Cos[5YZ]
Try it out:

Clear [gradf ]

gradf [x_,y .,z 1={DIf[xy,z 1,x1,DIf[xy z 1.yl,DIf[x,y,z 1,21}

{(-2+yz,xz -52Sin [5yz], 4E** +xy -5ySin [5yz ]}
Compare:

| Field [x,y,z ]

{-2+yz,xz -5zSin [5yz],4E4Z+xy—5ySin [Byz]}

| ExpandAll [gradf [x,y,z ]-Field [x,y,z 1,Trig - True]
{0,0,0 }
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Yes!

gradflx, y, z] = Field[x, y, 2]
It feels great!
Each time you change the fixed pc{a, b, ¢, you make a different
functionf[x, y, z] whose gradient iField[x, y, Z].
Of course, this cannot be expected to work when you start with a 3D
vector field that does not pass the 3D gradient test.

VC.11 3D Flow Along
Giveita Try!

G.1) Fingering a 3D vector field

0G.1.a.i)
Here's a 3D vector field:
Clear [X,Y, z, m, n, p, Field 1
Field [x_y.z_ 1={(y-2)2, (z-x)2, (x-y)?}
{m[x_,y_.,z_ 1,n[xX,y.,z 1,pIX,y.,z 1}=Fed [xy,z ]
(y-2)2, (-x+2)% (x-y)%}

Stick the tail of the following unit vectors V at the indicated points
{a, b, ¢. Push your finger onto V so that V spikes though the center
of your finger and the tip of your finger isfa, b, g.

Use curlFieldia, b, d to help you report on whether the tip of your
finger reveals a counterclockwise net swirl, a net clockwise swirl, or
no swirl at all.

lllustrate your results with a plot.

0G.1l.a.i)

{a,b,c }={1,0,3 };
-3,2,1 )

Ve —
V32422 412

0G.1.a.ii)

(ab,c }={113, -267, -158};
2,811

0G.1.a.iii)

(a,bc } =213 1.38, 434 };
(-6,45,15 }

\62+4524+152 '
0G.l.a.iv)
For the vector field Fiel, y, z] as set above, there are many points
at which your finger will feel no net clockwise or counterclockwise
swirl no matter how you align your finger. Describe these points.
aTip:
They all lie on a certain line.
Your job is to say what this line is.

V=

V=

0G.1.b)
Here is another three dimensional vector field:
Clear [X,Y, z, m, n,p, Field 1

Field [x_,y_,z_ 1={13 (y-2),02 (z-x),004 (x2-y)};
{mx_,y_.,z_ 1,n[X,y_.,z_ 1,pIX,Yy_.,z_ 1}=Fied [xy, z ]
{13 (y-2),02 (-x+2),004 (x?>-y)}
Your job is to find the points at which this field rotates the very least.
OBig tip:
At a point{x, y, z}, the axis of the greatest counterclockwise swirl is
in the direction of the unit vector

ig= —_curAxyz
Vbig= curlFix,y,zl.curlAxy,z]

The strength of the counterclockwise swirl in this direction is
curlfx, y, z]. Vbig
_curlAx,y,z].curlAx,y,z|
- \/c_mm,y,zl.curlﬂx,y,zl

=+curlAXx, y, z].curlAx, y, 7]
So the points at which the field rotates the very least are the points at

VC.11.T4-G2

which
curlfx, y, z].curlHX, vy, 2]
is as small as it can be.

O0G.l.c)

Here is a new 3D vector field:

Clear [X,Y, z, m, n,p, Field 1

Field [x_,y .,z 1={zx%x (y-1)?3yz ?};

{mx_,y_.,z 1.,n[X,y.,z 1,pI[X,y.,z_ 1]}=Field [xy,z 1]

x2z,x (-1+y)2,3yz 2}

Take any three dimensional unit vector

V={a, b, § with a> 0 and b 0,
and put the tail of V at any unspecified pdixty, z} with

x=0and z 0.
Push your finger onto V so that V spikes though the center of your
finger, and so the tip of your finger is{at y, z;. How do you know
in advance that the tip of your finger will feel a net counterclockwise
swirl?

G.2) Flow-along measurements and estimates

0G.2.a)

Here are two 3D vector fields:

Clear [x,Y, z, ml, nl, p1, m2, n2, p2, Fieldl, Field2 1

Fieldl [x_y.z_ 1=EY {(x,v.z };

{ml[x_,y_,z_ 1,nl [Xx_,y_z 1,p1 [X_,Yy_,Zz_ 1}=Fieldl [x,y,Zz 1]
{E’yz x, E Yy EY z}

Field2 [x_,y ,z_ 1={yz xz,xy };

{m2[x_,y ,z_ 1,n2 [X_,Y_,Zz_ 1,p2 [X_,Y_,z_ 1}=~Field2 [x,vy,z 1]
{yz,xz,xy }
Here's a closed curve C in three dimensions:
Clear [t, P ]

{X[t_1,y[t_1,z [t 1}={4Cos[t],8Sin [t],2Sin [2t] +1};
PIt_]={x[t],y[t],z [t]1}
Cplot =
ParametricPlot3D
Boxed - False, Axes - Automatic, AxesLabel

[Evaluate [P[t]1], {t, 0,2 =}, ViewPoint - CMView,
- (%Y 1

-5
0
5

y
Measure the flow of Field, y, z] along C, and then measure the
flow of Field2x, vy, z] along C.
Describe the direction of the net flow of each vector field along C.

0G.2.b)

Take a 3D surface R with boundary curve C. If you are given a vector
field Fieldx, y, z] with the extra property that

curlFieldx, y, 7]
with its tail at{x, y, z} is tangent to the surface R at all poipxtsy, z}
on the surface R, then how does Stokes's formula tell you that the net
flow of Fieldx, y, ] along C is 0?

0G.2.c.i)

Here's a surface shown with a selection of normal vectors:

Clear [Xx,y,2z5,t 1
X[s_,t_ 1=2sCos[t];
yls_,t_ 1=2sSin [t];
z[s_,t_ ] =Cos[ns];
{{slow, shigh '}, {tlow, thigh 3} ={{0, 11}, {0,2 n}};
surface = ParametricPlot3D [Evaluate [{x[s,t 1,y [S,t 1,z [S,t 1},
{s, slow, shigh }, {t, tlow, thigh }, DisplayFunction - Identity 1;
Clear [normal ]
normal [s_,t_ 1=
N[D[{x[s,t 1,y [s;t ],z [s,t 1}, s I=xD[{x[s,t ],y [s,t 1,z [s,t ]}, t 1];

sjump =0.2;
tjum| u
jump = 7
scalefactor =0.2;

normals = Table [Arrow [normal [s,t 1,
Tail - {x[s,t ],y [s,t 1,z [s,t 1}, ScaleFactor - scalefactor 1,
{s, slow + sjump, shigh, sjump }, {t, tlow +tjump, thigh, jump 1
Show[surface, normals, ViewPoint - CMView, Boxed - False,
AxesLabel - {"x","y", "z" }, DisplayFunction - $DisplayFunction 1,
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You come across a 3D vector field Fieldy, z] and happen to realize
that

curlFieldx([s, 1, y[s, , Z[s, ] .norma[s, f > 0
no matter what s and t you go with. This means that as you look dow
from the top of each normal, you see Hir]d/, z] swirling around the
tail of each normal vector in the counterclockwise way. Give a
common-sense explanation of why this guarantees that the net flow o
Field[x, y, Z] along the boundary curve of this surface is in the
direction indicated by the following plot:

Clear [P]
P[t_1] = {x[shigh,t 1,y [shigh,t 1,z [shigh,t 1};
Cplot = ParametricPlot3D [
Evaluate [P[t]], {t tlow, thigh }, DisplayFunction - Identity 1;
scalefactor =1
tangents = Table [Arrow [scalefactor P [t 1,

Tail - P[t ], VectorColor - Red], {t, 0,2 m, —;‘—}]

Show[surface, Cplot, tangents, Boxed - False,
PlotRange - All, ViewPoint - CMView, AxesLabel - {"x","y", "z" },
DisplayFunction - $DisplayFunction 1;

Back up your common-sense explanation with an explanation based
on Stokes's formula.

0G.2.c.ii)
Here's a surface shown with a selection of normal vectors:
Clear [X,Y, z, s, t, normal 1
x[s_,t_ ]=2sCos[t];

y[s_,t_ ]1=2sSin [t];
zZ[s_,t_ 1=2-x[s, t ];

{{slow, shigh 1}, {tlow, thigh 3} ={{0,1}, {0,2 n}};
surface = ParametricPlot3D [Evaluate [{x[s,t 1,y [S,t 1,z [S,t ]}1,

{s, slow, shigh }, {t tlow, thigh },

PlotPoints - {2, Automatic  }, DisplayFunction - Identity 1
normal [s_,t 1=

N[D[{x[s,t 1,y [s;t I,z [s,t 1}, s IxD[{x[s,t I,y [s,t 1,z [s,t 1}, t ]];

sjump =0.3;
tjum| 7
jump = >
scalefactor =0.5;

normals = Table [Arrow [normal [s,t ],
Tail - {x[s,t ],y [s,t 1,z [s, t 1}, ScaleFactor - scalefactor 1.
{s, slow + 0.1, shigh, sjump }, {t, tlow +tjump, thigh, jump 11

Show[surface, normals, ViewPoint - CMView, Boxed - False,
AxesLabel - {"x","y", "z" }, DisplayFunction - $DisplayFunction 1,

Here's a 3D vector field:
Clear [Field, m, n, p, X, Y, z, curlField 1
(MIX_,y_,z_ 1,n[X,Y_.,z_ 1,pPIX.Y_.Z 1}={zx3+2x4+y,2
Field [x_,y .,z 1={mXxVy,z 1,n[XYy,z 1,p[XVY,z 1}

(z,2x +x3+y,x +2%}

IcurIFieId [X,Y_,z_ 1={DIpIX, ¥,z 1,y 1-DIn[x,y,z 1,21,
DIm[x,y,z 1,z 1-DIplxy,z 1,x1,DIn[xy,z 1,x]1-DImx,y,z 1,y 1}

{0,0,2 +3x?}
Now look at this:
| curlField [X[s,t 1,y [s,t ],z [s,t ]]1.normal [s,t ]

3 2

+X};
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(4.sCos [t]%2+4.5Sin [t]?) (2+3x[s, t 1?)
Remembering that 8 slow < s < 1 = shigh, use the information
immediately above to say which direction is the direction of the net
flow of the given vector field on the boundary curve of the surface.

G.3) Work

0G.3.a)

Here's a 3D force field:
Clear [Xx, Yy, z, m, n,p, Field ]
Field [x_,y .,z 1={z (x-1)2,x (y-1)2,3yz ?};
{mx_,y_,z_ 1,n[Xx,y.,z_ 1,pIX,Yy_.,z_ 1}=Field [xy,z 1]
((-1+x)%22,x (-1+y)%,3yz ?}
Here's a space curve:
Clear [t, P ]
{X[t_1,y[t_1,z [t 1}={5Sin [t],3Cos [t], 2Cos [t]z};

Pt_]={x[t],y[t],z [t]1}
Cplot = ParametricPlot3D [

Evaluate [P[t1]1, {t, 0,2 s}, DisplayFunction - Identity  1;
h=2;
coordinateaxes = {Graphics3D [Line [{{-h,0,0 }, {h,0,0 }}11,

Graphics3D [Line [{{0, -h,0}, {0,h,0 }}11,
Graphics3D [Line [{{0,0, -h}, {0,0,h 3}}11};

Show[Cplot, coordinateaxes, ViewPoint - CMView,
Boxed - False, Axes - Automatic, AxesLabel - "X,y },
DisplayFunction - $DisplayFunction 1;
-5

X2,

An object starts at
| Pro
{0,3,2 }

and makes one trip around the curve, ending the trip at:

I P[2 ]

{0,3,2 }
Which way should you send the object around C to make the force
field do most of the work? Or does it matter?

O0G.3.b)

Here's another 3D force field:
Clear [X,Y, z, m, n,p, Field 1
Field [x_,y .,z 1=Sin[(x-2)2+y?+(z-1)2] {x-2,y,z -1};
{mx_,y.,z 1.,n[X,y.,z 1,pIX,Yy.,z_ ]}=Field [xy,z 1]
((-2+%x) Sin [(-2+x)2+y?+ (-1+2)2],ySin [(-2+x)2+y2+ (-1+2)?],
(-1+2)Sin [(-2+x)%2+y2+ (-1+2)2])

Here's another space curve:

Clear [t, P ]
{X[t_1,y [t 1,z [t 1}={3Cos[t],5Sin [t],Sin [t]%};
PIt_]={x[tl,y[t],z [t]1}
Cplot = ParametricPlot3D [
Evaluate [P[t1]1, {t, 0,2 s}, DisplayFunction - Identity 1;
h=2;
coordinateaxes = {Graphics3D [Line [{{-h, 0,0 }, {h,0,0 }}11,
Graphics3D [Line [{{0, -h, 0}, {0, h,0 }}11,
Graphics3D [Line [{{0,0, -h}, {0,0,h 3}}11};

Show[Cplot, coordinateaxes, ViewPoint - CMView,
Boxed - False, Axes - Automatic, AxesLabel - "X,y },
DisplayFunction - $DisplayFunction 1;

An object starts at:
| Prog
{3,0,0 }
And makes one trip around the curve, ending the trip at:
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] Pl2m]

{3,0,0 }
Which way should you send the object around C to make the force
field do most of the work? Or does it matter?

0G.3.¢)
Here is a cleared 3D gradient force field:
Clear [X,Y, z, m, n, p, gradfF, f 1

gradf [x_,y ,z_ 1=

(Orfix,y,z 1,x1,DIf[xy,z 1,y 1,DIf[xy,z 1,21}

Field [x_,y_,z_ ] =gradf [X,y,z 1;

{mix_,y_.,z_ 1,n[x,y_.,z_ 1.pI[X.Yy_.z_ 1}=Field [x,y,z ]
(FA00 0y z ) f M0 Ty, z ) f 00 ik y, 2 )
Here is a space curve:
Clear [t, P ]
{X[t_1,y[t 1,z [t 1}={3Cos[t],5Sin [t],Sin [2t ]2};
PIt_]={x[t]l,y [t],Zz [t]1};
Cplot = ParametricPlot3D [

Evaluate [P[t]], {t, 0,2 =}, DisplayFunction
h=2;
coordinateaxes = {Graphics3D [Line [{{-h,0,0 }, {h,0,0 }}1],

Graphics3D [Line [{{0, -h,0}, {0, h,0 }}11,

Graphics3D [Line [{{0,0, -h}, {0,0,h }}11};

- ldentity 1

Show [ Cplot, coordinateaxes, ViewPoint - CMView,

S OXY

Boxed - False, Axes - Automatic, AxesLabel
DisplayFunction

- $DisplayFunction 1;

An object starts at:
| PO
{3,0,0 }

And makes one trip around the curve, ending the trip at:
] P27

{3,0,0 }
Does it matter which way you send the object around C to make the
force field do most of the work? Why?

G.4) The gradient test in 3D

Here are two 3D vector fields. One of these vector fields passes the
gradient test and the other does not.

Clear [X,y, z, mi, nl, p1, m2, n2, p2, Fieldl, Field2 1

Fieldl [x_,y .,z 1={y+z x -2z+3,x -2y -4z +3};

{mifx_,y_,z_ 1,nl [x,y_,z 1,pl X, y_z 1}=Fieldl [xy,z ]
{y+2,3 +x-22,3 +x-2y -4z}

Field2 [x_,y ,z 1={y+2z,x -2z2+3,x -2y +32z +3};

{Mm2[x_,y_,z_ 1,n2[x,y.,z 1,p2[x,y_.z_ 1}=Field [xyz ]
{y+22,3 +x-22,3 +x-2y +32z}
0G.4.a.i)

Which of these two vector fields passes the three-dimensional gradiel
test?

0G.4.a.ii)

Come up with function[k, y, z] whose gradient field is the same as
the 3D vector field in part i) that passed the gradient test.

0G.4.b) Voltage.
Here is the 3D electric field resulting from a single point charge of
strength g placed at the pofat, b, ¢

Clear [Field, m, n,p, X,y,2,q,a b, c 1
point ={a b,c };
g ({X,y,z }-point )

((x-a)2+ (y-b)2+(z-c)?)

Field [x_,y_,z_ 1=

32"

{mx_,y_.,z_ 1.,n[x,y.,z 1.pI[X,y.,z 1}=Field [xy,z ]

{ q(-a+x) q(-b+y)

((Ca+x)2+ (-b+y)2+ (-c+2)2)°%" ((Ccarx)2+ (-b+y)2+ (-c+2)2)%?]
q(*C+Z) }

((ca+x)2+ (-b+y)2+ (-c+2)2)°"
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Confirm that Field, y, Z] passes the gradient test, and try to come up
a function fx, y, z] with
gradfx, y, z] = Field[x, y, Z].
Some folks call f[X, Y, Z] a potential function for Field[x, Y, Z].
The function fx, y, z] produces a measurement that is proportional to
the voltage atx, y, z resulting from placing a point charge of
strength q at the poir&, b, ¢ in the case thdh, b, ¢ # {0, 0, Q.

oTip:

Make your fixed point ={0, 0, G.

G.5) Path independence and path dependence

0G.5.a)

The curve ¢ is parameterized to run on a straight line starting at
{0, 0, @ and ending aftl, 2, 3} as the parametéruns from 0 to 1:

| Clear [x1,y1,z1,t 1]

{x1[t_],yl [t ]1,z1 [t ]} =(0,0,0 }+t {1,2,1 }

24t )

] statCl = {x1[0],yl [0],z1 [O]}

{0,0,0 }

] endC1 = {x1[1],y1 [1], 21 [1]}

{1,2,1 }
The curve G is also parameterized to run on a parabolic arc starting
at{0, 0, @ and ending af1, 2, 1} as the parameter t runs from 0 to 1:

Clear [x2,y2,22,t 1
{X2[t1,y2 [t_1,22 [t_1}={6t%2-5t2t 2,t 2}
(-5t +6t2,2t 2t 2y
] statC2 = {x2[0],y2 [0], 22 [0]}
{0,0,0 }
] endC2 = {x2[1],y2 [1], 22 [1]}
(1,2,1 3

The curve G is also parameterized to run on another curve starting at
{0, 0, @ and ending &ftl, 2, 3} as the paramet¢runs from 0 to 1:

Clear [x3,y3,23,t 1
2
{X3[t_1,¥3 [t_1,23 [t_1} = {t 2Sin [%] 12}

. it 42
{t 2sin [T} ot 2}
] statC3 = {x3[0],y3 [0], 23 [0]}
{0,0,0 }
] endC3 = {x3[1],y3 [1], 23 [1]}
(1,2,1 )

Here is how they look:

Clear [P1, P2, P3 ]
PI[t ] ={x1[t],yl [t],z1 [t]};
Clplot = ParametricPlot3D [
Evaluate [P1[t]1], {t, 0,1 1}, DisplayFunction
P2[t 1= {x2[t],y2 [t], 22 [t]};
C2plot = ParametricPlot3D [
Evaluate [P2[t]1], {t, 0,1 1}, DisplayFunction
P3[t_1={x3[t],y3 [t],Z3 [t]};
C3plot = ParametricPlot3D [
Evaluate [P3[t]1], {t, 0,1 1}, DisplayFunction - Identity  1;
points = {Graphics3D [{Red, PointSize  [0.02 ], Point [P1[0]]}1,
Graphics3D [{Red, PointSize = [0.02 ], Point [P1[1]]}1};

- |dentity 1;

- |dentity 1;

Show[C1plot, C2plot, C3plot, points, ViewPoint
AxesLabel - {"x","y", "z" }, DisplayFunction

- CMView, Boxed - False,
- $DisplayFunction 1;

y 2
All three run from{0, 0, Q to {1, 2, 1.
Here are calculations of the three path integrals
fCl (6Xx—4y+ 32)dx— (4x+ 42)dy+ (3x- 4y)dz
sz (6x—4y+ 32)dx— (4x+ 4z2)dy+ (3x— 4y)dz
f03 (6x— 4y + 32)dx— (4x+ 42)dy+ 3x— 4y)dz
in order:
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Clear [m, n, p, X, Y, Z 1

mx_,y_.,z_ 1=6x-4y+3z

nNix_,y_,z_ 1=-(4x+42z);

PIX_, ¥, z_ 1=3x-4y;

Chop [Nintegrate  [m[x1[t],yl [t],z1 [t]]1x1'[t] +
nExLt], yl [t1,z1 [(t]17yl [t]+pix1[t], yl [t],z1 [t]]z1"[t],
{t0,1 111

-10.

Chop [Nintegrate  [m[x2[t]1,y2 [t],2z2 [t]1]1Xx2"[t] +
NIX2[t],y2 [t],22 [t]]y2"[t]+p[x2[t],y2 [t],22 [t]]zZ2"[t],
{t.0,1 }11

-10.

Chop [Nintegrate  [m[x3[t],y3 [t],2z3 [t]1]1Xx3'[t] +
NEx3[t],y3 [t],2z3 [t]]y3 [t]+p[x3[t],y3 [t],2z3 [t]]z3"[t],
{t.0,1 }11

-10.
Keep the same curves, but tweak the integrals slightly by putting in a
little minus sign on the middle term.
Here are the resulting calculations:
fcl (6x— 4y+ 32)dx+ (4x+ 42)dy + B3x— 4y)dz
sz (6X— 4y + 32)dx+ (4x+ 42)dy + (3x— 4y)dz
fCa (6X—4y+ 32)dX+ (AXx+ 42)dy+ (3x-4y)dz
in order:
Clear [mm, nn, pp, X, ¥,z ]
mnx_,y_,z_ ]1=6x-4y+3z
nnix_,y_,z 1=+(4x+42z);

PPIX_ Y_.Z_ 1=3x-4y;
Nintegrate  [mnix1[t],yl [t],2z1 [t]1]x1'[t] +
nnx1[t], yl [t],z1 [t]]yl"[t]+pp[x1[t],yl [t],z1 [t]]z1"[t],
{t,0,1 1}]
6.
Nintegrate [mnix2 [t],y2 [t],22 [t]1]1Xx2"[t] +
nN[X2[t],y2 [t],z2 [t]]y2 [t]+pp[x2[t], y2 [t], 22 [t]]z2"[t],
{t,0,1 1}]
-7.33333
Nintegrate [mnix3[t],y3 [t]1,2z3 [t]1]1x3'[t] +
nn[x3[t],y3 [t],23 [t]]y3"[t]+pp[x3[t],y3 [t], 23 [t]]z3"[t],
{t,0,1 1}]
2.75772

Explain how you could have predicted in advance that the first group
of three integrals would have calculated out to the same value.
Explain why it would have been quite a surprise if the second group o
three path integrals had all calculated out to be equal.

0G.5.b)

C, is a line segment parameterized to staflat 3, 5 and to end at
{-8,7,4.
C is any other curve parameterized to stafl at 3, 5 and to end at
{-8,7,4.
Explain how you know that

fC(—18x2+ 24y + 2x2)dx + (24x — 42)dy+ (xX° - 4y)dz

= fcl (-18x%2 + 24y + 2x2)dx + (24x — 42)dy+ (X? - 4y)dz.
Then use this fact to help calculate

fc(—18x2+ 24y + 2x2)dx + (24x — 4z)dy+ (X° - 4y)dz
for ANY curve C parameterized to start{at—3, 5 and end at
{(-8,7,4.

0G.5.c.i)

You are given a 3D vector field

Fiequ! y: Z] = {m[X, y! Z]! n[X1 y: Z], p[xl y! Z]}
and a closed curve C ( like a deformed circle). You are also given the
additional information that:
- Fieldx, y, z] has only a couple of singularities and none of them lie
on C, and
- curlFieldx, y, z] = {0, 0, @ at all pointgx, y, z} that are not
singularities.
Parameterize C, and call the direction of your parameterization
counterclockwise. Use Stokes's formula to explain why you are
guaranteed that the path integral

5ﬁc mx, y, zZldx+ n[x, y, zZldy + p[X, y, zZldz=0.

VC.11.G5-G6

aTip:
Think of a surfaciR whose boundary curve Gwith the extra
property that none of the singularities is on the suiRice

0G.5.c.ii)

Agree or disagree with each of the following statements:
- In 2D, if you go with a vector field
Fieldx, y] = {m[x, y], n[x, yI}
with the property that rotField, y] = 0 at all{x, y}'s that are not
singularities, then it is possible that

$omix, yldx+ nix, yldy # 0

for a closed curve C that does not pass through any of the singularities

- In 3D, if you go with a vector field
Fieldx, y, z] = {m[x, y, z], n[x, Y, z], p[X, Y, Z]}

with the property that curlField, y, z] = {0, 0, § at all{x, y, z} that

are not singularities, then it is possible that
9€c m[x, y, zZldx+ n[x,y, zldy + p[X, Y, zZldz+ 0

for a closed curve C that does not pass through any of the singularities

G.6) Parallel flow and irrotational flow

0G.6.a.i)
Here is a 3D vector field consisting of equal parallel vectors:
Clear [Fieldl, m1, n1, pl, x,y, z 1

Fieldl [x_,y ,z_ 1={-1,1,0 };
{mi[x_,y.,z_ 1.,nl [x,y_.z_ 1,plI[x_,y_,z_ 1}=~Feldl [xy z 1;
Field1plot =

Table [Arrow [Fieldl [x,y,z 1, Tal - {x,y,z }, VectorColor - Blue 1,

X =-2,2,2 }, {y, -2,2,2 }, {z, -1,1,1 }1;

Show[Field1plot, ViewPoint - CMView, Axes - Automatic,
AxesLabel - {"x","y", "z" }, PlotRange - All 1;

2

y
A calming, steady flow.
Here's another 3D vector field flowing in the same direction.
Clear [Field2, m2, n2, p2 1
Field2 [x_y_.z_ 1=03 (Vx2+yZ +1){-1,1,0 };

{m2[x_,y .,z 1,n2 [x,y.,z_ 1,p2[x,y_,z_1}=Feld2 [xy,z 1;
Field2plot =

Table [Arrow [Field2 [x,y,z 1, Tall - {x,y,2z }, VectorColor - Blue ],

{X, =2,2,2 }, {¥, -2,2,2 }, {z, -1,1,1 }1;

Show[Field2plot, ViewPoint - CMView, Axes - Automatic,
AxesLabel - {"x","y", "z" }, PlotRange - All 1;

y
Looks rather calm.
The fartherx, y, 0} is from{0, 0, @, the faster the flow of
Field2x, y, z] at{x, y, z}.
Both fields represent parallel flows.
Field1[x, y, z] represents flow at a steady speed, but the flow
represented by Fielf? vy, z] is of variable speed.
The question here is, "Are both flows irrotational ?"

oTip:

A flow described by a vector fieField[x, y, Z] is irrotational if
curlFieldx, y, z] = {0, 0, 0.
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0G.6.a.ii)

Continue with the same vector fields Figlklly, z] and

Field2x, y, 7] as in part i).

Is it possible to make a paddle wheel rotate by sticking the paddle
wheel into the flow described Fielpd y, Z]? If so, then how would
you align the paddle wheel to get the most action?

Is it possible to make a paddle wheel rotate by sticking the paddle
wheel into the flow described FielpQ y, Z]? If so, then how would
you align the paddle wheel to get the most action?

0G.6.a.iii)

Continue with the same vector fields Fidiklly, z] and
Field2x, y, 7] as in part i).

Does either field have any sources or sinks?

Why is it sort of natural that Fiel@?, y, z] should have lots of
sources and lots of sinks?

0G.6.b.i)

Here is a general 3D vector field flowing in the directioflofl, O
with speed of the flow gk, y, z} determined by the x and y entries in
Xy, z:

Clear [Field, m, n, p, X, y,2, s 1

Field [x_.,y ,z_ ]1=s[xy] {110 };

{mx_,y_.,z_ 1,n[xX,y.,z 1,pI[X,y.,z 1}=Field [xy,z ]

(sixy1.sxy],0}

How must Ds[x, y], X] and O9x, y], y] be related to ensure that the
flow represented by this vector field is irrotational?

0G.6.b.ii)

Here again is a general 3D vector field flowing in the direction of
{1, 1, 0 with speed of the flow dk, y, z} determined by the x and y
entries infx, y, z}:
Clear [Field, m, n, p, X, Y, 2, s 1
Field [x.,y_,z_ 1=s[xy] {110 }
{mx_,y_.,z_ 1,n[xX,y.,z 1,pIX,y.,z 1}=Fed [xy,z ]
{sI%y 1,8 %y 1,0}

How must Os[x, y], x] and O9[x, y], y] be related to ensure that the
flow represented by this vector field has no sources or sinks?

O0G.6.b.iii)
Continue with the same set-up as in parts b.i) and b.ii).
Clear [Field, m, n,p, X, y,2, s ]

Field [x_.,y ,z_ 1=s[xy] {110 };
{mx_,y_.,z_ 1,n[x,y.,z 1,pIX,Yy.,z 1}=Fied [xy, z ]
{s[xyl,s[xy],0}
Look at:
Clear [curlField ]
curlField [x.,Yy_.,z_ 1={D[plXx,y,z 1,y1-D[n[x,y,z 1,21,
DIMx, ¥,z 1,21-DIplx, ¥,z 1,x1,Dn[xy,z 1,x1-DImx,y,z 1,y 1}
0,0, sV xy]+s®0)xy ]}
And look at:
Clear [divField 1]
divField [x_,y_.,z_ 1=
DIm[x,y,z 1,x]1+D[n[x,y,z 1,y 1+DIp[x,y,z 1,2 1]
SO [xy ) +s®0) (xy )
Use what you see to say why it is impossible to build a non-constant
function X, y] so that the parallel flow represented by
Fieldx, y, z] = 9[x, y]{1, 1, @
is both irrotational and is without sources or sinks.
aTip:

g[X, y] is constant if

DIsix, y], x] =s9[x, y] =0
and

DIslx, y1, y1 = $%P[x, y] = 0
no matter whax andy are.

G.7) Clockwise or counterclockwise?

0G.7.a)
Here's a surface R:

VC.11.G6-G7

Clear [Xx,Y,2z5,t 1

X[s_,t_ 1=2sSin [t];

yI[s_,t_  1=4sCos[t];

z[s_,t_ 1=y[s, t I1x[st 1;

{{slow, shigh '}, {tlow, thigh }} = {{0,11}, {0,2 m}};

surface = ParametricPlot3D [
Evaluate [{X[s,t ],y [S,t 1,Z [s,t 1}], {s,slow, shigh 3,
{t, tlow, thigh }, PlotPoints - {Automatic, 24 }, Boxed - False,
PlotRange - All, ViewPoint - CMView, AxesLabel - {"x", "y", "z" 1

A parameterization of the boundary curve C is:

Clear [P]

P[t_1 = {x[shigh, t 1,y [shigh,t 1,z [shigh,t 1}

{2Sin [t],4Cos [t],8Cos [t]Sin [t]}

Here are the surface R, its boundary curve C, and a few tangent
vectors reflecting the direction of this parameterization of C:

Cplot = ParametricPlot3D [Evaluate [P[t1],

{t, tlow, thigh }, PlotPoints - 24, DisplayFunction - |dentity 1;
scalefactor =0.5;
tangents = Table [Arrow [P [t], Tall -P[t],

VectorColor - Red, ScaleFactor - scalefactor ], {t, 0,2 %}]

Show[surface, Cplot, tangents, Boxed - False, PlotRange - All,
ViewPoint - CMView, AxesLabel - {"x","y", "z" 11

If you want to call this parameterization counterclockwise in
accordance with the agreement made with regard to Stokes's formula,
then which side of the surface must you designate as the top side?

0G.7.b)
Here is a surface together with some of its normal vectors:
Clear [X,Y, z, s, t, normal 1
X[S_,t_ 1=5sSin [t];
y[s_,t_ ]1=4sCos[t];

z[s_, t_ ] =3ESSnII
{{slow, shigh '}, {tlow, thigh }} = {{0,11}, {0,2 m}};
surface = ParametricPlot3D [Evaluate [{x[s,t 1,y [S,t 1,z [S,t 1}1,

{s, slow, shigh }, {t, tlow, thigh }, DisplayFunction - ldentity 1;
normal [s_,t ] = TrigExpand [

DI{x[s,t I,y [s,t ],z [s,t 1}, s I«xD[{x[s,t ],y [s,t ],z [s,t ]}, t]];
scalefactor =0.2;
normals = Table [Arrow [normal [s,t ],

Tail - {x[s,t ],y [s,t 1,z [Ss,t 1}, ScaleFactor - scalefactor 1,

{s, slow +0.2, shigh -0.2,03 1}, {t, tlow, thigh, %}]

setup = Show([surface, normals, ViewPoint - CMView, Boxed - False,
AxesLabel - {"x","y", "z" }, DisplayFunction - $DisplayFunction 1;

2
y 4
Here is a parameterization of the boundary curve of this surface:

Clear [P]
P[t_ 1 = {x[shigh,t 1,y [shigh,t 1,z [shigh,t 1}

(5Sin [t],4Cos [t],3ESNI[t]}
If you decree that the normals plotted above are top normals, then are
you forced to say that the parameterizatigi} &ove is
counterclockwise, or are you forced to say that it is clockwise?
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G.8) The symbolsa(nabla) and v (del)

0G.8.a)V xField[x, y, Z] = curlField[x, y, Z].

Most reasonable folks agree that calculating the curl of a 3D vector
field by hand is a loathsome chore, but calculating it by machine is no
much trouble:
Clear [Field, m, n, p, X, y, z, curlField 1
Field [x,y.,z_ l={mxyz 1,nixy,z Lplxy.z 1}
curlField [Xx,Y .,z 1={D[pIXx Y,z 1,y1-DIn[x,y,z 1,21,
DImMx, ¥,z 1,21-D[pIx ¥,z 1,x1,DInixy,z 1,x1-Dimx,y,z 1,y 1}
(-nO®% 0wy, z 1ep@0 ik y z 1m0 Iy, z ] -ptO0 iy, z g,
—mOL0 ) x,y,z 1 +n00 ) xy 7 73
Nevertheless if your back is pressed to the wall, you can do this
calculation by hand. Here's how to remember how to do it:
Letting Dx mean differentiation with repect to x,
letting Dy mean differentiation with repect to y, and
letting Dz mean differentiation with repect to z, form the matrix:
Clear [Dx, Dy, Dz ]
MatrixForm  [{{{1,0,0 }, {0,1,0 }, {0,0,1 }}, {Dx, Dy, Dz },
{Mx, ¥,z 1,n[xy2z 1,p[%Y,2 1}}]

{1,0,0 } {0,1,0 } {0,0,1 }
Dx Dy Dz
\m[x, Y,z ] nixy,z 1 pixy,z ]

For

Fieldx, y, z] = {m[x, v, 2], n[x, y, Z], p[X, ¥, 2]},
you can calculate curlFigld, y, z] by hand by taking the determinant
of this matrix by expanding across the top row.
This means that curlFigld, y, 7] is given by

{11 01 q (Dy (p[Xv y1 Z]) - Dz (n[X! yr Z])) -

{0, 1, G (DX (p[x, y, ) — Dz(m[x, y, Z)) +
{07 01 1} (DX (n[X1 yv Z]) - Dy (m[x! yy Z]))

Check:

Clear [handcurlField 1
handcurlField X,y .,z_ 1]
{1,0,0 } (DIp[X% Y,z 1,y 1-DInixy,z 1,21]) -

{0,1,0 } (DIp[X%y,z 1,x1-DImx,y,z 1,21) +
{0,0,1 } (DIn[x y,z 1,x1-DIMx,y,z 1,y 1);
handcurlField [X,y,z ] == curlField x,v,z 1
True
Yes ma'am.

Another way to do the hand calculation is to put
V = {Dx, Dy, Dz:
(Most folks call the upside down triang¥eby the name of "del.")
] del = {Dx, Dy, Dz };
And calculating curlFielik, y, z] by taking the cross product
V xFieldx, vy, zI:
| del xField [x,y,z 1]

{-Dzn(x,y,z ]+Dyp[X,y,z ],Dzm[x,y,z ]-Dxp[x,y,z2 ],
-Dymix,y,z ]+Dxn[x,y,z ]}

Still interpreting Dx, Dy, and Dz as above, this agrees with:
| curlField [x,y,z 1
(-n©@01 ) (xy z J4p xy.z 1,m@ xyz 1-p
7m{0,1.0 ) [X, Yy, z ]+ n(l.0,0 ) [, y, z 1}
Give a hand calculation of
curlFieldx, y, z] = V xField[x, vy, Z]

(0,10 ) [ (1,00

‘vz 0,

for
Fieldx,y, zZl ={x-y,y—- 2z,z- 3x}.
Use the machine to check yourself.

0G.8.a.ii) V .Field[x, y, Z] = divField[x, vy, Z]

Look at:
Clear [Field, m, n, p, X, y, z 1
Field [x_,,y_,z_ 1={mXxyz I,n[Xxy,z 1,pI[XYy,.z 1}

Mx,y,z 1,n[%Y,2 1,p[%Y2 1}

] del = {Dx, Dy, Dz }

{Dx, Dy, Dz }
Here isV . Fieldx, vy, z]:

| del.Field [x,y,z ]

Dxm[x, Y,z ] +Dyn[x, Y,z ] +sz[><, Y,z ]
Why do a lot of folks say

divFieldx, y, z] = V . Fieldx, y, z]?

VC.11.G8

O0G.8.a.iii)
8%[x.y.Z] *f[x.y.Z] 82f[x,y,2Z
Af[x,y, 2=V .Vf[x,y, 7] = 2524 o Ly
Now you know the neat formulas
divFieldx, y, z] = V . Fieldx, y, Z]
and
curlFieldx, y, z] = V xField[x, vy, 2]
for hand calculation of the divergence and the curl.
Here's another formula you sometimes see:
For a function [x, y, z], put
Af [X, Y, Z] — ﬂzf(giéy,z] + ﬁzg;éy.z] + ozf{[;;zy,z] )
(Most folks call the triangle by the name of "nabla" and they call
Af[x, Yy, 7] the "Laplacian" of f, vy, zZ].)
What do these same folks mean when they write
Af[x, y, 21 = V. VI[x,y, Z]?
And what do these same folks mean when they write
gradfx, y, z] = Vf[x, y, Z]?

oTip:
Look at:

Clear [x,VY, z, f, Dx, Dy, Dz 1
del = {Dx, Dy, Dz }
del. (delf [x,y,z 1)
(Dx, Dy, Dz }
DX?f[x,y,z ]+Dy?f(x,y,z ]1+DZ?f[xy, 2z |
| delf [x,y,z 1
{Dxf[x,y,z ],Dyf [x,y,z ],Dzf [x,y,2 ]}

0G.8.b.i)

When you start with a given 3D vector field Figddy, z|, then
curlFieldx, y, z] = V xField[x, vy, 2]
is a new 3D vector field. Try it out:
Clear [Field, m, n, p, X, Y, Z 1
MDY, zo 1,nIXLy_,z_ 1,pIXLy.z_ 1}=
(x?+2y?2,2y?2-2%23z22-x%;
Field [x_,y_,z_ 1={mXxy,z 1,n[xy,z 1,pIXY. z 1}
(x2+2y2,2y 222 -x?.:32%)

Here comes the new 3D vector field:

Clear [curlField, newm, newn, newp 1
curlField X,y .,z_ 1=

{Dlplx,y,z 1,y 1-DInix,y,z 1,21, DImx,y,z 1,z2]1-Dlplx v,z 1,x1,
1

DIn(x,y, z X1-DImx,y,z 1,y 1}
{newm[x_,y_,z_ 1,newn [X_, Y ,z_ 1,newp [X_Yy_,z_ 1}=
curlField X, ¥,z 1

{2z,2x, -4y}
Does this new vector field have any sources or sinks?

0G.8.h.ii)
Try it again with a new vector field:
Clear [Field, m, n, p, X, Y, z 1
MDY, 2o 1,nIx,y,zo 1,pIx,y.z 1}=

{Sin [x] Cos[3y], Cos [y] Sin [3z], Sin [y_] Cos[3z1};
Field [x_,y_,z_ 1={mXxy,z 1,n[x,y,2 1,pIXYy z 1}
{Cos[3y] Sin [x], Cos [y] Sin [3z], Cos [3z] Sin [y]}

Here comes the new 3D vector field:

Clear [curlField, newm, newn, newp 1
curlField [X,y_.,z_ 1=
{Dlpx,y,z 1,y 1-DInixy,z 1,21, DImx,y,z 1,z21-Dlplx,y,z 1,x1,
Dinix,y,z 1,x1-DImx,y,z 1,y 1}
{newm[x_,y_,z_ 1,newn [X_ Yy ,z_ 1,newp [x_,y_,z_ 1}=
curlField [x,y,z 1
{-2Cos[y] Cos[3z],0,3Sin [x]Sin [3y]}

Does this new vector field have any sources or sinks?

0G.8.b.jii)
Try it again starting with a cleared vector field:
Clear [Field, m, n, p, X, y, z 1
Field [x_,y_,z_ 1={mXxy,z 1,n[x,y,2 1,pIXYy z 1}

mx,y,z 1,n[xy.z 1,pxy.z ]}
Here comes the new 3D vector field:

Clear [curlField, newm, newn, newp 1
curlField X,y _.,z_ 1=
{Diplx,y,z 1,y 1-DIn[xy,z 1,21, DImx,y,z 1,z]-Dplx, v,z 1,x1,
Dinix,y,z 1,x1-DImx,y,z 1.y 1}
{newm[x_,y_,z_ 1,newn [X_ Yy ,z_ 1,newp [x_,y_,z_ 1}=
curlField [X,y,z 1
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(1,00

(-n©01 )y y, 7z Jep@0 ) xy,z |, mO% ) xy,z | -p Sxy.z ol

—mOL0 ) xy,z 1+n®00 ) xy 7z 73
Does this new vector field have any sources or sinks other than
possibly at singularities?
0G.8.b.iv)
Lots of folks like to write
diveurlFieldx, y, z] = V .(V xField[x, y, z]) = 0
for all {x, y, Z's other than singularities.
Why do they like to do this?
aTip:
If you think of V as a vector, then you can take a lot of poetic license
and say thaV . (V xField[x, y, Z]) = 0 because you can sVyis

perpendicular tV xField[x, y, z].

0G.8.b.v)

Does anything worth writing up happen when you start with a 3D
vector field Fieldx, y, z] and calculate the curl of curlFi¢id y, 2]
which is given by

curlcurlFieldl, y, zZ] = V x(V xField[x, y, z])?

G.9) Windpower

0G.9.a)

An electrical generator is driven by the wind. When you put the unit
into the field, and the wind swirls in the clockwise way along the front
of the unit, the generator charges a battery. If the wind swirls in the
clockwise way, the generator discharges the battery.
You are looking at a wind flow given by the vector field:

Clear [Field, X, y, z, m, n, p 1

Field [x_,y .,z 1={2x?-3y% 4y -62,z -2y};

{mx_,y,z_ 1,n[X,Yy.,z_ 1,pIx,Yy.,z_ 1}=Field [x v,z ]

(2x2-3y?, 4y -6z, -2y +2}

If you stick the generator into this flow at the pdiht 1, 2, then how
should you align the unit (front to back) to make the generator charge
the battery as much as possible?

G.10) How 2DrotField[x, y] is related to 3DcurlField[x, y, Z]

0G.10.a)

Look at this cleared 2D vector field:
I Clear [m, n, x, y, Field, rotField ]
Field [x_,y_ 1={mXxy1,nIxy1l}
Mx,y 1,n[xy 1}
Here is rotFielk, y]:
| rotField [x_,y_ 1=D[n[x,y 1,x]1-D[MXy1,Y]
7m\’0,1‘/ [Xv y ] + n(l,O\ [X, y ]
Now make this 2D vector field into a 3D field as follows:

Clear [Field3D, z ]
Field3D = Append [Field [x,y 1,0 ]

mix,y 1.,n[xy 1,0}
Calculate curlField3Ix, y, z], and say how it is related to
rotFieldx, y].

VC.11.G8-G10
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