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VC.08 Transforming 3D Integrals
Basics

B.1) 3D integrals

OB.1.a)
Here's a plot of the solid R whose top skin is the surface

2

z=4-x2- %
and whose bottom skin lies on the plane

2
topskin = Plot3D [4-x2-yT, {x, -1.8,1.8 1}, {y, -35,35 1},

PlotRange - {0.9, 5 }, ClipFill - Identity  ];
base =

Graphics3D [Polygon [{{-2, -4,11}, {2, -4,11}, {2,4,1 }, {-2,4,1 }}11;

- None, DisplayFunction

- False,
= "y }
- $DisplayFunction 1;

solid = Show[topskin, base, Boxed
BoxRatios - Automatic, AxesLabel
ViewPoint - CMView, DisplayFunction

y 4
You could use a 2D integral to measure the volume of this solid. But
just to get experience, use a 3D integral to measure the volume of thi
solid.

OAnswer:
Just as

ffR dxdy
measures the area of a regRIin two dimensions,

[[[dxdydz
measures the volume of a scRdn three dimensions.
You are free to choose any order you like for the variables so that

[[[qdxdydz= [[[.dzdydx= [[[ dzdxdy.

In the current situation, the top is
— 2_ ¥

z=4-x"- %
and the bottom is

z=1
With z so conveniently displayed, it's natural to integrate with respect
to z first.
To set the limits for the first integral, fxcandy and enter the lowest

and the highest values 2ffor this fixedx andy:
zhighix,y]
leow[x,y]
Clear [zhigh, zlow, X, Yy, z 1

dz.

2

(zlow [x_,y_ 1, zhigh [x_ y_ 1}={1,4 -x?- y—4-};
zhigh [xy 1

firstintegral = J dz

Zl

low [xy ]

3-x%- yT
For the second integral, you've got your choice of whether to integrate
with respect tey or x next. Go withx.

The main problem is deciding what limits to insertxhighy] and
xlow[y] in the second integral
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xhighly] rzhighix,y]
J;(Iow[yj Zlow(x,y] dzdx.

The key to deciding how to sxhigh[y] andxlowl[y] is to ask:
For a fixedy, what are the lowest and the highest vaxiean have no
matter whaz is?
The simplest way of answering this is to plot the shadow of this solid
onxy-paper:

| shadowegn = Eliminate  [{z == zhigh [X,y 1,2 ==zlow [X,y 1},Z ]

4x? =212 -y?
| shadowcurves = Solve [shadoweqgn, x ]

(-5 V272 ) (o HE )

Clear [xlow, xhigh 1]

V12 -y2
xlow [y_1] = ___2__;

V12 -y2
high 1y_] = ————;

shadowplot = Plot [(xlow [y1, xhigh [y1}, {y, -2+43,2 \/5}
PlotStyle - {Blue, Red }, AxesLabel - {"y","x" }];

1.

. high hi 5 .
The second integr [’ Toﬁy[]y ! ZTOV'E[;{;J”] dzdxis:

xhigh [y]
secondintegral = J firstintegral dx
xlow [y]

1 2,3/2
6 (12 -y<)

For the third integral, you have no choice but to integrate with respect
toy. The main problem is deciding what limits to insertyhigh and

ylow in the third integral
yhighthigh[y] zhigt[x,y]dzdxdy

ylow JIxlow[y] Jzlow[x,y]
Note that ylow and yhlghare numbers, not functions.

The key to deciding how to sylow andyhigh is to ask:

What are the lowest and the highest vayiean have no matter what
andx are?

The simplest way of getting a hold ylow andyhigh is to look at the

shadow plot again:

] Show[shadowplot 1;
X

1.5
1
0.5

5
-1
1.5

In this problemylow andyhigh happen wherxlow[y] andxhigh[y]

meet:
] ends =Solve [xhigh [y] == xlow [y]]
{fy--2v3} {y-2v3}}
I {ylow, yhigh } = {-2 V3,2 \/5}
{-2v3.2 V3)
The volume is measured by the third integral

yhigh xhighly] rzhighix,y] .
'ylow fxlow[y] Zlow(x,y] dZdXdy'

yhigh
volume = J secondintegral day
ylow

9
Or:

|Nlntegrate [secondintegral,
28.2743

{y, ylow, yhigh  }]
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You can get this with a single 3D integral instruction for the volume

measurement
high (xhigh highix,
yhig fx ighly] rzl 'gnxyjdzdxdy:

ylow Jxlow[y] Jzlow[x,y]
yhigh xhigh [y] p~zhigh [xy ]
threeDintegral = J 1dz ax ay
'ylow xlow [y] zlow [xy ]
91
Good.

However, doing this in one step does not relieve you of the experienc
of settingzhighlx, ], zlow[x, y], xhigh[y], xlow[y], yhigh, andylow.
Tough break.

0B.1.a.ii)
Discuss the physical meaning of the three integrals that were
calculated in part i):

firstintegrak f;:\f[g);]y]d z,

. xhighly] rzhighix,y]
second integral fxmw[yj lowix.y] dzdx, and

third integrak fyhighfxmgh[y] hOY] g5 dax dy.

ylow Jxlow[y] Jzlow[x,y]
OAnswer:

The first integral,
thlgHX'y]dZ,

Zlow[x,y]
fixes x andy and measures the length of the stick that runs from

{x,y, zlow{x, y]} to{x, y, zhighx, yI}.
For example:
{x0, yO} and rerun.

Feel free to reset
{x0,y0 } = {051 };

stickinslice = Graphics3D [

{Blue, Line [{{x0, yO0, zlow
threedims = Axes3D [4.5 ];

[x0,¥0 1}, {x0,y0, zhigh  [x0,y0 1}}1}1;

Show[stickinslice, base, threedims, BoxRatios - Automatic,

Boxed - False, ViewPoint - CMView];

z

The second integral

xhighly] zhighx,y]
fxlow[y] Zlow[x,y] dzdx

holdsy = yj fixed but releasex and measures the accumulated area of
the slice of the solid swept out by the stickx @asns fromxlow[y] to
xhigh[y]:

Feel free to reset YO and rerun.

sticksinslice = Table [GraphicsSD [
{Blue, Line [{{x, Y0, zlow [X,y0 1}, {X, yO, zhigh [x,y0 1}}1}1,
1
{x, xlow [y07], xhigh [y01], = (xhigh [y0] -xlow [y0])}];

Show [

sticksinslice, base, threedims, Boxed - False, ViewPoint - CMView];

z

The third integral

yhigh xhighly] rzhighix,y]
A A
ylow j;dow[y] Zlow[x,y] dzdxd y
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releasey and measures the accumulated volume swept out by the

slices agy runs fromylow to yhigh:

= Table [Graphics3D [
[Table [{x, y, zhigh  [x,y 1}, {x, xlow [y] -0.01,

constituentslices
{Blue, Polygon
) 1 )
xhigh [y] +0.01, % (xhigh [y] -xlow [y]+0.02)}]]}].
yhigh - ylow

— 1
= Show[constituentslices, base, threedims,
- CMView];

{y. ylow, yhigh,

accumulatedslices
Boxed - False, ViewPoint

z

The third integral measures the total volume.

OB.1.a.iii) Triple integrals

Calculate
[[[izdxdydz
where R is the solid plotted in part i)

OAnswer:

If you are going to execute this,
make sure that all the functions in part i) above are live.

The layout is essentially the same as the calculation of the voluRie of

done in part a.i) above.
Clear [f]
fix,y,z 1=z

zhigh [xy ]
firstintegral = J. fix,y,z ]1dz
zlow [xy ]

1,1 ,z,ﬁ]
2*2(4X 2

2

xhigh [y]
| secondintegral =j firstintegral dx
xlow [y]

22412 -y2 17 2 3 1 a4 3
— 5 3V 12 -y 55 Y Vi2 -y
yhigh
| thirdintegral =j secondintegral ay
ylow

18
You can get this with one instruction for calculating

fffRf[X’ y, Zldxdydz

_ yhighthigh[y]fzzhigk[x,y] f[X, v, Z] dzdxdy:

~ Jylow Jxlow[y] Jzlow[x,y]
yhigh xhigh [y] ~zhigh [xy 1
onestep = J fIx,y,z 1dzdxdy
'ylow xlow [y] zlow [xy ]
18
Good.

Doing this in one step does not relieve you of the burden of setting
zhighlx, y], zlow[x, Y],
xhighly], xlow[y],
yhigh, ancylow.
You set them up for calculating
fffRf[x, Yy, Zldxdydz
the same way you set them up for calculating the volunRznf
calculating

J[[qdxdydz

in part i).

172



B.2) Transforming 3D integrals

OB.2.a)
In two dimensions, you know that
ffoy f[x, yldxdy

=ffRWf[x[u, vl, ylu, VI] Agylu, vidudv.
where the area conversion factog A, V] is given by:

Clear [X, Y, u, v, gradx, grady, Axy 1

gradx [u_ ,v 1 ={D[X[u,v],ul,D[X[u V], VI1}
grady [u_,v_1={(Dly[uvVv],ul,D[y[uv],VvI1}

Axy [u_, v_ ] Abs [Det [{gradx [u,Vv ], grady [u,Vv 1}]1

Abs [y @) fu, v 1 x M0y, v ] - x©@2) pu, v 1y 20y v
In three dimensions, what is the volume conversion factor
Vyyz[U, V, W]
that makes

fffoyZ flx,y, zZldxdydz

= [[Jg,, fXlu, v, Wi, ylu, v, Wi, Z[u, v, W] Vg [u, v, Wl dudv dw
OAnswer:

In mathematics, there is nothing like the power of analogy, and analog

works beautifully here.

In two dimensions the area conversion faA,y[u, V] is given by:

Clear [X, Y, u, v, gradx, grady, Axy 1

gradx [u_,v_ ] ={D[X[u,v ], ul,DI[X[u V] VI1}
grady [u_,v_1={(Dly[uvVv],ul,D[y[uv],VvI1}

Axy [u_,v_ ] =Abs[Det [{gradx [u,V 1,grady [u, Vv ]}1]

Abs[y<°<1 [u ,V]Xu‘o\"[U,V]fX(O‘l)[U,V]y‘l'O)[uvv]]
Analogously, in three dimensions the volume conversion factor
VyyzlU, v, W is given by:

Clear [X,Y, z, u, v, gradx, grady, gradz, Vxyz 1
gradx [u_,v_,w_ ] =
{DIx[u,v,w J,ul,D[x[uv,w ],v] DI[x[uv,w ] w]l};

grady [u_,v_,w_ 1=

{Dly[u,v,w J,ul,DIy[uv,w 1,v], Dly[uv,w J,wl}

gradz [u_,v_,w_ ]=

{D[z[u,v,w J,ul,D[z[uv,w ],v],D[z[uvVv,w ],W]};

Vxyz [u_,v_,w_ 1=

Abs [Det [{gradx [u,Vv,w ]1,grady [u,v,w ],gradz [u,v,w ]1}]]
Abs [z @01 )y v, w 1y ©@B0 )y v, w px(00 ) v, w ] -

y @0y v, w 1200 Dty v, w ] x 00 )ty v, w ) -
z©0L )y, v, w ) x @0 )y v, w Jy 300 )y v, wo )
x @010ty v, w 72O )ty v, w Ty 300 )y v, wo )+
y @01y v, w ] x @0 )ty v, w 123090 ) v, wog -
x 0L )y, v, w 1y ©@R0 )y v, w2300 ) [y v, wo )

You just arrange the three gradients as (horizontal) rows of a matrix
which most folks call the Jacobian matrix.

] gradmatrix
(1,00 )

= {gradx [u,v,w ]1,grady [u,v,w ],gradz [u,v,w ]}
x (010 )

{{x v, w i, v, w ], x %) v, w1y,
(09 ) [y v w 1,y O ) (uv,w ],y @0 ) [u v, w 3,
(z00 )y, v, w ],z @0y v, wo g,z OO )y v, wo )

Look at it in matrix form:

] MatrixForm [gradmatrix ]

x 00 )ty v, w ] x©OL0 ) v, wo )

x @01ty v, w o)
Y00 ) [y v, w ] y©20 ) [y v, w ] y©01 ) [y v, w ]
L z@00 )y, v, w ] 2O )y v, w ] 20 )y v, w o]

Take the absolute value of its determinant:
] Abs[Det [gradmatrix ]]

Abs[z'oo1 Du, v, w 1y @R u v, w ) x990 ) v, w g -
001 ry v, w 12O ) v, w ] xM00 ) vy, wo -
’001 Dru, v, w1 x @0 gy w1y @00 g v, w s
x‘°°1 Dru,vow 1zO0 g v, w y @00ty v, w s
001 ) ry v, w 1x©@0 ) tu v, w 12000 ) v, wo -
/001 tu v, w 1y [uviw 12399 ) [ v w 1]
This is the same as the volume conversion factor
Vyyz[U, V, W]

I vxyz [u, v, w ]
Abs [z @92 )y, v, w 1y ©@R0 )y v, w  x(P00 ) u v, wo ] -

Y01 ) [y viw 12080 [y v w ] x99 ) [u v w ] -
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2001 ) [y v w 1 x @20 ) [y v, w ]y 00 ) (4 v w ]
x©@01 )y v, w 1200 )y v, w 1y @00y v, wo )
YOO [y v w ] x @0 [y v w 12009 ) [u v, w ]
x©0L )ty v, w Ty @0 )y v, w7 z390 ) v, w7

Quite a pill to swallow, but who cares? The computer is the one that
has to swallow it.

0B.2.b.i)

Check out the formula for the volume conversion factor
Vayz[U, V, W]
= |Det{{gradXu, v, w], gradyfu, v, w], grad4u, v, w]}]|
by using it to relate the volume of the ellipsoid
AP+ P+ (EP=r
to the known volume2™ of the sphere of radius r
P+ vZ+ wl=r2

OAnswer:
Clear [x,Y,2z,a b,cr 1
ellipsoidegn = (%)2*(%)2*(%)2:%
x2  y2 22 R

aZ " pz P ez 77T

Go touvw-space with:

Clear [u,v,w ]

{X[u_,v_,w_ 1,y [u,v_,w_ 1,z [u,v_,w_ ]}:{au,bv,cw }

Here is theuvw-equation of the original ellipsoid:

| ellipsoidegn
u?sv2ew ==r?

This tells you that iR,y is everything inside and on the ellipsoid
EP+ &P +(2)P?=r
thenRyw is everything inside and on the sphere

W+ v+ w2 =12,

/o {X-X[Uv,w 1,y sy[uv,w ],z »z[uv,w 1}

The volume of the spheRyyy is 4£°

The uvw-to-xyz-volume conversion factor is:

Clear [u, v, gradx, grady, gradz, Vxyz 1

gradx [u_,v_,w_ ]=

{D[x[u,v,w J,ul,D[x[uv,w ]J,v]D[x[uv,w ], wl}
grady [u_,v_,w_ ]=

{Dly[u,v,w J,ul,DIyfuv,w ],v],D[y[uv,w J,w]l}
gradz [u_,v_,w_ ]=

{D[z[u,v,w J,ul,D[z[uv,w ],v],D[z[uvVv,w ], W]},
VXyz [u_, v_,wW_ ] =

Abs [Det [{gradx [u,v,w ],grady [u,v,w ],gradz [u,v,w ]1}1]
Abs[abc]

So thexyz-volume measurement Ryy, is
ab c times thuvw-volume measurement Ryyw.
In short, the volume measurement of the ellipsoid
AP+ P+ (2P=r

T 3
abcz-.
Makes sense when you think about it.

OB.2.b.ii)

Now get a bit more serious.
Calculate
[ s, € Sinyldxdydz
where Ry, is the region inside and on the box bounded by the planes
z=2x- 1 (bottom).
z=2x+ 3 (top),
y=X (side),
y=x+ 4 (side),
y=-2x (side), and
y=-2x+ 5 (side).

OAnswer:
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A direct calculation would be a revolting task. Even the task of

plotting Ry, wouldn't be pleasant. But after you transform the integral

to a favorableuvw-space, then everything is fairly easy.
Look at the formulas for the boundary surfaces:
z=2x- 1 (bottom),z=2x+ 3 (top),
y =X (side),y = x + 4 (side),
y=-2x(side),y = -2x+ 5 (side),
and make the assignments:

Clear [u,V, W, XY,z 1
uix,y,z 1L,vIX,y.z 1L,WIX,y,z 1}={Z-2XY -XY +2X}

(-2X+2Z, -X+Y,2X +Y}
Note:
z=2X—- 1> UX,Yy, z] = -1,
z=2X+ 3> Uulx,Y, z] =3,
y=X«>V[X, Y, =0,
y=X+ 4o V[X, Y,z =4,
y=-2X«—>Ww[x,y,2 =0, and
y=-2X+ 5« w[Xx, Yy, z]=5.

In uvw-spaceRy, is everything inside and on the box bounded by the

planes
u=-1,u=3,v=0,v=4,w =0, andw = 5.
Also
fffoyz e*Sinyldxdydz
=ffwa e XUV Sinfy[u, v, W]] Vyy,[U, v, Wldudv dw
= fosfoAf_l eV Sinfy[u, v, W] Viyz[U, v, W] dudv dw.

To calculatex[u, v, w], y[u, v, W], z[u, v, w], and
Vyyz[U, v, W], use:

xyzsolved =
Solve [{U==uU[X,Y,Z ],V ==V[X,y,Z ],W==W[X,¥,Z ]}, {X,¥,Z }]

{{x»l (-V+Ww),y L1 (2v +w), z L1 (Bu-2v+2w}}

3 3 3
| xfu_voow_ 1,y [u,v,w_ ],z[u,v,w_1}={xyz }/ xyzsolved [1]
{%(*V+W), l(2v+w), l(3u—2v+2w)}

Now turn everything over to Mathematica:

Clear [gradx, grady, gradz, Vxyz 1

gradx [u_,v_,w_ ] =

{D[x[u,v,w J,ul,D[x[uv,w IJ,v], D[x[uv,w ], wl}
grady [u_,v_,w_ ]=

{Dry[u,viw J,ul,DIy[uv,w 1,v],D[y[uv,w J,wl}
gradz [u_,v_,w_ ]=

{D[z[u,v,w ],ul,D[z[uvVv,w ],v],D[z[uvVv,w ],w]l};
Vxyz [u_,v_,w_ ] =

Abs [Det [{gradx [u,v,w 1,grady [u,v,w ],gradz [u,v,w 1}1]

1
3
So
S g, & Silyldxdydz
= [[ [, e Siny[u, v, W] Vyy[u, v, Wl dudvdw
5 4 03 )
= oo [ &YW sinly[u, v, Wil (5) dudvdw.
The first integral
3 v sinfy[u, v, wil (3) du:
irsti 3 -X [U,v,W " 1
| firstintegral = Il E-XL 1Sin [y[u, v, w 1] (5] au
4 _vw o1
EET Sin [—3— (2v +w)J
The second integral
o [ v Sinfyfu, v, wil (3) dudv is

4
| secondintegral = j firstintegral dav
o
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%E""” (2Cos[ 5] -sin [5]) - 2% (2c0s[22Y] sin |

8
3 5 3 1)

3

The third and final integral
T e sinfylu, v, Wil (3) dudv dw

is, in decimals,

| Nintegrate  [secondintegral, {w, 0,5 }]
14.2704

You can get

fffoyz e Sinly|dxdydz

= f05f04f_31 g Xluvw Sin[y[u, v, W] (%)dudvdw
in one step:

1
quickway = Nintegrate [5- EXUYW 1 Sin [y[u, v, w 1], {w,0,5 },

{v,0,4 3}, {u -1,3}]
14.2704

Went through that one like a hot knife going through butter.

0B.2.b.iii)

The solid Ry, consists of everything under the surface
z=0.2e”Y
and over the region inside the ellipse
2
_ +($P=1
in the xy-plane.
Here's a look:
Clear [X,V,2z,r1,t'S 1
{X[r_,t_ 1,y [r_t_ 1}y={rCos[t],3rSin [t]};
z[r_,t_ ]1=02EYIt I,
{{rlow, rhigh }, {tlow, thigh 3} ={{0,11}, {0,2 n}};
topskin = ParametricPlot3D [{x[r,t 1,yi[r,t 1,z [rt 1},
{r, rlow, rhigh }, {t, tlow, thigh }, DisplayFunction - Identity  1;
baseskin = ParametricPlot3D [
{x[r,t 1,y [r,t 1,01}, {r rlow, rhigh }, {t, tlow, thigh },
PlotPoints - {2, Automatic  }, DisplayFunction - Identity  1;
sideskin = ParametricPlot3D [
{x[rhigh, t 1,y [rhigh,t 1,sz [rhigh,t 1}, {s,0,1 }, (t, tlow, thigh }.

PlotPoints - {2, Automatic  }, DisplayFunction - Identity  1;
Show[topskin, baseskin, sideskin, BoxRatios - Automatic,
PlotRange - All, AxesLabel - XY, }, ViewPoint - CMView,

DisplayFunction - $DisplayFunction 1;

y
Calculate
[, eYdxdydz
XyZ
by transforming to an easy 3D integral.
OAnswer:
Look at the plotting functions above:

| xint 1yt 1}
{rCos [t],3rSin [t]}
| zint 1

0_2E’3r5‘" [t

Go torst-space with:

Clear [X,y,2z1T,5s,t 1
X[r_s,t. 1,yl[r,s,t 1,z[r,s,t 1}=

{rCos [t],3rSin [t], 0.2sE 3rSn [t]y
{rCos [t],3rSin [t],02E 3'Sn [t] gy

As you run
r from rlow torhigh,
t fromtlow to thigh, and
sfromOtol,
{x[r, s, 1, y[r, s, 4, Z[r, s, 1} sweeps out all cR,y,; SORs; is the box
rlow < r < rhigh,0 <s=< 1, tlow < t < thigh,
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and

fffoyZ eYdxdydz
= fffR girsd Vyyzlr, s, i drdsdt

o (L NN e vlrS v, s, fdr dsdt.

— Jtlow rlow
Clear [gradx, grady, gradz, Vxyz 1
gradx [r_,s_,t_ 1=

{D[xf[r,s,t 1,r 1,D[x[r,s,t 1,s1,D[x[rst 1,t1};
grady [r_,s ,t_ 1=

{Dry[r,s,t 1,r1,D[y[rnst 1,s1,Dly[rns t 1.t 1}
gradz [r_,s_,t_ 1=

{D[z[r,s,t 1,r1,D[z[r,s,t 1,s1,D[z[rst ],t1};
Vxyz [r_,s_,t_ 1=

TrigReduce [Det [{gradx [r,s,t 1, grady [r,s,t 1,gradz [r,s,t 1}]]
_06E 3rsSin [t] r

This is negative no matter wtrais, anct are in this box. Reset it:

Clear [Vxyz]
Vxyz [r_, s_, t 1=

-TrigReduce [Det [{gradx [r,s,t 1,grady [r,s,t ],gradz [r,s,t 1}]1
0.6E 3rSin 1t]

So

fffoyz eVdxdydz

= fffR girst nyz[r, s, jdrdsdt

thigh L (rhigh _

= tlovx? J(; frlov?/ gyinst Vyyll, s, i drdsdt
is given by:

thigh 1 ~rhigh

| j j J EVISL Jvxyz [r,s,t ]dr dsat
tlow 0 Jrlow

1.88496

Nice answer.
But if you hadn't gone trst-space to calculate the integral, getting this
nice answer wouldn't have been nearly so simple.

B.3) Mass and density

0B.3.a)

Here X, y, and z are measured in centimeters.
The top of a solid R is the surface
7z=32- x° - y?
and the bottom is the surface
z=x%+ y? - 40.
The density of the solid varies from point to point, and is given by
B _ 2 2 2 grams
densityx, y, z] = 0.3(X* + y* + z°) (m
at{x, y, 2.
It is fluffy near{0, 0, @ and heavily dense far away frd@ 0, Q.
Measure the total mass (in grams) of this solid.
If you dump it in a lake, will it sink or will it float?
OAnswer:
The density function is what you integrate to calculate mass.
As a result, the mass of a scRdwhose density idensityXx, y, z]
% at a poini{x, y, z} is measured by
[ [ | densityx, y, Z1dxdydz.

Clear [X, Y, z, density 1
density [x_,y_,z_ 1=003 (x2+y?+2z?);

The top oiR is the surface
z=32-x2-y?
and the bottom is the surface
z=x>+y? - 40.
With z so conveniently displayed, it is natural to integrate with respect
to z first, so calculate
[ [ [, densityx, y, Zldxdydz
= [ [ [, densityx, y, Zldzdy dx

VC.08.B2-B3

To set the limits for the first integral,
f; densityix, y, z] dz,
fix x andy and enter the lowest and the highest valuezsfof this
fixed x andy. The top skin oR is the surface
2=32- x2-y?
and the bottom is the surface
z=x%+ y? - 40.
Clear [zhigh, zlow ]
zhigh [x_,y_ 1=32-x%-y%
zZiow [X_,y_ 1=x%+y?-40;
zhigh [xy ]

firstintegral = J. density [x,y,z ]dz
Zl

low [xy ]
967.68 -7656x 2+2.1x *-0.02x % -7656y 2+4.2x 2y?2-0.06x *y?+
21y *-006x 2y4-002y 8

For the second integral, you have our choice whether to integrate with
respect tey or tox.

Go withy.

The main problem is deciding what limits to insertyhigh[x] and

ylow[x] in the second integral
yhigh[x] rzhighx,y]
j)‘/low[x] Zlow[x,y]

The key to deciding how to syhigh[x] andylow[x] is to ask:

densityix, y, Zldzdy.

For a fixedx, what are the lowest and the highest vaylean have no
matter whaz is?

The simplest way of answering this is to plot the shadow of this solid
on xy-paper with they-axis running on the horizontal:

| shadoweqn = Eliminate [{z == zhigh [x,y ],z ==2zlow [X,y 1}, Z ]
x2 == 36 - y?
| shadowcurves = Solve [shadoweqn,y ]

{{ya—\[%—xf}, {ye\/—%—x?}}
Clear [ylow, yhigh 1]
{ylow [x_1, yhigh [x_1}={-V36-x2, V36-x2}
{-V/36 -x2, V36 -x2}
| shadowplot = Plot [{ylow [x], yhigh [x1}, {X, -6,6 1},
PlotStyle - {Blue, Red }, AxesLabel - {"y","x" }I;
X

The second integral
yhigh[x] rzhighx,y] .
lowlx] Jzlowix.y] densityx, y, Zldzdy
is:
yhigh [x]
| secondintegral = j Expand [firstintegral 1dy
ylow [x]
919.954 /36 - xZ - 70.6469 x 2 /36 — x2 +1.91086 x * /36 - x2 —
0.0182857 x ©+/36 - x2

For the third integral, you have no choice but to integrate with respect
to x.
The main problem is in deciding what limits to insertxhigh and

xlow in the third integral
thigh yhigh[x] rzhighix,y]
xlow Jylow([x] Jzlow[x,y]
Note that XIOW and Xhighare numbers, not functions.

The key to deciding how to sxlow andxhigh is to ask:

densityx, y, Zldzdy dx.

What are the lowest and the highest vaxiean have no matter what
andy are?
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The simplest way of getting a hold xlow andxhigh is to look at the

shadow plot again:
] Show[shadowplot 7];
X

In this onexlow andxhigh appear wherylow[x] andyhigh[x] meet:
] ends = Solve [yhigh [x] == ylow [x]]
({x>-6}, {x>6})

That gives:
] (xlow, xhigh '} = {-6,6};

The mass in grams is measured by the third integral

fxmghfyhigh[x] 2hY] e nsityix, y, 2l dzdy dx:

xlow Jylow[x] Jzlow[x,y]
] mass = Nintegrate  [secondintegral, {x, xlow, xhigh }1
29803.4

To see whether this solid sinks or floats, calculate its volume:

xhigh yhigh [x] ~zhigh [xy ]
volume = j 1dz dy dx
xlow ylow [x] zlow [xy ]
1296 n
Compare:

] {N[volume ], mass }
{40715, 29803.4 }

Onecentimetet of water weighs ongram.
So this solid outweighs the volume of water it displaces.
When you dump it in the lake, it sinks fast.

B.4) Average value of a function

OB.4.a.i) One variable

Given a function fx] and an interval & x < b, folks like to say that
the average value ofx] and this interval is given by

b
o5 J; fixldx.
Why do they like to say this?
OAnswer:
They like to say this because it works.
To see it in action, go with
f[x] = Sin[x]
and look at an experimental average of random valuf [x]ofor
a=0=x=<b=m
Clear [f,x,k 1
f [x_1 =Sin [X];

{a,b}={0 n};
pointcount = 200;

B sponteount  Nrf [Random[Real, {N[a], N [b]}1]]

experimentalaverage

pointcount
0.628107
And the theoretical average value:
jbf [X] dx
theoreticalaverage =N[ 22—
b-a
0.63662
Compare:
{theoreticalaverage " = theoretical average",
experimentalaverage " = experimental average" }
{0.63662 = theoretical average, 0.628107 = experimental average }

See what happens when you use more points:

VC.08.B3-B4

pointcount = 400;

newexperimentalaverage ZRI™™ NIf [Random[Real, {N[a], N [b1}111

pointcount
{theoreticalaverage " = theoretical average",
newexperimentalaverage " = experimental average" }
{0.63662 = theoretical average, 0.656004 = experimental average }
Uh-huh.
Reset the point count and rerun.
OB.4.a.ii)

Wait a minute! This is supposed to be a mathematics course. Where
do you get off saying that something is correct because it works?
OAnswer:

Good point.

You can explain why it works another way by looking at plots like this:

Clear [f, x ]
f [x_1 =Sin [X];
{a, b} =10, n};
fplot = Plot [f [x], {X,a b },
PlotStyle - {{Thickness [0.01 ], Red }}, DisplayFunction - Identity 1;

jbf [x] dx
average = N[ 2Z——1;
b-a
averagefplot = Graphics [

{Blue, Polygon [{{a, 0}, {b, 0}, {b, average }, {a, average }}1}1;

Show[averagefplot, fplot, Axes - True,
AxesLabel - {"x","y" 1}, PlotRange - All, AspectRatio - Automatic,
DisplayFunction - $DisplayFunction 1;
y

ooo0o
N A O o

0.5 1 1.5 2 25 3 *

The height of the rectangle 1 f:f[x] dx.

The width of the rectangle (b- a).

The area inside the rectangle measures out to

Ao (b a) = [*f[x]dx

in square units.

This tells you that the area of the flat rectangle measures the (signed)
area under the cuny = f[x] and over thix-axis and foa< x < b.
This is why folks say that the average valuf[x] fora< x < b is the
height of the rectangle,

w5 [fIx]dx.
Try it again for

f[x] =2.3e % for—-1=a<x<b=2:

Clear [f, x ]
f[x_]=23E 0%
{ab}={-12}
fplot = Plot [f [x], {Xx,a b },
PlotStyle - {{Thickness [0.01 ], Red }}, DisplayFunction - Identity 1;

) bf [x] dx
average = =2
b-a
averagefplot = Graphics [

{Blue, Polygon [{{a, 0}, {b, 0}, {b, average }, {a, average }}1}1;

Show[averagefplot, fplot, Axes - True,
AxesLabel - {"x","y" 1}, PlotRange - All, AspectRatio - Automatic,
DisplayFunction - $DisplayFunction 1;

And experimentally a couple of times:
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pointcount = 50;

experimenialaverage = SRAT™  NIf [Random[Real, {N[a], N [b]}11]

pointcount
{average " = theoretical average",
experimentalaverage " = experimental average" }
{1.96396 = theoretical average, 2.02415 = experimental average }
newpointcount = 300;

newexperimentalaverage = ZRI NI [Random(Real, (Nfa], N [b1}11]

pointcount
{average " = theoretical average",
newexperimentalaverage " = experimental average" }
{1.96396 = theoretical average, 1.91133 = experimental average }

Usually not far off.

Clear [f, x 1]
fIx_1=E%
{ab}={-12}
fplot =Plot [f [x], {x,a, b },
PlotStyle - {{Thickness [0.01 ], Red }}, DisplayFunction - Identity ];

10 1x] ax
average = ———;
b-a
averagefplot = Graphics [

{Blue, Polygon [{{a, 0}, {b, 0}, {b, average 1}, {a, average }}]}1;

Show[averagefplot, fplot, AxesLabel - XYY,
AspectRatio - Automatic, DisplayFunction - $DisplayFunction 1;

And experimentally several times:

J‘bf [X] dx
theoreticalaverage = N[ai ;
b-a

pointcount = 200;

SR N[ [Random[Real, {N[a], N [b]}1]]
h pointcount '

{theoreticalaverage, experimentalaverage }
{0.860982, 0.992238 }

See what happens when you use more points:
pointcount = 200;

experimentalaverage

SR Nif [Random[Real, {Nfal, N [b]}11]
B pointcount '
{theoreticalaverage, experimentalaverage }
{0.860982, 0.834493  }
pointcount = 200;

experimentalaverage

SRAT™  N[f [Random[Real, {N[a], N [b]}]]]
= pointcount '
{theoreticalaverage, experimentalaverage }
{0.860982, 0.843936  }

pointcount = 200;

experimentalaverage

SRoT ™ N[f [Random[Real, {N[a], N [b]}]]]
h pointcount '
{theoreticalaverage, experimentalaverage }
{0.860982, 0.777761 }

experimentalaverage

Usually not far off.

OB.4.b) 2D averages.

Given a function fx, y] and region R in xy-paper, folks like to say
that the average value dikf y] on R is given by
ffRf[x,y]cExziy
J‘fR dxdy

Why do they like to say this?
oAnswer:
Look at these:
{(tab}, {c,d}r=1{{0,2} {-1,41}

Clear [f,x,y 1
fIX_,y_1=Sin[2x+y]+]1;

VC.08.B4

fplot =Plot3D [f [x,y 1, {X,a b },
{y,c,d }, Axes - True, AxesLabel - {"x","y", "z" }.
ViewPoint - CMView, DisplayFunction - Identity 1;

f:f:f Xy ldydx

theoreticalaverage =N[ e
L J L ay ax
a Jc
averagefplot = Plot3D [theoreticalaverage, {x,ab 3} {ycd 1},
PlotPoints - {2,2 }, Axes - True, AxesLabel - "Xy, },

ViewPoint - CMView, DisplayFunction - Identity 1;

Show[GraphicsArray [ {fplot, averagefplot 11,
DisplayFunction - $DisplayFunction 1;
215>
7
0.
y

The volume measurements of the solids betweexy4pane and the

plotted surfaces are the same.
Reason:
volume left= [ [ f[x, yldxdy
volume right= base times height
_ [ fixyaxay
_fj';az'xdy( Ty )

= [ [fIx yldxdy.

Both solids have the same base, so the height of the solid on the right

must be the average valuef(x, y] for {x, y} in R.
See what happens experimentally:

pointcount = 300;
1 pointcount

experimentalaverage = N[
pointcount a

f [Random[Real, {N[a], N [b]}], Random [Real, {N[c], N[d]1}111}|;

{theoreticalaverage " = theoretical average",
experimentalaverage " = experimental average" }
{0.961822 = theoretical average, 0.985445 = experimental average }
Again:
pointcount = 500;
1 pointcount

experimentalaverage B N[

pointcount a

f [Random[Real, {N[a], N [b]}], Random [Real, {N[c], N[d]}111|;

{theoreticalaverage " = theoretical average",
experimentalaverage " = experimental average" }
{0.961822 = theoretical average, 0.955158 = experimental average }

Lookin' good and feeling good.

OB.4.c) 3D averages.

Given a function fix, y, z] and a solid R in xyz-space, folks like to say

that the average value dkf y, z] on R is given by

fffRf[x,.y, z]dxdyd.z/fffRdxdydz
Why do they like to say this?
OAnswer:

This time, a plot is not possible.

Try an experiment witR as the box
O<x=<2,-1<y=<4,and-2<z<3:
{{xlow, xhigh '}, {ylow, yhigh '}, {zlow, zhigh }} =
(0,2}, (-1, 41}, {-2,3}}

Clear [f,X,y,z 1]
fIx,y.,z_ 1=Sin[2x+y-2]+1;
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LT:A?h y):;]\ish f;:"ﬂ?h fIx,y,z ]1dzdydx oAnswer:
theoreticalaverage =N[ T ; , i
Jron” Do Joow 1z dy ax You don't need calculus for this one.
pointcount = 100; The base of this cylinder is a circle of rad2jsts area measures out to:
experimentalaverage = ; | basearea =22 n
pointcount
pointcount 4r
Z N[f [Random[Real, {N[xlow ], N [xhigh ]}], Random [Real, The helght of the cylinder is:
k=1
] height = shigh
{N[ylow 1, N [yhigh 1}], Random [Real, {N[zlow ], N [zhigh 1}111]; 3
{theoreticalaverage " = theoretical average", The volume of the cylinder measures out to:
experimentalaverage " = experimentalaverage" } I volume = basearea height
{1.00368 = theoretical average, 1.10411 = experimentalaverage } 12 1
pointcount = 200; ) .
) 1 Now try it using calculus:
newexperimentalaverage = —_—
pointcount Clear [gradx, grady, gradz, Vxyz 1
pointcount gradx [r_,s_,t_ ]=
Z N[f [Random[Real, {N[xlow ], N [xhigh ]}], Random [Real, {D[x[r,s,t 1,r 1,D[x[r,s,t 1,s1,D[x[r,st 1,t 1}
k=1 grady [r_,s_,t_ 1=
{blyfr,s,t 1,r1,D[y[rs,t 1,s1,Dly[rs, t 1.t 1}
{N[ylow ], N [yhigh 1}], Random [Real, {N[zlow ], N [zhigh 1}111]; gradz [r_,s_,t 1=
{D[z[r,s,t ],r1,D[z[r,s, t 1,s]1,D[z[rs t 1,t1};
{theoreticalaverage " = theoretical average", Vxyz [r_,s_,t_ 1=
newexperimentalaverage " = experimentalaverage" } TrigExpand [Det [{gradx [r,s,t 1,grady [r,s,t 1],gradz [r,s, t 1}]1
{1.00368 = theoretical average, 1.09911 = experimentalaverage } -r
And look at this: When you look at the plotting instructions, you see that the points
{theoreticalaverage " = theoretical average", {x[r, S, ﬂ’ y[r, S, t], Z[I’, S, ﬂ}
1 . .
- (experimentalaverage  + newexperimentalaverage ) with rlow < r < rhigh, slow < s < shigh, anzlow < z < zhigh
"= averageexperimentalaverage”  } describe the cylinder and everything inside it. This tells you that the
{1.00368 = theoretical average, 1.10161 = averageexperimentalaverage } . .
Nice volume of this cylinder measures out to
. thigh pshigh crhigh
. . O (SR I VIt s, B) dr dsdt:
Another way to look at this is to note that when you go with tlow Jdow . rhlow o
thig shigl rhigl
volume = -j Vxyz [r,s,t ]dr dsdt
average= [ [ [ flx,y, 2dxdydz/ [ [ [ dxdydz, | ow Juow i
then you get 12r
fffRf[X’ y, Zldxdydz = fffre averagelx dy dz. Same as you got without calculus.
; oT.1.a.ii
VC.08 Transforming 3D Integrals )
; This time, go with a cylinder whose top is on the plane:
Tutorials g 4 P P
Clear [top, X,y ]
| top [X_,y_1=-X-y+6
. 6-x-y
T.1) Cylinders, spheres, and tubes: And whose bottom is on the plane:
Plotting them and integrating on them | Clear fbottom, x,y
bottom [x_,y_1=x-y-4
OT.1.a.)) Cylinders b ’t“*x -y
. ut:
Here's a cylinder: Clear [x,y,2, 5 ]
Clear [X,Y,2z,1,5,t 1 {slow, shigh } ={0,1};
{x[r_,s,t_ 1,yI[r.s,t 1,z[rs,t  1}y={rCos[t],rSin [t],s} Z[X_,y_,S_ ] =bottom [x,y ]+s (top [X,y ] -bottom [x,y 1)
{ {rlow, rhigh }, {slow, shigh }, {tlow, thigh }} = “4+5 (10-2X) +X -y
0,23 {0,313}, {0,2 H
sigéplot ’ ={ ot ™ And note that:
ParametricPlot3D [{x [rhigh, s, t 1.y [rhigh, s, t 1, z [rhigh, s, t 1} | {z[X,y,slow ] ==bottom [X,y 1,2 [X VY, shigh ]==top [X,y ]}
{s, slow, shigh }, {t, tlow, thigh h (True, True }
PlotPoints 2, Automatic , DisplayFunction Identit ; . . . .
topplot = > b Display - vl This gives you an easy way of plotting the cockeyed cylinder
ParametricPlot3D [{x[r, shigh,t 1,y [r, shigh, t 1,z [r, shigh,t 13}, — whose tOp skin runs with the plane IOp[X, y],
{r, flow, rhigh 3, {t tow, thigh 3, _ — whose bottom skin runs with the plane bottorx, y] and
PlotPoints - {2, Automatic  }, DisplayFunction - Identity  1; . . . . . .
baseplot = — whose sides run with circles of radius 2 perpendicular to the z-axis
ParametricPlot3D  [{x[r, slow,t 1,y [r,slow,t 1,z [r,slow,t 1}, and centered on the z-axis:
{r, rlow, rhigh }, {t tlow, thigh }, Clear [x,y, newz, 1, s, t 1
PlotPoints - {2, Automatic  }, DisplayFunction - Identity  1; {{rlow rhigyh }’ Y(tl(yyw thigh =02} {02 m}:
. X[r.,s ,t , r,s,t ={rCos [t],rSin [t]};
Show[sideplot, topplot, baseplot, rgevE/z_[r st ! §/=[z_[x_[r St ”] y{[r s t[ ]] s 1 tn
AxesLabel - {"x","y", "z" }, ViewPoint - CMView, BoxRatios - Automatic, sideplot_y :' - t ’ 7 ’ ’
DisplayFunction - $DisplayFunction I ParametricPlot3D [{x [rhigh, s, t 1,y [rhigh, s, t 1, newz [rhigh, s, t 1},

{s, slow, shigh }, {t, tlow, thigh },

PlotPoints - {2, Automatic  }, DisplayFunction - ldentity 1;
topplot =
ParametricPlot3D [{x[r, shigh, t 1,y [r, shigh, t 1, newz [r, shigh, t 1},
{r, rlow, rhigh }, {t, tlow, thigh },
PlotPoints - {2, Automatic  }, DisplayFunction - Identity  1;
baseplot =

ParametricPlot3D [{x[r, slow, t 1.y [r, slow, t 1, newz [r, slow, t 1},
{r, rlow, rhigh }, {t, tlow, thigh },
PlotPoints - {2, Automatic  }, DisplayFunction - Identity  1;

Measure the volume contained in this cylinder.
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Show[sideplot, topplot, baseplot,
AxesLabel - {"x", "y", "z" }, ViewPoint - CMView, BoxRatios - Automatic,
DisplayFunction - $DisplayFunction 1;

a o«

Measure the volume contained in this weirdo cylinder.

OAnswer:

You do want to use calculus for this one.

Clear [gradx, grady, gradz, Vxyz 1
gradx [r_,s ,t_ 1=
{D[xf[r,s,t 1,r 1,D[x[r,s,t 1,s1,D[x[rst 1,t1};
grady [r_,s_,t_ 1=
{bryfr,s,t 1,r 1,DLylrs t 1,s1,Dlylrns t 1.t 1}
gradnewz [r_,s_,t_ 1=
{D[newz[r,s,t 1,r ],D[newz[r,s,t ],s],D[newz[r,s, t ],t1};
Vxyz [r_,s_,t_ 1=Abs[
TrigExpand [Det [{gradx [r,s,t 1,grady [r,s,t 1,gradnewz [r,s,t 1}]1]
Abs[-10r +2r2 Cos[t]]

The volume inside this weirdo measures out (in cubic units) to

thigh pshigh prhigh .
tlow Jslow Jrlow Vyylly s, §drdsdt.

volume = Nintegrate [Vxyz [r,s,t 1, {t, tlow, thigh }, {s, slow, shigh }.
{r, rlow, rhigh }
125.664

Looking bad, but feeling good.

OT.1.b) Spheres

One way to see how to plot the sphere
X+ Y2+ 722=r?

is to slice it with the plane
z=cwhere-r=c=r,

and then to think about what you get.

What you get is the circle
X+y?=r2-

plotted in the plane z c.

Now, when you go with a given radius r, you can plot the sphere
X+ Y2+ 22 =r2

Take a look in the case that13:

Clear [c,t ]

radius = 3;

{clow, chigh } = {-radius, radius };
{tlow, thigh } ={0,2 n};

sphereplot =

ParametricPlot3D  [{+/radius 2 -c2 Cos[t], Y radius 2 -c2 Sin [t],c },

{c, clow, chigh }, {t tlow, thigh }, ViewPoint - CMView,
Axes - True, AxesLabel - ("x","y","z"  }];

Agree that R is the region consisting of everything on and inside the
sphere

R+ y2+7°=9
as plotted above, and calculate the integral

[[ [ x¢dxdyadz.

OAnswer:

VC.08.T1

Look at the plotting code:
ParametricPlot3D{Sqr{radiug — ¢2] Codt],
Sqr{radiug — ¢?] Sint], ¢},
{c, clow, chigh, {t, tlow, thigh}].
And go with
{x[c, r, 1], ylc, r, 1], Z[c, r, {]} = {r Codt], r Sint], c};
with
0 =< r < Sgrfradiug — ¢?], —radius= c < radius,
and0O<t<2nx.
This gives you
[[ [ x2dxdydz
= ffme X[c, 1, 12 Vyy,lc, 1, i dcdrdt
= fff X[c, 1, 12 Vyylc, 1, drdcdt

2 radlus [
f rad'ué ® Xlc, 1, 12 Vyyzlc, 1, i drdcdt.

radus
You gotta integrate with respect to
to Cbecause the limit of integration with respect to

I' before you integrate with respect
I changesas C

changes.
Now calculate the volume conversion factor:
Clear [X,Vy,2z,¢,1,t 1
{x[c_r_,t_ 1,yflc_r_,t l,z[c_,r,t 1}={rCos[t], rSin [t],Cc};
Clear [gradx, grady, gradz, Vxyz 1

gradx [c_,r_,t_ 1=

{D[x[c,r,t 1,c1,D[x[c,r,t 1,r1,D[x[crt 1,t1}

grady [c_,r_,t 1=

{blyfe,r,t 1,c],Dly[c,rnt 1,r1,Dly[e,rnt 1.t 1}

gradz [c_,r_,t_ 1=

{D[z[c,r,t 1,c1,D[z[c,r,t 1,r1,D[z[c,r,t 1,t1};

Vxyz [c_,r_,t_ 1=

Trigexpand [Det [{gradx [c,r,t ],grady [c,r,t 1,gradz [c,r,t 1}11]

Calculate
[ Jgaxayaz
271 radius
f \/—rmx[c r, t]Znyz[C r,tfldrdcdt.

radlus

radius
radlus -c?
|J J X[, rt 12Vxyz [c,r,t ]dr dcdt
-radius

324 7

Done.

T.1.c) Tubes

Remember the main unit normal and the binormal from the lesson on
perpendicularity:

Clear [P X, Y, z, t, unittan, mainunitnormal, binormal 1
X[t ] =
yIl1-= Sln [t

z[t_]1=Cos[t];
PIt_1={x[t],y [t],z [t]1};
{tlow, thigh } = {0, 2 };
curve = ParametricPlot3D [
Evaluate [P[t]1], {t, tlow, thigh }, DisplayFunction - Identity 1;
scaler =0.5;

. P It]
unittan [t ] = ———;
VP [t].P/[t]
unittans = Table [Arrow [unittan [t ], Taill - P[t],
VectorColor - Blue, ScaleFactor - scaler 1, {t, tlow, thigh, 0.5 1

- D[unittan [t],t ]
mainunitnormal [t 1=

VExpand [D[unittan [t],t ].D [unittan [t],t 1] '

mainnormalvectors = Table [Arrow [mainunitnormal [t], Tal -P[t],
VectorColor - Red, ScaleFactor - scaler 1, {t, tlow, thigh, 0.5 1
binormal [t_ ] = unittan [t ] x mainunitnormal [ti1;
binormalvectors = Table [Arrow [binormal [t], Taill - P[t],
VectorColor - Red, ScaleFactor - scaler 1, {t, tlow, thigh, 0.5 1
everything = Show[curve, unittans, mainnormalvectors, binormalvectors,
ViewPoint - CMView, PlotRange - All, BoxRatios - Automatic,

AxesLabel - {"x", "y", "z" }, DisplayFunction - $DisplayFunction 1;
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Lots of folks like to call what you see above by the name "moving frame".
Remember how much fun it was to make a tube consisting of all
circles of a fixed radius centered on the curve and lying in planes
perpendicular to the curve:
radius =0.2;
{slow, shigh } = {0, 2 =};
tubeplot = ParametricPlot3D [Evaluate [
P[t ] +radius Cos [s] mainunitnormal [t ] +radius Sin [s] binormal [t]],
{t, tlow, thigh }, {s, slow, shigh }, ViewPoint - CMView,
BoxRatios - Automatic, AxesLabel - X"ty }1;

T

.Y
Put flat caps on each end of this tube, and then measure the volume «

the resulting container.

OAnswer:
To plot the skin of the container, you plotted
P[t] + radius Cofs] mainunitnormdl] + radius Sirs] binormalt]
where
radius= 0.2,slow < s < shigh, anctlow <t < thigh.

To describe the whole container and everything inside it, you go with

{x(r, s, f, ylr, s, 4, 2[r, s, i} =
P[t] + r Cogs] mainunitnormdlt] + r Sin[s] binormalt]
with 0 < r < 0.2,slow < s < shigh, anclow < t < thigh.

Call the container and everything insidR,y, and measure its volume
by calculating

[{f,, dxayaz
= fffR ‘nyz[r, s, ldrdsdt

_thigh fshigh 0.2
= Jiow Jsow Jo Vyyzll, s, i drdsdt.

Now if Mathematica can hack this, you're out of here.

Clear [X,Y,2,1,5,t 1
{x[r_,s_,t  1,yI[r,s,t 1,z[r,s,t_ 1}=Chop[
TrigExpand [P[t] +r Cos [s] mainunitnormal [t] +rSin [s] binormal [t1]1];
Clear [gradx, grady, gradz, Vxyz 1
gradx [r_,s_,t_ 1=
{D[rx[r,s,t 1,r 1,D[x[r,s, t 1,s1,D[x[rst 1,t1}
grady [r_,s_,t_ 1=
{Dry[r,s,t 1,r1,Dy[rs;t 1,s1,Dly[rs t 1.t 1}
gradz [r_,s_,t_ 1=
{D[z[r,s,t 1,r 1,D[z[r,s,t 1,s1,D[z[rs t 1,t1}
Vxyz [r_,s_,t_ 1 =Simplify [TrigExpand [
TrigReduce [Det [{gradx [r,s,t 1,grady [r,s,t 1,gradz [r,s,t 1}111]
r (2-rCos [S])

V2

Haw.
. thigh rshigh (0.2
volume of containee [ [
tlow Jslow JO
in cubic units is measured by:
volume = Nintegrate [Abs[Vxyz [r,s,t 1], {t, tlow, thigh }
{s, slow, shigh }, {r,0,02 }]
0.355431

Done.

Vyyzll, s, i drdsdt

VC.08.T1>T2

T.2) Integrating on solids bounded by sets of surfaces

OT.2.a)
A solid R is given as all points that are simultaneously between:
—theplanes* y+ z=-2,andx+ y+ z=7,
—theplanes x y- z=-4,andx y- z=8, and
- the surfaces®- y+ 2z=-2,and % - y+ 2z=6.
Measure the volume of this solid.

OAnswer:
Going in blind is the thing to do.
Look again at the description of the surface:

The solidR was given as all points that are simultaneously between:

- the planex+ y+ z=-2,andx+ y+ z=7,

- the planex - y—- z=-4,andx—- y- z=8, and
- the surfacex® — y+ 2z=-2,andx® - y+ 2z=6.
Put:

Clear [X,VY,2z,u, Vv, W 1
{u[x_, y_,z_ 1, ulow, uhigh }
{vIx_, y_, z_ 1,viow, vhigh }
{W[x_, y_, z_ 1, wlow, whigh }

{(x+y+z, -2,7}

X-y-z, -4,8}

(x3-y+22z, -3,6}

{X+y+2z, -2,7}
{x-y-z, -4,8}
={x®-y+2z -3,6}

Ruw is the rectangular box
ulow < u < uhigh,vlow < v < vhigh, and
wlow =< w < whigh.
So:
volume= [ [ [ dxdydz
=ffwaw VyyzlU, v, Wl dudv dw

_ (whigh (vhigh ruhigh
~ Jwlow fvlow fulow VXVZ[U’ v, widudvdw.

Calculatex[u, v, w], y[u, v, w], andz[u, v, W]:

xyzsolved
Solve [{u

=u[X,y,Z 1,V ==V[X,y,Z ],W==W[X,y,Z ]}, {X,¥,Z }]

{{ya% Bu+ud-8v+3ulv+3uvZivd_8w),

1 3 2 2 3 u+v
Zaﬁ(4u—u ~4v -3u®v-3uv?-vii8w),x - 5 1

| xtu_ v_,w_ 1,y [u_v_,w_ 1,z[u_v_,w_ 1}={Xy z }/ xyzsolved [1]
. 1

(usv L
2 4

% (4u-u®-4v-3uv-3uv?-viigw}

@Bu+ud-8v+3ulv+3uvivd-8w),

N

Calculate the volume conversion factor:

Clear [gradx, grady, gradz, Vxyz 1

gradx [u_,v_,w_ ]=

{D[x[u,v,w J,ul,D[x[uv,w ],v]D[x[uv,w ], wl}
grady [u_,v_,w_ ]=

{Dlyfu,v,w 1,ul,Dyfu,v,w 1,v1,Dly[uv,w ], wl}
gradz [u_,v_,w_ ] =

{D[z[u,v,w J,ul,D[z[uvVv,w ],v],D[z[uvVv,w ],Ww]};
Vxyz [u_,v_,w_ 1=

Abs [Det [{gradx [u,v,w ],grady [u,v,w ],gradz [u,v,w 1}1]

1
6
So:

volume= | [ [ dxdydz
Whighfvhighfuhigh
wlow Jvlow Julow
is measured (in cubic units) by:

VyyzlU, v, W dudv dw.

whigh ~vhigh ~uhigh
| volume = J Vxyz [u, v, w ]dudvdw
wlow viow ulow
162
Really easy.
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T.3) Parallelepipeds

Here are two vectors in two dimensions plotted with their tails at the
same base point:

vectorl = {2,7};
vector2 = {6,2};
basepoint = {1,2 };
Show[Arrow [vectorl, Tail - basepoint, VectorColor - Red],
Arrow [vector2, Tail - basepoint, VectorColor - Red], Axes - True, |:|T.3.a.i)
AxesLabel - {"x","y" }1; . . L . L
y Agree that R is the region consisting of everything on and inside the
: parallelepiped, and measure the volume of R by transforming the
7 integral
6 [[[zdxdydz.
5 OAnswer:
4
3 The parallelpiped has six planar sides; they come in parallel pairs.
17234556 7% ) ) A normal vector for one of the pairs is the cross product
Here is the parallelogram the two vectors and the basepoint determin
Show[Arrow [vectorl, Tail - basepoint, VectorColor - Red], vectorlx vector2,
Arrow [vector2, Tail - basepoint, VectorColor - Red], H H
Arrow [vectorl, Tail - basepoint  + vector2, VectorColor - Blue 1, a normal vector for another of the pairs 1s the cross product
Arrow [vector2, Tail - basepoint  + vectorl, VectorColor - Blue 1, vectorlxvector3
Axes - True, AxesLabel - {"x","y" }1;
y and a normal vector for the last pair is the cross product
10 vector2<vector3:
8 Clear [normal ]
{normal [1], normal [2], normal [3]} =
6 {vectorl xvector2, vectorl x vector3, vector2 xvector3  }
4 {{-6,1, -2}, {-3, -3, -1}, {8,1,5 }}
e x Three of these six planes go through the basepoint.
Here are three vectors in 3D plotted with their tails at the same base The other three planes go through the tip of
point: basepoint vectorl+ vector2+ vector3.
vectorl ={-1,0,3 }; ) i
vector2 = (1,2, -2}; Here are their equations:
vector3 ={-2,1,3 };
basepoint ={1,1,2 }; Clear [k]
labels = {Graphics3D [Text ["vectorl", basepoint +04vectorl 11, Table [
Graphics3D [Text ["vector2", basepoint +0.5vector2 11, {Expand [normal [k]. ({X,y,z } -basepoint )] ==0, Expand [normal [K].
Graphics3D [Text ["vector3", basepoint +0.7vector3 11}; ({X, ¥,z } - (basepoint +vectorl +vector2 +vector3 ))] ==0},
threevectors = {k, 1,3 11
Show[Arrow [vectorl, Tail - basepoint, VectorColor - Red], ({9-6X+y-22==0,2 -6xX+y-22==0},
Arrow [vector2, Tail - basepoint, VectorColor - Red], (8-3x-3y-2=--0,15 -3x -3y -z == 0},
Arrow [vector3, Tail - basepoint, VectorColor - Red], labels, {-19+8x+y+5z2==0, -26 +8x+y +5z ==0}}
Axes - True, AxeslLabel - ",y }, ViewPoint - CMView];

Introduceuvw-space:

Clear [u,v,w ]
{u[x_,y_,z_ 1,ulow, uhigh }={-6x+y-22z, -9, -2}
{v[x_, y_,z_ 1,vlow, vhigh }={-3x-3y-2z -15 -8}
{W[x_,y ,z_ ],wlow, whigh }={8x+y+52 19,26 }

{-6x+y-2z, -9, -2}

{-3x-3y -2z, -15, -8}

{8x+y+5219,26 }

Ruww is the rectangular box

Here is the parallelepiped the three vectors and the basepoint

determine: ulow < u < uhigh,vlow < v < vhigh, and
"parallelepiped” is just jargon that fancy folks use to name a box all .
of whose faces are parallelograms lying in pairs of parallel planes. wlow < w < Wh'gh
parallelepiped = So:
Show[Arrow [vectorl, Tail - basepoint, VectorColor - Red], o:
Arrow [vector2, Tail - basepoint, VectorColor - Red], _ fff
Arrow [vector3, Tail - basepoint, VectorColor - Red], Arrow [vector2, volume— R dx dy dz
Ta!l - basepo!nt + vectorl, VectorColor - Blue ], Arrow [vector3, — fff nyz[u’ v, W dudvdw
Tail - basepoint + vectorl, VectorColor - Blue ], Arrow [vectorl, JRuw .
Tail - basepoint  + vector2, VectorColor - Blue ], Arrow [vector3, — Wh'ghf"h'ghf"‘h'ghvxyz[u' v, W dudvdw.
Tail - basepoint + vector2, VectorColor - Blue ], Arrow [vectorl, wlow Jvlow Julow
Tail - basepoint + vector3, VectorColor - Blue ], Arrow [vector2, Calculatex[u, Vv, W], y[u, Vv, W], andz[u, v, W]Z
Tail - basepoint + vector3, VectorColor - Blue 1, Arrow [vector3,
Tail - basepoint +vectorl +vector2, VectorColor - Blue ], Arrow [ | xyzsolved =
vectorl, Tail - basepoint  +vector2 + vector3, VectorColor - Blue 1, Solve [{u==u[X,y,z 1,V ==V[X,y,Z ], W ==W[X,y,Z ]}, {X, ¥,z }]
Arrow [vector2, Tail - basepoint  +vectorl + vector3, {{xei (-2u-v-w,y ﬁi w-2vy,z Qi <3u+2v+3w)}}
VectorColor - Blue ], Arrow [vector3, 7 7 7
Tail - basepoint +vectorl + vector2, VectorColor - Blue ], .
labels, Axes - True, AxeslLabel - XY, }, ViewPoint - CMView]; Extractx[u, v, W]’ y[u, v, W]’ andz[u, v, W]

{x[uf, V_, W_ ],y [uf, V_, W_ ],Z [uf, V_, W_ ]} =
Expand [{X, Y,z } /.xyzsolved [1]1]
{,Z_U,L,ﬂ u_2v 3_“+2_V+LW}
7 7 77 77 7 7
Calculate the volume conversion factor:

Clear [gradx, grady, gradz, Vxyz 1
gradx [u_,v_,w_ ] =
{D[x[u,v,w J,ul,D[x[uv,w ]J,v],D[x[uv,w ], wl}
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grady [u_,v_,w_ ]=

{Dly[u,v,w J,ul,DIy[uv,w 1,v], Dly[uv,w J,wl}
gradz [u_,v_,w_ ]=

{D[z[u,v,w J,ul,D[z[uv,w ],v],D[z[uVv,w ], W]}
Vxyz [u_,v_,w_ ]=

Abs [Det [{gradx [u,v,w 1,grady [u,v,w ],gradz [u,v,w 1}1]
1

49
So:
volume= [ [ [ dxdydz
high (vhigh ruhigh
= V‘C:O'v% f\‘/’lo'v% f:’lolg VyyzlU, v, Wl dudv dw.

is measured by:

whigh  ~vhigh uhigh
volume = J J Vxyz [u, v, w ]dudvdw
‘wiow Viow ulow

7
Done.

aT.3.a.ii)

To run this successfully, all the cells in part a.i)
above should be active.

Stay with the same three vectors
vectorl, vector2, and vector3
as in the last part.
Here they are together with the parallelepiped they determine:
] Show[parallelepiped 1;

The volume of this parallelepiped measures out to:

whigh  ~vhigh uhigh
volume = J J Vxyz [u, v, w ]dudvdw
ul

wlow Viow low

7

Now look at this calculation of vector@vector2<vector3:
| boxproduct = Abs [vectorl . vector2 xvector3 ]
7

Compare:

] volume == boxproduct
True

Do you think this was an accident?
OAnswer:

Gimmee a break! This is getting old.

In mathematics, there are no accidents.

To see why this is not an accident, look at the parallelpided again:
] Show(parallelepiped 1

Look at the fac# determined bvector2 ancvector3 and remember
that

area of F= ||vectorZ vector3).
Second, lettin@ be the angle betwewvectorl ancvector2<vector3,
you have

|vectorl. vector2vector3

= ||vector]] ||vectorZx vector3| |Coda]|

= ||vector]| (area of B |Coda]|

= ||vector]| |Coda]| (area of B.

VC.08.T3-T4

BecausevectorZxvector3 is perpendicular B,
|lvectorl| |Coda]|
measures the perpendicular height of the parallelepiped as measured
fromF.
The upshot:
|[vectorl. vector2vector3
= (area of a facg(perpendicular height
= volume of the parallelepiped.

oT.3.a.ii)
Now everyone knows that you can calculate the volume of the
parallelepiped determined by
vectorl, vector2, and vector3
simply by calculating
vectorl(vector2xvector3.
Was all that jazz on transformation of the 3D integral in part i) a waste
of time?

OAnswer:

To run this successfully, all the cells in part a.i)
above should be active.

If all you wanted to do was to measure the volume of the

parallelepided, the transformation turns out to be a waste of time.

On the other hand if you had wanted to calculate an integral like
[[[x®dxdydz

whereR is everything inside and on the parallelepiped, then your time

on setting up the transformation would not have been wasted.

To wit:

[[[x®dxdydz
= fffRWW X[u, v, W]vayz[U, v, W dudvdw

whigh rvhigh cuhigh
wlow fvlow fulow
is given by:

whigh vhigh uhigh
| J J J X[u, v, w 12Vxyz [u, v, w ]dudvdw
Vi ul
z
2

X[u, v, W% Vyy,[u, v, W dudvdw.

wiow low low

Done in two shakes of a lamb's tail.

T.4) Switching the order of integration

oT.4.a.)
Here is a calculation of the triple integral
folfoz Oz_xz“dz dxdy
Clear [X,y,2z 1]

12 2ex
JJJ z% dz dx dy
o Jo Jo
32

15
Rewrite the integral in the order

f;f;f;z“dydxdz,
filling in the o's with the appropriate limits.
Confirm your answer by calculating it.
OAnswer:

To do this, it's a good idea to pin down the re(Rom three
dimensions such that
[[ [ dxdydz= folfozfoz_xz“ dzdxdy.
Try to take a look:
The first integral
foz_xz“ dz
fixesx andy and integrates over the stick that runs from

{x,y, Opto{x, y, 4— x}:
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{x0,y0 } = {0.4,06 };
stickinslice =

Graphics3D [ {Blue, Line [{{x0,y0,0 }, {x0,y0,2 -x0}}1}1;
threedims = Axes3D [2.3 ];

Show[stickinslice, threedims, Boxed - False, PlotRange - All,

ViewPoint - CMView];

z

The second integral
2 r2-X
I 2t dzdx
holdsy fixed, but releasexiand integrates over the slice of the solid
swept out by the sticks xsruns from0 to 2:

Clear [x]
sticksinslice = Table [GraphicsSD [

{Blue, Line  [{{x,¥0,0 }, {x,¥0,2 -x}}1}1, {x 0,2 %}]

slice = Show[sticksinslice, threedims, Boxed - False,
PlotRange - All, ViewPoint - CMView];

z

The limits on the third integral

folfozfozfxz“ dzdxdy.
releasey and integrate over the accumulated slicey; rams from0 to

1.
SoR looks something like this:
Clear [y]
allsticks = Table [GraphicsaD [{Blue, Line [{{X,y,0 }, {X,¥,2 =-Xx}}1}1,

1 1
x,0,2, —1} {y.0,1, —1}[;
{ —} b —1
Rplot = Showfallsticks, threedims, Boxed
ViewPoint - CMView];

z

- False, PlotRange - All,

R is the region whose top is the plz = 2 - x, whose bottom is the
planez = 0, and whose sides are the play =0,y = 1, andx = 0.
To write the integral in the order

[ [ [ Zdydxdz,
you've got to describe the same region, but first starting with sticks
parallel to they-axis. This meanx andz are fixed and the stick runs
fromy =0 toy =1:
This gives you the first integral

fol 4 dy
which integates over a stick:

{x0,2z0 } = {051 };

newstickinslice = Graphics3D [{Blue, Line [{{x0,0,2z0 }, {x0,1,2z0 }}1}];

Show [ newstickinslice, threedims, Boxed - False, PlotRange - All,
ViewPoint - CMView];

VC.08.T4

Remember:
R is the region whose top is the plz = 2 - x, whose bottom is the
planez = 0, and whose sides are the play =0,y = 1, andx = 0.
The second integral

f;fol 22dydx
holdsz fixed but releasex and integrates over the slice composed of
the sticks ax runs fromx = 0 to the planz = 2- x. The second
integral is

2-z 1l 2 d d

kg 2ayax

which integrates over a slice:

Clear [x]
newsticksinslice = Table [Graphics3D [
2-20

{Blue, Line [{{x, 0,20 }, {x 1,20 }}1}1, {x, 0,2 -z0, m

newslice = Show[newsticksinslice, threedims, Boxed - False,
PlotRange - All, ViewPoint - CMView];

z

The third integral

f;foz_zfol 2dydxdz
releasez and integrates over the accumulated slicezsraas from as
small as it can be to as big as it can be. RememberinR tkahe
region whose top is the plaz = 2 - x, whose bottom is the plane
z =0, and whose sides are the play = 0,y = 1, andx = 0, you can
see that the smalleztisO and the biggeztis 2 (which happens when
x =0).
The third integral is

f02 Ozfzfol 2dydxdz
which integrates oveR:

allnewsticks = Table [Graphics3D [{Blue, Line [{{X, 0,z }, {X, 1,z }}1}1,
1 1
z,0,2, —}, {x0,2 -z, —}|;
{ —} { —1]
newRplot = Show[allnewsticks, threedims, Boxed - False,

PlotRange - All, ViewPoint - CMView];

z

Compare this to the originR plot:
| Show[GraphicsArray [ {Rplot, newRplot  }11;

183



The same solid region but described with different sticks; that's why
foz Ozfzfolz“ dydxdz = folfoz OHZ4 dzdxdy:

2 2.7 (1

| j j J z* dy dx dz
oJo Jo

32

15
12 p2x

| J j J z% dz ax ay
o Jo Jo

32

15
Copacetic.

VC.08 Transforming 3D Integrals
Giveita Try!

Experience with the starred problems will be useful for understanding
developments later in the course.

G.1) 3D integrals*

0G.1.a)

Calculate
2,2 52
[[[ox?y?* 2 dxdydz
where R is the box with
O<x=<2,1<y=<3,and-2<z<2.

0G.1.b)

Calculate
S e, (3P + (P dxdydz
where Ry, is the region consisting of everything inside and on the
elliptical cylinder with sides
(57 +($?%=1,
and bottom = 0, and top = 4.
aTip:

Go with
x[r, s, § =3rCoqs|
y[r, s, § = 2r Sin[s]
z[r,s, =t

0G.1.c)

Calculate
[[[axy? 2 dxdydz,

where R is the solid whose top skin is the surface
z=8- x? - y?,

and whose bottom skin is the surface
z=x% + y2.

0G.1.d)

Calculate
[ [ [ x?y?Zdxdydz,
where R is the solid inside the parallelpiped plotted below:
vectorl ={3,0,2 };
vector2 = {0, 3, -3};
vector3 = {-3,1,4 };
basepoint = {0, -2,0 };
Show[Arrow [vectorl, Tail - basepoint, VectorColor - Red],
Arrow [vector2, Tail - basepoint, VectorColor - Red],
Arrow [vector3, Tail - basepoint, VectorColor - Red], Arrow [vector2,
Tail - basepoint + vectorl, VectorColor - Blue 1, Arrow [vector3,
Tail - basepoint + vectorl, VectorColor - Blue ], Arrow [vectorl,

VC.08.T4-G3

Tail - basepoint + vector2, VectorColor - Blue 1, Arrow [vector3,
Tail - basepoint + vector2, VectorColor - Blue 1, Arrow [vectorl,
Tail - basepoint + vector3, VectorColor - Blue ], Arrow [vector2,
Tail - basepoint + vector3, VectorColor - Blue ], Arrow [vector3,
Tail - basepoint +vectorl + vector2, VectorColor - Blue ], Arrow [

vectorl, Tail - basepoint  + vector2 + vector3, VectorColor - Blue ],
Arrow [vector2, Tail - basepoint  + vectorl + vector3,

VectorColor - Blue 1, Arrow [vector3,

Tail - basepoint +vectorl + vector2, VectorColor - Blue ],
Axes - True, AxesLabel - X"y, }, ViewPoint - CMView];

G.2) Volume*
0G.2.a.)
Here's the plot of the outside skin of a solid:
Clear [s,t ]
skin =
ParametricPlot3D  [{(1-s?) Cos[t],2 (1-s?)Sin[t],s}, {s, -1,1},
{t, 0,2 o}, ViewPoint - CMView, AxesLabel - {"x", "y", "z" 31

Measure the volume enclosed by this skin.
0G.2.a.ii)
Here's the plot of the outside skin of a related solid:

Clear [s,t ]

skin = ParametricPlot3D [
{-s, -5,2s }+{(1-s?)Cos[t],2 (1-s?)Sin[t],0}, {s, -1,11},
{t, 0,2 o}, ViewPoint - CMView, AxesLabel - {"x", "y", "z" 1

y 1 2
Measure the volume enclosed by this skin.

0G.2.b)

A solid R is given as all points that are simultaneously between:
—theplanes * y+ z=-2,and x y+ z=5,

—the planesx y- z=-3,and x+ y- z=7, and

> the surfaces x y+ 223=0,and x y + 272° = 5.

Measure the volume of this solid.

G.3) Drilling and slicing spheres

One way to see how to plot the sphere
X+ y2 + 22 = radiug
is to slice it with the plane
z= ¢, where-radius= c < radius,
and then to think about what you get.
What you get is the circle
X + y? =radiug - ¢2
plotted in the plane z c.
Now when you go with a given radius, you can plot the sphere
2+ y? + 72 = radiug.
Take a look in the case that radiu$:

Clear [c,t ]
radius = 3;
{clow, chigh } = {-radius, radius };
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{tlow, thigh }=1{0,2 n};

ParametricPlot3D  [{\/radius 2 -c2 Cos[t], Vradius ?-c2 Sin [t],c },

{c, clow, chigh }, {t, tlow, thigh }, ViewPoint - CMView,
Axes - True, BoxRatios - Automatic, AxesLabel - {0y M

VC.08.G3-G4

Think of this as a container for your favorite cold liquid refreshment
and measure the volume of liquid this container can hold.

0G.3.d)

This problem was adapted from the manual,
Uses of Technology in the Mathematics Curriculum,
written by Benny Evans and Jasper Johnson

O0G.3.a.i)

Use a 3D integral to measure the volume of this sphere.

0G.3.a.ii)

Use a 3D integral to come up with a formula for a function
volumdradiug that measures the volume of a sphere of a given

in 1990.

A cubic foot of water weighs 62.4 pounds. A cubic foot of seasoned

balsa wood weighs 7.3 pounds.

If you carve a perfect sphere 2 feet in diameter from a block of balsa
wood, paint it with waterproof paint, let the paint dry, throw it into a
pond, and wait until it stops bobbing, then how deeply will it be

submerged?
oTip:

The floating balsa sphere will displace the volume of water that weighs

as much as the balsa sphere.

One way to communicate your answer is with a plot.

radius.
0G.3.b.i) G.4) Tubes, horns, and squashed doughnuts*
Here's a sphere of radius 2 shown in true scale with an axis running 0G.4.a.i)
from top to bottom: ,
Here's a base curve:
Clear [c,t ]
radius = 2; Clear [s, P ]
{clow, chigh } = {-radius, radius } P[s_1=1{-s,2s,8 2y;
{tlow, thigh } ={0,2 n}; curve = ParametricPlot3D [Evaluate [P[s]], {s,0,2 1},
sphereplot = AxesLabel - {"x","y", "z" }, ViewPoint - CMView];
ParametricPlot3D  [{\/radius 2 -c2 Cos[t], \/radius 2 -¢2 Sin [t], ¢ h .:x :

{c, clow, chigh }, {t tlow, thigh
Show[sphereplot, Graphics3D [

ViewPoint - CMView, Axes - True, BoxRatios - Automatic,
AxesLabel - {"x","y", "z" }, DisplayFunction

}, DisplayFunction - |dentity
{Thickness [0.01 ], Blue, Line [{{0,0, -251}, {0,0,25 1}}1}1,

- $DisplayFunction

]:

IN

Plot the tube whose skin consists of each circle of a radius 1.4
centered on the curve and lying in the plane that cuts the curve

perpendicularly at the center of the circle.
0G.4.a.ii)

Imagine that flat caps have been attached to the open ends of the tube
in part a.i) above, and measure the volume of the resulting container.

y
Plot what you get after you take a circular drill of radius 1 and bore a 0G.4.b)
straight circular hole through the sphere, centering the drill on the Look at this horn:
plotted axis. Clear [s, P ]
0G.3.b.ii) Plel= s 2es By
Go back to the set-up in part b.i) immediately above, and imagine tha untan 8- = e
the sphere is the skin of a solid ball made of redwood. Measure the unittan

volume of the redwood that remains after you take a circular drill of
radius 1 and bore a straight circular hole through the sphere, centerin

the drill on the plotted axis.

0G.3.0)

Here's a sphere whose top has been sliced off:

Clear [c,t ]
radius = 2;
{clow, chigh }
{tlow, thigh }
sphereplot =

{-radius, 1 };
{0, 2 n};

ParametricPlot3D  [{\/radius 2 -c2 Cos[t], Yradius ?-c2 Sin [t], ¢},

{c, clow, chigh }, {t, tlow, thigh }, ViewPoint - CMView,

Axes - True, BoxRatios - Automatic, AxesLabel - Xy,

W

A\

W
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mainunitnormal  [s_1 = N[

Clear [binormal ]

Clear [hornskin, r ]
r[s_]1=025s;
hornskin  [s_, t_ ] = Together [

ParametricPlot3D [Evaluate [hornskin [s,t 11,
AxesLabel - {"x", "y", "z"
X

M

VExpand [unittan " [s] .unittan

binormal [s_] = unittan [S] x mainunitnormal [s1;

}, ViewPoint - CMView];

‘Is1]

P[s] +r [s] Cos[t ] mainunitnormal [s] +r [s]Sin [t] binormal [s]];

{t,0,2 =},

3
y
Imagine that a flat cap has been attached to the open end, and measul

the volume of the resulting container.

0G.4.c) Squashed doughnuts
Here is a squashed doughnut:
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Clear [P, s, unittan, mainunitnormal, binormal 1
P[s_]:={6Cos[s],6Sin [s],0};
P [s]

unittan  [s_] =

A/ TrigExpand [P’ [s].P’[S]] Y

unittan " [s]

mainunitnormal  [s_] = N[

/TrigExpand [unittan ' [s].unittan ' [s]]
binormal [s_] = N[TrigExpand [unittan [S] x mainunitnormal [s111;
Clear [donutskin, rad, t 1
rad [s] = Sin [s]% +0.5;
donutskin  [s_,t_ ] =

P[s] +rad [s] Cos[t ] mainunitnormal [s] +rad [s] Sin [t ] binormal [s];
ParametricPlot3D

[Evaluate [donutskin [s,t 11, {s,0,2 =}, {t,0,2 =},
PlotPoints "z"

- {30, Automatic  }, AxesLabel - {"x","y", "z" }

ViewPoint - CMView];

5

y
Try to explain why the plot came out the way it did, and then measure
the volume inside this squashed treat.

G.5) Measuring when you can't see

0G.5.a.i)
Here is a modest curve in three dimensions:
Clear [curveplotter, t 1
{tlow, thigh  } = {0, 4 };
curveplotter [t.]1={3Cos[2t],3tSin [t],3t };
curve = ParametricPlot3D [Evaluate [curveplotter [ti1,
{t, tlow, thigh }, DisplayFunction - ldentity 1;
Show[
curve, ViewPoint - CMView, Axes - True, AxesLabel - XY, 1

PlotRange - All, DisplayFunction - $DisplayFunction 1,

y
Here is the same curve shown with a couple of sample circles paralle
to the xy-plane and centered on the curve:

Clear [s]
circlel =
ParametricPlot3D [Evaluate [curveplotter
{s, 0, 2 =}, DisplayFunction
circle2 =
ParametricPlot3D [Evaluate [curveplotter [2] +2 {Cos[s], Sin [s],0 }1,
{s, 0, 2 =}, DisplayFunction - |dentity 1;

[1] +2 {Cos[s], Sin [s],0}],
- |dentity 1;

Show[curve, circlel, circle2, ViewPoint
Axes - True, AxesLabel - X"y,
DisplayFunction - $DisplayFunction 1;

- CMView,
}, PlotRange - All,

y
Here's what you get when you make the tube consisting of all such
circles:

Clear [tubeplotter, s, t 1
tubeplotter [s_, t_ 1 = curveplotter
tube = ParametricPlot3D [Evaluate [tubeplotter

{t, tlow, thigh }, {s, 0,2 =}, DisplayFunction

[t]1+2{Cos[s], Sin [s],0};
[s,t 11,
- Identity 1;

tubeplot = Show[tube, curve, ViewPoint
Axes - True, AxesLabel - Xy,
DisplayFunction - $DisplayFunction 1;

- CMView,
}, PlotRange - All,

VC.08.G4-G5

X
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Imagine that the ends of this tube are covered with flat plates, and
measure the volume of the resulting container.

0G.5.a.ii)

Calculus&Mathematica thanks
former C&M student Jonathan Paetsch for suggesting this part.

In part i), the core curve was plotted by
curveplottdt] = {3Cod2t], 3t Sin[t], 3t}
withO<t=<4.
This time, suppose the core curve is given by
curveplottdt] = {f[t], g[t], 3t}
with 0 < t < 4, where ft] and dt] are unspecified functions. When
you center circles of radius 2 on the curve so that they are all parallel
to the xy-plane as above, you can't plot the tube because you don't
have concrete formulas fojtf and gt]. Nevertheless, you can
imagine that flat plates are put on the open end and you can measure
the volume of the resulting container.
Do it.

O0G.5.b)

A solid R is given as all points that are simultaneously between:

—theplanes ¥ y+ 2z=-1,and x+ y+ 2z=5,

—theplanesx y— 2z=-3,andx y- 2z=6, and

— the surfaces Sifk] - y+ 2z=-1, and Sinfx] - y+ 2z = 2.

When you try to measure the volume of this solid, you go with:
Clear [X,VY,z,u,Vv,wW 1

{u[x_,y_, z_ 1, ulow, uhigh }={x+y+22z -1,51};
{vVIx_, y_, z_ 1,vlow, vhigh }={x-y-2z -3,61};
{W[X_,y_,z_ 1,wlow, whigh 1} ={Sinh [x]-y+22z, -1,21};

Then you observe thatR, is the rectangular box
ulow= u < uhigh,
vlow = v =< vhigh, and
wlow= w < whigh.

So:
volume= [ [ [ dxdydz
:fff VyyzlU, vV, W dudvdw
S Vel ¥
whigh ~vhigh ~uhig ’
= /
fwlow Llow fulow VyyzlU, v, W dudv dw.
xyzsolved =
Solve [{u==uU[X,y,Z ],V ==V[XVy,Z ],W==W[XYy,Z 1}, {X,y,Z }]
[y~ & (u-v-2wezsion [Y2YV]), 2 5 L (uove2w 2sin [U1Y]),

u-+v
Xe—;—}}

Instead of finding ju, v, wl, y[u, v, wl, and %u, v, w] in order to
calculate the volume conversion factor

Viyz[U, V, W]
for converting uvw-volume measurements into xyz-volume
measurements, you can calculate

VUVW[Xv y- Z]
which converts xyz-volume measurements into uvw-volume
measurements:

Clear [gradu, gradv, gradw 1

gradu [x_,y_,z_ 1={Dlulx,y,z 1,x1,D[ulx,y,z 1,y1,D[ulx,y,z 1,21}

gadv [x_,y_,z_ 1={DIVIx ¥,z 1,x],DIvVIxy,z 1,y1.DIVIxy,z 1,21}

gradw [x_,y_z_ 1={Dwx,y,z 1,x1,Dwx,y,z 1,y 1.DWIxy,z 1,21}

Vuwi[x_,y_,z_ 1=

Abs [Det [{gradu [X,y,z 1, gradv [X,y,Zz 1,gradw [X,y,z 1}1]

8

Look at this and use just a smidgen of common sense to figure out
what

nyz[ux Vv, W]
has got to be. Once you have

Viyz[U, V, W]
nailed down, use it to help to measure the volume of the solid
described at the beginning.
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G.6) Average values, centroids, and centers of mass

0G.6.a.i)
Agree that ay§ stands for the average value pf,fy, z] as{x, y, 2}

varies through a specified solid region R in xyz-space. The formula

for aviy is
_ [ [ [ fixy. 2 dxdy dz
avk = fRffRaExdydz
How do you know that agfis a number that falls between the
minimum value of fx, y, z] on R and the maximum value dkfy, 2]
on R?

0G.6.a.ii)

Suppose[k, y, Z] is not constant on R.
Why do you expect that there are points
{X1, Y1, z2} and{xy, y2, 22}
in R with
fiX1, y1, z1] < avfr and
fixa, y2, 2] > avir ?

0G.6.b)

Calculate the average value @k fy, z] = x* + y2 + z° on the
trapezoidal box

3=x<7,

5=y =<9, and

O<z=<6+ 6X+ 6Y.

0G.6.c) Centroids

You get the centroid
{Xcv yC1 ZC}
of a solid R by setting
% = the average value off, y, zZl = x on R,
W = the average value oflg, y, z =y on R, and
z=the average value ofk, y, Zl=zon R.
Calculate the centroid of the trapezoidal box
3<x=<7,
5<y =<9, and
O<z=<6+ 6X+ 6Y.

0G.6.d.i) Weighted averages

Take a nonnegative functioxp y, z] and think of it this way:
The bigger X, y, Z] is the more weight the poify, y, z} has.
The weighted average value of a functifx f/, z] with respect to
plx, ¥, Z] on a region R in three dimensions is the number

[ [ [ fixy. 2 plxy. 2 dxdy dz

anFh = fffR pix,y, 2zl dx dy dz

0G.6.d.ii)

Given a weight function[g, y, z], how do you know that avfpis a
number that falls between the minimum value[gf ¥/, z] on R and
the maximum value offk, y, z] on R?

0G.6.d.jii)

Take fx, Y, z] = e * Y2,
Calculate the weighted average pf,fy, z] = X2 + y? + z% with
respect to [x, y, z] of the trapezoidal box

O<x=<1,

O<y=<2,and

O<z=1+ 2x+VYy.

VC.08.G6-G7

0G.6.e) Center of mass

grams

A solid R has density[g, y, z] <5 at a pointx, y, z}.
You get the center of mass

{X;u y;u Zp}
of a solid R by setting

%, = the average value of¥, y, z] = x with respect to |x, y, z]
on R,

y. = the average value ofg, y, z] = y with respect to jx, y, ]
on R, and

z, = the average value ofk, y, z] = z with respect to [, y, z]
onR.
The top of a solid is the domed surface

z=8- x% - y?,
and the bottom is the paraboloid

7=%% + y2.
The density [x, y, Z] at a pointx, y, z} in the solid is proportional to
the distance ofx, y, z} from the plane = 0, so for z+ 0,
plx, Yy, z] = ¢z, where c is a positive constant of proportionality.
Calculate the center of majss,, y,, z,} of the solid.

G.7) Switching the order of integration

0G.7.a.)

Here's a nice little region in the xy-plane.

Clear [x,y, region, pregion, vline, x0 1;
Needs ["Graphics FilledPlot™ 1;

region = FilledPlot  [VX, {x 0,1 },

AspectRatio - 1 / GoldenRatio, Fills - Pink, AxesLabel - Yy,
PlotLabel - "x = y?", DisplayFunction - Identity ];
Show[region, DisplayFunction - $DisplayFunction 1;
y x =y?
1
0.8
0.6
0.4
0.2

0.2 04 06 0.8 i

You want to calculat§fR (x2 +y3)dA. Here's a view of the region
with a randomly placed vertical line.
X0 = Random[];
vliine =
Graphics [{Thickness [0.01 1, Brown, Line [{{x0,0 }, {x0, \/;?)_}}]}]
pregion = Show([region, vline, DisplayFunction - $DisplayFunction 1;
y x = y?

0.2 04 06 08 X

Use what you see to fill in the boxes so that
[l oE+yHdA= [ [C @ +y3dydx.

0G.7.a.ii)
Here's that nice little region in the xy-plane again.
Clear [x,y, region, pregion, hline, yO 1;
region = FilledPlot [\/; {x,0,1 },
AspectRatio - 1 / GoldenRatio, Fills - Pink, AxesLabel - Y'Y,
PlotLabel -»"x = y2 ", DisplayFunction - |dentity ];
Show[region, DisplayFunction - $DisplayFunction 1;
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0.2 0.4 06 0.8 ix

You want to calculatqfR (X2 +y3)dA. Here's a view of the region
with a randomly placed horizontal line.

y0 = Random[];

hline = Graphics [{Thickness [0.01 1, Brown, Line [{{y0%,yO }, {1,y0 }}1}1;
pregion = Show([region, hline, DisplayFunction - $DisplayFunction 1;

y x = y?

0.2 0.4 06 0.8 X

Use what you see to fill in the boxes so that
JROE+y3dA= [" [ 0E+y3dxdy.
0G.7.a.iii)

In calculating the limits for the integral over the region here,
] Show[pregion 1;
y X =y

0.2 04 06 08 1°%
you could start with inequalitiegy x < 1 and O< y < 1 from the

picture. That would give you the limits you needed just above here.

If you want the limits for the integral in the reverse order, you can
start from these inequalities and get the corresponding inequalities fol
the other direction. Do it.
0G.7.b)
Calculate the double integral
o7 sinlz (x+ y)ldy dx.
Then rewrite the integral in the order
[ [ sinix (x+ y)ldxdy,
filling in the o's with the appropriate limits.
Confirm your answer by calculating both integrals.

0G.7.c)
Calculate the triple integral
fol Ol_xf()x+y8in[7r X+ Y+ 2]dzdydx.
Then rewrite the integral in the order
[ [ ['sinax+y+ 2)]dydxdz,
filling in the o's with the appropriate limits.
Confirm your answer by calculating both integrals.

G.8) Linear equations and volume

O0G.8.a.i) Tripping in 3D
Go with:

Clear [X,Y,2z,u,V,wW ]
{{au, bu, cu 3}, {av, bv,cv }, {aw, bw,cw }} =
{{1,2,03 1}, {2, -3,11}, {3, -1,3}};
{ulx,y_,z_ LVvIx,y,z L,wix,y,z_ 1}=
{aux +buy +cuz,avx +bvy +cvz,awx +bwy+cwz}
{Xx+2y+03z,2x -3y+2z,3x -y+3z}
Make three vectors:
{directionx, directiony, directionz } =
{{au, av, aw }, {bu, bv, bw 3}, {cu,cv,cw }}
{{1,2,3 }, {2, -3, -1}, {0.3,1,3 }}

VC.08.G~G8

Note the relationship of these vectors to the variables x, y, and z, and
look at these plots of
x directionx with its tail af0, 0, G,
y directiony with its tail at the tip of x directionx, and
z directionz with its tail at the tip of x directiomxy directiony,
and the point
{ulx,y, 2], v[x, y, Z], wlx, y, z]}
forx=1.2,y=0.9and = 0.7:
{xX,y,z }={12,0907 };
uvwpoint = Graphics3D [
{Red, PointSize [0.05 ], Point [{u[x,y,z 1,V IXY,Z 1,W[X, ¥,Z 1}1}1;
trip = {Arrow [x directionx,
Tail - {0,0,0 }, VectorColor

Tail - xdirectionx, VectorColor
Tail - x directionx + y directiony, VectorColor

- Blue ], Arrow [y directiony,
- Blue 1, Arrow [z directionz,
- Blue 1};
x directionx
2
y directiony
g7
2

labels = {GraphicsSD [Text ["x directionx”, ]] Graphics3D [

Text ["y directiony”, x directionx 1], Graphics3D [

o z directionz
+y directiony + ] 1}

Text ["z directionz”, x directionx >

threedims = Axes3D [1.0 ];

Show[uvwpoint, labels, trip, threedims, PlotRange - All,
Boxed - False, ViewPoint - CMView];

Here's the same thing fox, vy, 2} = {2.1, 1.6,-3.1}:

{x,y,z }={21, 16, -311;
uvwpoint = Graphics3D [
{Red, PointSize  [0.05 ], Point [{u[x,Yy,z 1,V IX Y, Z 1,WI[X Y, Z 1}1}1;
trip = {Arrow [x directionx,
Tail - {0, 0,0 }, VectorColor
Tail - xdirectionx, VectorColor

- Blue ], Arrow [y directiony,
- Blue ], Arrow [z directionz,

Tail - x directionx + y directiony, VectorColor - Blue 1};
. N x directionx .
labels = {Graphics3D [Text ["x directionx", f] ], Graphics3D |
direction
Text ["y directiony”, x directionx + %] ], Graphics3D [
A - _— z directionz

Text [”z directionz", x directionx +y directiony + ——2———] ] };
threedims = Axes3D [1.0 1;
Show[uvwpoint, labels, trip, threedims, PlotRange - All,

Boxed - False, ViewPoint - CMView];

Read the code, and play with your own choices of x, y, and z until you
get the feel of what's happening.
Once you feel that you have an idea of what's happening, explain the
physical process of going with an xyz-pofrt y, z} and the vectors,
directionx, directiony, and directionz,
to take a trip starting 40, 0, @ and ending at the uvw-point
{ux, y, 21, vix, y, 21, wix, y, zl}.
oTip:

What you saw was the geometry of the trip.
Here's the algebra:

Clear [x, Y,z u, Vv, w,au, bu, cu, av, bv, cv, aw, bw, cw 1
{ulx,y,z_ LvIx,y.,z 1,wix,y.,z 1}=
{aux +buy +cuz,avx +bvy +cvz,awx +bwy+cwzy};
{directionx, directiony, directionz } =
{{au, av, aw }, {bu, bv, bw }, {cu,cv,cw }};
{ux,y,z 1, viIxy, z 1,wixy, z ]} ==
x directionx + Yy directiony + z directionz

True
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0G.8.a.ii) Tripping in 3D when directionx, directiony, and directionz directionz= {cu, cv, cw
has zero volume.
are not coplanar The upshot:
Continue to go with the set-up in part i): The vectors directionx, directiony, and directionz are coplanar.
Clear [x, Y,z uv,w ] How does this help you explain why when you go with the numbers
{{au, bu, cu 3, {av, bv,ev 3}, {aw, bw, cw }} = au, bu, cu, av, bv, cv, aw, bw, and cw

(1203 3 (2 -31} {3 -133} used here, then for all but very special choices of u, v, and w, it will be
{Ulx, y_,z_ l1,viIx,y.,z 1.w[x,y.,z 1}=

faux +buy +cuz,avx +bvy +cvz,awx +bwy+cwz} impossible to solve
(Xx+2y+032,2x -3y+23x -y+3z} u=ufx,y, zZl =aux+ buy+ cuz,
And the vectors you tripped on in part i): v=V[X, Y, Z] =avx+ bvy+ cvz, and
{directionx, directiony, directionz } = w= W[X, Y, Z] = aw X+ bwy+ cwz
{{au, av, aw }, {bu, bv, bw 1}, {cu, cv,cw }} for X, Y, and z?

{{1,2,3 }, {2, -3, -1}, {03,1,3 }} )
Note that if you are given three numbers u, v, and w, Mathematica ha ~ ©G-8-aiV)
no trouble solving the linear system Run with everything cleared:
u=ufx,y, zl=aux+ buy+ cuz,
v=V[X, Y, Z]=avx+ bvy+ cvz, and
w=WI[X, Y, Z] =aw X+ bwy+ cwz
for x, y, and z:
{u,v,w }={03, -6.8,1843 1},

Clear [x, Y, z, u, Vv, w,au, av, aw, bu, bv, bw, cu, cv, cw 1
{uxoy,z. LviIx,y,zo L,wix,y,z 1}=

{aux +buy +cuz,avx +bvy +cvz,awx +bwy+cwz}

{aux +buy +cuz,avx +bvy +cvz,awx +bwy+cwz}

And the three vectors:

Solve [{U==auX +buy +CUz, v ==avx +bvy +CVZ, W ==awX+bwy+cwz}, {directionx, directiony, directionz Y=
X,z }] {{au, av,aw }, {bu, bv,bw 1}, {cu,cv,cw 1}}
({x > -7.88966,y - 1.89513,z - 14.6647 }} {{au, av,aw 1}, {bu, bv,bw }, {cu, cv,cw }}
To see why Mathematica has no problem delivering the solutions Make a matrix:
above, calculate coefficientmatix = {{au, bu,cu }, {av,bv,cv }, {aw, bw, cw }};
\directionx (directionyx direction2): MatrixForm  [coefficientmatix 1
) yx : au bu cu
] Abs [directionx . directiony xdirectionz ] av bv cv
11.9 aw bw cw
This is not 0; so the parallelepiped determined by the three vectors Take its determinant:
directionx= {au, av, av, | detmatrix = Det [coefficientmatix ]
directiony= {bu, bv, bw, and —awbvcu +avbwcu +awbucv - aubwcv - avbucw +aubvcw
directionz {cu, cv, cw Look at:
has positive volume (see the Tutorial problem on parallelepipeds). |directionx (directionyx direction|:
The UpShOt: ] vol = Expand [directionx . directiony xdirectionz ]
The vectors directionx, directiony, and directionz cannot be coplanar. -awbvcu +avbwcu +awbucv -aubwev -avbucw +aubvcw
How does this fact help you explain why it is that no matter what And look at:
three number&u, v, w} you go with Mathematica will be able to solve | detmatrix == vol
the linear system True
u=u[x,y, z] = aux+ buy+ cuz, Explain this:
v=V[X, Y, Zl =avx+ bvy+ cvz, and When you go with numbers
w=Ww[X, Y, zZ] = aw X+ bwy+ cwz au, bu, cu, av, bv, cv, aw, bw, and cw
for x, y, and z? and the determinant of the resulting coefficient matrix:
| MatrixForm  [coefficientmatix ]
O0G.8.a.iii) au bu cu
Here's a new set-up: av by ov
aw bw cw)
Clear [X,Y, 2z, U, Vv, W 1 . .
Ctau bu cu 3, {avbv.ov 13 =((L 21 }. (2 -3, 11} is not 0, then you are always guaranteed that given any numbers u, v,
{aw, bw, cw } = {au, bu,cu } + {av, bv, cv }; and w it will be pOSS|b|e to solve the system
UGy zo LviIxoyLzo Lwix,y.z 1= u=ux,y, zZl =aux+ buy+ cuz,

{aux +buy +cuz,avx +bvy +cvz,awx +bwy+cwz}
(Xx+2y+2,2x -3y +2,3x -y+22z}

And the three vectors:

v=V[X, Y, z] =avXx+ bvy+ cvz, and
w=W[X, Y, Z] =aw X+ bwy+ cwz
for x, y, and z.

o I o And explain this:
({1,2,3 3}, {2, -3, -1}, {1, 1,2 }} When you go with numbers
If you are given three numbers u, v, and w, Mathematica can run into au, bu, cu, av, by, cv, aw, bw, and cw _
big trouble solving the linear system and the determinant of the resulting coefficient matrix
u= U[X, Y, Z] —aux+ bu y+ cuz, | MatrixForm  [coefficientmatix 1
v=V[X, Y, zZl =avx+ bvy+ cvz, and Mo
W= WI[X, Y, Z] =aw X+ bwy+ cwz aw bw cw
for x,y, and z: is 0, then for all but very special choices of u, v, and w it will be
(uvw }=(1,11 } impossible to solve
S?::/ey [Z(u}=]= aux +buy +cuz,v ==avx +bvy +cvz,w ==awx+bwy+cwz}, u= U[X, Y, Z] = auXx+ buy+ cuz,
0 e v=V[X, Y, Z] =avx+ bvy+ cvz, and
To see why Mathematica has a big problem delivering the solutions w=wlx, y, ] = awx+ bwy+ cwz
above, calculate forx,y, and z.
|directionx (directionyx direction2):
] Abs [directionx . directiony «directionz ] Gg) The volume conversion faCtOVXyZ[U, v, W]
0
This is 0; so the parallelepiped determined by the three vectors 0G.9.a)
directionx= {au, av, aw, Here's a cylinder plotted in uvw-space:

directiony= {bu, bv, bw, and
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Clear [s,t ]

{{slow, shigh '}, {tlow, thigh }} = {{0,11}, {0,2 m}};

uvwplot = ParametricPlot3D [{Cos[t], Sin [t],s}, {s,slow, shigh },
{t, tlow, thigh }, BoxRatios - Automatic, Boxed - False,
ViewPoint - CMView, AxesLabel - {"u", "v", "w" }1;

v 1

Go from uvw-space to xyz-space with:
Clear [X,y,z 1]

{X[u_,v_,w_ 1,y [u,v_,w

l.z[u,v_,w_ 1}={uv,uvw }
{u,v,uvw }
Here's how that cylinder plots out in xyz-space:

ParametricPlot3D [Evaluate [
{x[Cos[t],Sin [t],s ],y [Cos[t],Sin [t],s ],z [Cos[t],Sin [t],S1}],
{s, slow, shigh }, {t, tlow, thigh }, AxesLabel - {"x", "y", "z" }1;

Damaged goods.
Look at the volume conversion factogMu, v, wi:

Clear [gradx, grady, gradz, Vxyz 1

gradx [u_,v_,w_ ] =

{D[x[u,v,w J,ul,D[x[uv,w ],v]D[x[uv,w ], wl}
grady [u_,v_,w_ ]=

{Dly[u,v,w 1, ul,Dly[uv,w 1,v].D[y[uv,w ], wl}
gradz [u_,v_,w_ ]=

{D[z[u,v,w ],ul,D[z[uvVv,w ],v],D[z[uvVv,w ],Ww]};
VXyz [u_,v_,w_ 1=

Abs [Det [{gradx [u,Vv,w ],grady [u,v,w ],gradz [u,v,w ]1}]]

Abs [uV]
Use the volume conversion factor to help to explain why the xyz-plot
of the original uvw-cylinder turned out the way it did.

0G.9.b)

Take any cleared functionguf and du, v].
Someone said that if you start in uvw-space with a sqlig Bnd go
to xyz-space via

Nu, v, w] = u,

Ju, v, w] = v + f[u], and

4u, v, w] = w + g[u, v],
then the xyz-plot, R, of Ry is likely to be a different shape from
the original shape of Rw, but the xyz-volume measurement qfRs
likely to be the same as the uvw-volume measuremengaf R
What's your opinion?

aTip:

Start with:

Clear [x,y,z,u,v,w,fg 1
X[U_, Vv_,w_ ]=u;
ylu_,v_,w_ 1=v+f[ul;
Z[U_,Vv_,W_ ]=w+g[uVvl;
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