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MGM.04 SVD Analysis of 2D Matrices
TUTORIALS

T.1) The issue of rank. When an SVD stretch factor is 0

áT.1.a.i) Only one positive stretch factor
Here is the matrix

         A = J -0.7 1.4
0.5 -1.0

N 
and an SVD analysis of its stretch factors:

In[56]:= A = J -0.7 1.4
0.5 -1.0

N;

MatrixForm@AD
Out[57]//MatrixForm=

J -0.7 1.4
0.5 -1.

N

In[58]:= stretches = SingularValues@ADP2T
Out[58]= 81.92354<

1 <-----> hangerframe      2 <-----> stretches     3 <-----> alignerframe
                         

Mathematica reports only one stretch factor.
How do you interpret this?

áAnswer:

When Mathematica reports just one stretch factor, Mathematica is telling you that there are 
really two stretch factors but one of them is 0. Mathematica does not bother to give you the 
0 stretch factor. 
This signals that the given matrix A is not invertible.
Check:

In[59]:= Inverse@AD
Inverse::luc :  Result for Inverse of badly conditioned

matrix 88-0.7, 1.4<, 80.5, -1.<< may contain significant numerical errors.

Out[59]= 88-3.46431 ´ 1016, -4.85003 ´ 1016<, 8-1.73215 ´ 1016, -2.42502 ´1016<<

This checks.

áT.1.a.ii) Only one hangerframe vector, only one aligner frame vector, only one stretch 
factor
Stay with the same matrix 

          A = J -0.7 1.4
0.5 -1.0

N  
and look at the full SVD analysis of it:

In[60]:= A = J -0.7 1.4
0.5 -1.0

N;

MatrixForm@AD
Out[61]//MatrixForm=

J -0.7 1.4
0.5 -1.

N

In[62]:= alignerframe = SingularValues@ADP3T
Out[62]= 880.447214, -0.894427<<
In[63]:= stretches = SingularValues@ADP2T
Out[63]= 81.92354<
In[64]:= hangerframe = SingularValues@ADP1T
Out[64]= 88-0.813733, 0.581238<<

1 <-----> hangerframe      2 <-----> stretches     3 <-----> alignerframe
                         

Mathematica reports 
             only one alignerframe vector,
             only one stretch factor, and 
             only one hangerframe vector.
What information do you get from this?

áAnswer:

Because A is not invertible,you know that the matrix A hangs all its hits on a line through 
{0,0}. 
This is the line through {0,0} defined by the lone vector in the hangerframe.

In[65]:= Clear@hangerframeD;
hangerframe@1D = SingularValues@ADP1, 1T

Out[66]= 8-0.813733, 0.581238<

See it happen by taking some random points and hitting A on them.
In[67]:= a = 2;

points =
Table@8Random@Real, 8-a, a<D, Random@Real, 8-a, a<D<, 8k, 1, 100<D;

pointcolor@k_D = RGBColorA0.5 i
k
jjjSinA
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Length@pointsD

E + 1y
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zzz, 0.3E;

pointplot = Table@Graphics@8PointSize@0.04D, pointcolor@kD,
Point@pointsPkTD<D, 8k, 1, Length@pointsD<D;

hitpointplot = Table@Graphics@8PointSize@0.04D, pointcolor@kD,
Point@A.pointsPkTD<D, 8k, 1, Length@pointsD<D;

actionarrows = Table@Arrow@A.pointsPkT - pointsPkT, Tail ® pointsPkT,
VectorColor ® pointcolor@kDD, 8k, 1, Length@pointsD<D;

b = 3;
lineplot = Graphics@

8Thickness@0.01D, Line@8-b hangerframe@1D, b hangerframe@1D<D<D;
ranger = 1.8 a;
before =

Show@pointplot, lineplot, Axes ® True, AxesLabel ® 8"x", "x"<,
PlotRange ® 88-ranger, ranger<, 8-ranger, ranger<<,
PlotLabel ® "Points before the hit with A"D;

Show@before, actionarrows, PlotRange ® 88-ranger, ranger<,
8-ranger, ranger<<, PlotLabel ® "Action arrows"D;

after = Show@hitpointplot, lineplot, Axes ® True, AxesLabel ®
8"u", "v"<, PlotRange ® 88-ranger, ranger<, 8-ranger, ranger<<,

PlotLabel ® "Same points after the hit with A"D;
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Grab and animate.

The plotted line is the line through {0,0} defined by the lone hangerframe vector:
In[79]:= hangerframe = SingularValues@ADP1T
Out[79]= 88-0.813733, 0.581238<<

áT.1.a.iii) Rank
Stay with the same matrix as in parts i) and ii).
Some folks say that this the rank of this matrix is 1.
The same folks say that the rank of any invertible 2D matrix  is 2.
What do they mean by this?

áAnswer:

The rank of a matrix is the number of dimensions the matrix uses to hang its hits.

The matrix in parts i) and ii) hangs all its hits on a one dimensional straight line. That's why 
folks say the rank of this matrix is 1. 

On the other hand, invertible 2D matrices use all of 2D to hang their hits. That's why folks 
say that the rank of an invertible 2D matrix is 2.

áT.1.a.iv) Hangers with just one column and aligners with just one row
Here's a new matrix

             A = J -0.6 2.7
0.4 -1.8

N:
and a look at its SVD stretch factors:

In[80]:= A = J -0.6 2.7
0.4 -1.8

N;

stretches = SingularValues@ADP2T
Out[81]= 83.32415<



This matrix is rank 1.
Here are the SVD aligner,  stretcher and  hanger for A:

In[82]:= hanger = Transpose@SingularValues@ADP1TD;
MatrixForm@hangerD

Out[83]//MatrixForm=

J -0.83205
0.5547

N

In[84]:= stretcher = DiagonalMatrix@SingularValues@ADP2TD;
MatrixForm@stretcherD

Out[85]//MatrixForm=
H 3.32415 L

In[86]:= aligner = SingularValues@ADP3T;
MatrixForm@alignerD

Out[87]//MatrixForm=
H 0.21693 -0.976187 L

Check:
In[88]:= MatrixForm@hanger.stretcher.alignerD

MatrixForm@AD
Out[88]//MatrixForm=

J -0.6 2.7
0.4 -1.8

N

Out[89]//MatrixForm=

J -0.6 2.7
0.4 -1.8

N

What happened here?
áAnswer:

Mathematica took:
In[90]:= MatrixForm@hangerD

Out[90]//MatrixForm=

J -0.83205
0.5547

N

This is not a "column" vector.
This is a matrix with two rows and one column.

                         

In[91]:= MatrixForm@stretcherD
Out[91]//MatrixForm=

H 3.32415 L
This is not a number.

This is a matrix with one row and one column.
                         

In[92]:= MatrixForm@alignerD
Out[92]//MatrixForm=

H 0.21693 -0.976187 L

This is not a vector.
This is a matrix with one row and two columns.

                         

and multiplied them out to duplicate A:
In[93]:= MatrixForm@hanger.stretcher.alignerD

MatrixForm@AD
Out[93]//MatrixForm=

J -0.6 2.7
0.4 -1.8

N

Out[94]//MatrixForm=

J -0.6 2.7
0.4 -1.8

N

You can do this by hand if you like.

hanger.stretcher.aligner  

                   = J -0.83205
0.5547

N.H3.32415L.H 0.21693 -0.976187 L

                   

                   = J -0.83205
0.5547

N.H3.32415 ´ 0.21693, 3.32415 ´ -0.976187L 

                   = J a b
c d

N

with 
        a = (-0.83205) H3.32415L H0.21693L
        b = (-0.83205) H3.32415L H-0.976187L
        c  = (0.5547) H3.32415L H0.21693L 
        d = (0.5547) H3.32415L H-0.976187L.

T.2)  Det[A .B]   = Det[A] Det[B]
If A is a 2D diagonal matrix, then Det[A] = product of diagonal entries
Why Det[A-1]  =  1�����������������Det @AD
 If A is a 2D hanger or aligner based on a right hand frame, then Det[A]  =  
1.
 If A is a 2D hanger or aligner based on a left hand frame, then Det[A]  = 

Ñ1.
 Why A and At  have the same stretch factors and why  Det[At] = Det[A]

áT.2.a)    Det[A .B]  =  Det[A] Det[B]
Look at these calculations based on the formula 

           Det[Ja b
c d

N]  =   a d  - b c

involving cleared matrices:
In[95]:= Clear@a, b, c, d, r, s, t, u, w, x, y, zD;

A = Ja b
c d

N;

P = Jr s
t u

N;

T = Jw x
y z

N;

In[99]:= Expand@Det@A .PDD == Expand@Det@AD Det@PDD
Out[99]= True

In[100]:= Expand@Det@A .P.TDD == Expand@Det@AD Det@PD Det@TDD
Out[100]= True

What's the message?
áAnswer:

Look again:
In[101]:= Expand@Det@A .PDD == Expand@Det@AD Det@PDD
Out[101]= True

This tells you that the determinant of the product of two matrices is the product of their 
determinants.
Now look at this one:

In[102]:= Expand@Det@A .P.TDD == Expand@Det@AD Det@PD Det@TDD
Out[102]= True

This tells you that the determinant of the product of three matrices is the product of their 
determinants.

The same story holds up for any number of matrices.

áT.2.b) If A is diagonal matrix , then Det[A] = product of diagonal entries
Here's a random diagonal matrix

In[103]:= Clear@diagonalentryD;
diagonalentry@1D = Random@Real, 8-2, 2<D;
diagonalentry@2D = Random@Real, 8-2, 2<D;

diagonalmatrix = Jdiagonalentry@1D 0
0 diagonalentry@2DN;

MatrixForm@diagonalmatrixD
Out[107]//MatrixForm=

J -0.0246945 0
0 0.772789

N

Det[diagonalmatrix]  is:
In[108]:= Det@diagonalmatrixD
Out[108]= -0.0190836

Compare:
In[109]:= diagonalentry@1D diagonalentry@2D
Out[109]= -0.0190836

Explain why the same thing happens for any and all diagonal matrices.
áAnswer:

The easiest way to see this is to use the formula

           Det[Ja b
c d

N]  =   a d  - b c

from the Basics.
Applying this formula to

          Det[diagonalmatrix  ]  = Det[Jdiagonalentry@1D 0
0 diagonalentry@2DN]

 
gives 
           Det[diagonalmatrix ]  = diagonalentry[1] diagonalentry[2] - 0 0 = diagonalentry[1]  
diagonalentry[2].

áT.2.c)  Why   Det[A-1] =  1�����������������Det @AD
Look at these calculations of Det[A-1] and 1���������������Det@AD  for a random matrix A:

In[110]:=

A = JRandom@Real, 8-3, 3<D Random@Real, 8-3, 3<D
Random@Real, 8-3, 3<D Random@Real, 8-3, 3<DN;

Det@Inverse@ADD
Out[111]= -0.153845



In[112]:=
1

������������������
Det@AD

Out[112]= -0.153845

Apparently,   Det[A-1] = 1����������������Det @AD .

Explain why this is guaranteed for any and all invertible 2D matrices A.
áAnswer:

         Identity =  A-1. A
So
        1  = Det[Identity] = Det[A-1] Det[A].
And so
        1����������������Det @AD  = Det[A-1] .
That's all there is to it.

áT.2.d.i) If A is a hanger or aligner based on a right hand frame, then Det[A] = 1
Here's a random right hand perpendicular frame:

In[113]:= s = Random@Real, 80, 2 p<D;
Clear@perpframeD;
8perpframe@1D, perpframe@2D< =

98Cos@sD, Sin@sD<, 9CosAs +
p
����
2
E, SinAs +

p
����
2
E==;

rightframeplot = Show@Table@Arrow@perpframe@kD, Tail ® 80, 0<,
VectorColor ® Indigo, HeadSize ® 0.2D, 8k, 1, 2<D,

Graphics@Text@"perpframe@1D", 0.6 perpframe@1DDD,
Graphics@Text@"perpframe@2D", 0.6 perpframe@2DDD,
Graphics@8GosiaGreen, Text@"Right Hand", 80, 0.8<D<D, Axes ® True,
AxesLabel ® 8"x", "y"<, PlotRange ® 88-1, 1<, 8-1, 1<<D;
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The hanger matrix based on this perpendicular frame is
In[117]:= hanger = Transpose@8perpframe@1D, perpframe@2D<D;

MatrixForm@hangerD

Out[118]//MatrixForm=

J 0.897359 0.441302
-0.441302 0.897359

N

Its determinant is:
In[119]:= Det@hangerD
Out[119]= 1.

The aligner matrix based on this perpendicular frame is
In[120]:= aligner = 8perpframe@1D, perpframe@2D<;

MatrixForm@alignerD
Out[121]//MatrixForm=

J 0.897359 -0.441302
0.441302 0.897359

N

Its determinant is:
In[122]:= Det@alignerD
Out[122]= 1.

Explain why the same thing happens for all aligners and hangers based on right hand 
perpendicular frames.

áAnswer:

Hits with hangers or aligners don't change any area measurements so both their stretch 
factors are equal to 1.
         So |Det[aligner]| = |Det[hanger]|  =  1.

To see why Det[hanger] = 1, look at
In[123]:= Show@rightframeplotD;
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The first column of hanger is perpframe[1] and the second column of hanger is 
perpframe[2].

Because {perpframe[1],perpframe[2]}  is a right hand frame, the columns of hanger are 
positively oriented. 
So Det[hanger] gets the plus sign. 

In other words Det[hanger] = 1 .

To see why Det[aligner] = 1, remember
                 aligner = hanger-1.
This gives Det[aligner] = 1���������������������������Det @hangerD  =  1����1  = 1.

áT.2.d.ii) If A is a hanger or aligner based on a left hand frame, then Det[A] = Ñ1
Here's a random left hand perpendicular frame:

In[124]:= s = Random@Real, 80, 2 p<D;
Clear@perpframeD;
8perpframe@1D, perpframe@2D< =

98Cos@sD, Sin@sD<, -9CosAs +
p
����
2
E, SinAs +

p
����
2
E==;

leftframeplot = Show@Table@Arrow@perpframe@kD, Tail ® 80, 0<,
VectorColor ® Indigo, HeadSize ® 0.2D, 8k, 1, 2<D,

Graphics@Text@"perpframe@1D", 0.6 perpframe@1DDD,
Graphics@Text@"perpframe@2D", 0.6 perpframe@2DDD,
Graphics@8GosiaGreen, Text@"Left Hand", 80, 0.8<D<D, Axes ® True,
AxesLabel ® 8"x", "y"<, PlotRange ® 88-1, 1<, 8-1, 1<<D;
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The hanger matrix based on this perpendicular frame is
In[128]:= hanger = Transpose@8perpframe@1D, perpframe@2D<D;

MatrixForm@hangerD
Out[129]//MatrixForm=

J -0.474597 -0.880203
-0.880203 0.474597

N

Its determinant is:
In[130]:= Det@hangerD
Out[130]= -1.

The aligner matrix based on this perpendicular frame is
In[131]:= aligner = 8perpframe@1D, perpframe@2D<;

MatrixForm@alignerD

Out[132]//MatrixForm=

J -0.474597 -0.880203
-0.880203 0.474597

N

Its determinant is:
In[133]:= Det@alignerD
Out[133]= -1.

Explain why the same thing happens for all aligners and hangers based on left hand 
perpendicular frames.

áAnswer:

Hits with hangers or aligners don't change any area measurements so both their stretch 
factors are equal to 1.
         So |Det[aligner]| = |Det[hanger]|  =  1.

To see why Det[hanger] = -1, look at
In[134]:= Show@leftframeplotD;
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The first column of hanger is perpframe[1] and the second column of hanger is 
perpframe[2].

Because {perpframe[1],perpframe[2]}  is a left hand frame, the columns of hanger are 
negatively oriented. 

So Det[hanger] gets the minus sign. 
In other words Det[hanger] = -1 .

To see why Det[aligner] = -1, remember
                 aligner = hanger-1.
This gives Det[aligner] = 1���������������������������Det @hangerD  =  1�������-1  = -1.



áT.2.e)   Why  A and   At  have the same stretch factors and why Det[At] = Det[A]
Look at these calculations of Det[A] and Det[At] for random 2D matrices A:

In[135]:= A = JRandom@Real, 8-5, 5<D Random@Real, 8-5, 5<D
Random@Real, 8-5, 5<D Random@Real, 8-5, 5<DN;

Det@AD
Det@Transpose@ADD

Out[136]= 1.04853

Out[137]= 1.04853
Rerun many times.

This is strong evidence that when you go with any 2D matrix A , then both A and At have 
the same determinant. 
Explain why this is guaranteed.

áAnswer:

Go with any 2D matrix 
        A = hanger.stretcher.aligner.
This gives
        At = alignert.stretcher.hangert.

This tells you why A and   At  have the same stretch factors

So 
         Det[A] = Det[hanger] Det[stretcher] Det[aligner] 
and
        Det[At] = Det[alignert] Det[stretcher] Det[hangert].
   
But  Det[alignert] = Det[aligner] and Det[hanger] = Det[hangert]
Reasons: If the aligner frame is a right hand frame, then alignert is a hanger based on 

the same right hand frame. 
So Det[aligner] = Det[alignert] = 1.

 If the aligner frame is a left hand frame, then alignert is a hanger based on the same 
left hand frame.

  So Det[aligner] = Det[alignert] = -1.
   If the hanger frame is a right hand frame, then hangert is a aligner based on the 

same right hand frame. 
So Det[hanger] = Det[hangert] = 1.

 If the hanger frame is a left hand frame, then hangert is a aligner based on the same 
left hand frame.

  So Det[hanger] = Det[hangert] = -1.

The upshot: Det[A] and  Det[At] are both the product of the same three numbers. 
This makes them equal.

T.3) Hits with 2D matrices with positive determinants preserve orientation. 
 Hits with 2D matrices with negative determinants reverse orientation

áT.3.a.i) If A is a 2D matrix with a positive determinant, then hits with A preserve 
orientation
Here is a 3D matrix A with a positive determinant

In[138]:= A = J 1.2 0.5
-0.1 1.6

N;

Det@AD
Out[139]= 1.97

Here are random two vectors in 2D:
In[140]:= Clear@vectorD;

Clear@aD;
a@i_D := HH-1LRandom@Integer,80,1<DL Random@Real, 80.5, 1.5<D;

vector@1D = 8a@1D, a@2D<;
vector@2D = 8a@3D, a@4D<;
ranger = 1.5;
before = Show@Table@

Arrow@vector@kD,
Tail -> 80, 0<, VectorColor -> IndigoD, 8k, 1, 2<D,

Graphics@Text@"vector@1D", 0.4 vector@1DDD,
Graphics@Text@"vector@2D", 0.7 vector@2DDD,
PlotLabel -> If@ Det@8vector@1D, vector@2D<D > 0,

"Positive Orientation", If@Det@8vector@1D, vector@2D<D < 0,
"Negative Orientation", "No Orientation"DD,

PlotRange -> 88-ranger, ranger<, 8-ranger, ranger<<,
Axes -> True, AxesLabel -> 8"x", "y"<D;
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Now look at A.vector[1] and A.vector[2]:
In[147]:= newranger = Max@SingularValues@AD@@2DDD ranger;

after = Show@Table@
Arrow@A.vector@kD,

Tail -> 80, 0<, VectorColor -> IndigoD, 8k, 1, 2<D,
Graphics@Text@"A.vector@1D", 0.4 A.vector@1DDD,
Graphics@Text@"A.vector@2D", 0.7 A.vector@2DDD,
PlotLabel -> If@ Det@8A.vector@1D, A.vector@2D<D > 0,

"Positive Orientation", If@Det@8A.vector@1D, A.vector@2D<D < 0,
"Negative Orientation", "No Orientation"DD,

PlotRange -> 88-newranger, newranger<, 8-newranger, newranger<<,
Axes -> True, AxesLabel -> 8"x", "y"<D;
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See them both.
In[149]:= Show@GraphicsArray@8before, after<DD;
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Notice that {A.vector[1],A.vector[2]} have the same orientation as {vector[1],vector[2]}.

Explain this: 
If A is a 2D matrix with a positive determinant ,then  hits with A preserve orientation in 
the sense that: 
 ä If {vector[1],vector[2]}  are positively oriented, then so are  {A.vector[1],A,vector[2]}.
  ä If {vector[1],vector[2]}  are negatively oriented, then so are  {A.vector[1],A,vector[2]}.

áAnswer:

Go with a matrix A with Det[A] > 0.
Make a new matrix  

           B = J vector@1D vector@2D
¯ ¯

N.
 vector[j] is in column[j] of B

The sign of Det[B] determines the orientation (positive or negative) of 
{vector[1],vector[2]}.

The product A.B  = J A.vector@1D A.vector@2D
¯ ¯

N.

The sign of Det[A.B] determines the orientation (positive or negative) of 
{A.vector[1],A.vector[2]}.

But
      Det[A.B] =  Det[A] Det[B].
And because Det[A] > 0, you are guaranteed that Det[A.B] has the sign of Det[B].

The upshot:
 ä If {vector[1],vector[2]}  are positively oriented, then so are  {A.vector[1],A,vector[2]}.
  ä If {vector[1],vector[2]}  are negatively oriented, then so are {A.vector[1],A,vector[2]}.
  And you're out of here.

áT.3.a.ii) If A is a 2D matrix with a negative determinant, then hits with A reverse 
orientation
Here is a 3D matrix A with a negative determinant

In[150]:= A = J 0.4 1.8
1.5 0.3

N;

Det@AD
Out[151]= -2.58

Here are random two vectors in 2D:
In[152]:= Clear@vectorD;

Clear@aD;
a@i_D := HH-1LRandom@Integer,80,1<DL Random@Real, 80.5, 1.5<D;

vector@1D = 8a@1D, a@2D<;
vector@2D = 8a@3D, a@4D<;
ranger = 1.5;
before = Show@Table@

Arrow@vector@kD,
Tail -> 80, 0<, VectorColor -> IndigoD, 8k, 1, 2<D,

Graphics@Text@"vector@1D", 0.4 vector@1DDD,
Graphics@Text@"vector@2D", 0.7 vector@2DDD,



PlotLabel -> If@ Det@8vector@1D, vector@2D<D > 0,
"Positive Orientation", If@Det@8vector@1D, vector@2D<D < 0,
"Negative Orientation", "No Orientation"DD,

PlotRange -> 88-ranger, ranger<, 8-ranger, ranger<<,
Axes -> True, AxesLabel -> 8"x", "y"<D;
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Now look at A.vector[1] and A.vector[2]:
In[159]:= newranger = Max@SingularValues@AD@@2DDD ranger;

after = Show@Table@
Arrow@A.vector@kD,
Tail -> 80, 0<, VectorColor -> IndigoD, 8k, 1, 2<D,

Graphics@Text@"A.vector@1D", 0.4 A.vector@1DDD,
Graphics@Text@"A.vector@2D", 0.7 A.vector@2DDD,
PlotLabel -> If@ Det@8A.vector@1D, A.vector@2D<D > 0,

"Positive Orientation", If@Det@8A.vector@1D, A.vector@2D<D < 0,
"Negative Orientation", "No Orientation"DD,

PlotRange -> 88-newranger, newranger<, 8-newranger, newranger<<,
Axes -> True, AxesLabel -> 8"x", "y"<D;
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See them both.
In[161]:= Show@GraphicsArray@8before, after<DD;
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Notice that the orientation of {A.vector[1],A.vector[2]} is opposite to the orientation of 
{vector[1],vector[2]}.

Explain this: 
If A is a 2D matrix with a negative determinant ,then  hits with A reverse orientation in the 
sense that: 
 ä If {vector[1],vector[2]}  are positively oriented, then {A.vector[1],A,vector[2]}   are 
negatively oriented.
  ä If {vector[1],vector[2]}  are negatively oriented, then {A.vector[1],A,vector[2]}   are 
positively oriented.

áAnswer:
This is a copy,paste and edit of the answer to part i) above.

The edits are highlighted in green.

Go with a matrix A with Det[A] < 0.
Make a new matrix  

           B = J vector@1D vector@2D
¯ ¯

N.
 vector[j] is in column[j] of B

The sign of Det[B] determines the orientation (positive or negative) of 
{vector[1],vector[2]}.

The product A.B  = J A.vector@1D A.vector@2D
¯ ¯

N.

The sign of Det[A.B] determines the orientation (positive or negative) of 
{A.vector[1],A.vector[2]}.

But
      Det[A.B] =  Det[A] Det[B].
And because Det[A] < 0, you are guaranteed that Det[A.B] has the sign opposite to the sign 
of  Det[B].

The upshot:
 ä If {vector[1],vector[2]}  are positively oriented, then  {A.vector[1],A,vector[2]} are 
negatively oriented. 
  ä If {vector[1],vector[2]}  are negatively oriented, then  {A.vector[1],A,vector[2]} are 
positively oriented. 
  And you're really out of here.

T.4) Revealing the cross product formula:
If X = {a, b, c} and  Y = {r, s, t}, then

         X ´ Y = {Det[i
k
jjb c

s t
y
{
zz], ÐDet[i

k
jja c

r t
y
{
zz], Det[i

k
jja b

r s
y
{
zz]}.

áT.4.a.i) The formula for the cross product of two 3D vectors
Look at this:

In[162]:= Clear@a, b, c, r, s, tD;
X = 8a, b, c< ;
Y = 8r, s, t<;

9DetAJb c
s t

NE, -DetAJa c
r t

NE, DetAJa b
r s

NE=

Out[165]= 8-c s + b t, c r - a t, -b r + a s<
Compare with Mathematica's calculation of X ´ Y :

In[166]:= Cross@X, YD
Out[166]= 8-c s + b t, c r - a t, -b r + a s<

What's the message?
áAnswer:

The message is:
If X = {a, b, c} and  Y = {r, s, t}, then

         X ´ Y = {Det[Jb c
s tN], ÐDet[Ja c

r t N], Det[Ja b
r sN]}:

In[167]:= Clear@a, b, c, r, s, tD;
X = 8a, b, c< ;
Y = 8r, s, t<;

Cross@X, YD == 9DetAJb c
s t

NE, -DetAJa c
r t

NE, DetAJa b
r s

NE=

Out[170]= True

T.5) Using SVD matrix analysis to set the plot range 

áT.5.a.i) Using stretch factors to help set the plot range
Here's a curve:

In[171]:= Clear@x, y, tD;
8x@t_D, y@t_D< = 2 8Cos@tD Sin@tD5, Sin@tD3<;

8tlow, thigh< = 80, 2 p<;
ranger = 2.7;

Clear@hitplotter, hitpointplotter,
pointcolor, actionarrows, matrix2DD;

pointcolor@t_D = RGBColor@0.5 HCos@tD + 1L, 0.5 HSin@tD + 1L, 0D;

jump =
thigh - tlow
�������������������������������

16
;

hitplotter@matrix2D_D := ParametricPlot@matrix2D.8x@tD, y@tD<,
8t, tlow, thigh<, PlotStyle ® 88Thickness@0.01D, NavyBlue<<,
PlotRange ® 88-ranger, ranger<, 8-ranger, ranger<<,
AxesLabel ® 8"x", "y"<, DisplayFunction ® IdentityD;

hitpointplotter@matrix2D_D :=
Table@Graphics@8pointcolor@tD, PointSize@0.035D,

Point@matrix2D.8x@tD, y@tD<D<D, 8t, tlow, thigh - jump, jump<D;

before = Show@hitplotter@IdentityMatrix@2DD,
hitpointplotter@IdentityMatrix@2DD, PlotLabel ®
"Before the hit with A", DisplayFunction ® $DisplayFunctionD;
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Here's a 2D matrix A and an attempt to plot what a hit with A does to this curve:

In[181]:= A = J 1.8 1.9
-0.9 1.8

N;

MatrixForm@AD



after = Show@hitplotter@AD,
hitpointplotter@AD, PlotLabel ® "After the hit with A",
DisplayFunction ® $DisplayFunctionD;

Out[182]//MatrixForm=

J 1.8 1.9
-0.9 1.8

N
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What went wrong?
áAnswer:

Look at:
In[184]:= ranger

Out[184]= 2.7

The plot range specification through
          PlotRange->{{-ranger,ranger},{-ranger,ranger}}  
did not accommodate the full curve in the second plot. 

áT.5.a.ii) Automatic setting of the PlotRange
Is there a way to set ranger in advance to avoid guessing?

áAnswer:

Of course, if there were no way this question would not have been asked.
Here's how it goes:
First plot the original curve in true scale using 
           AspectRatio->  Automatic
           and PlotRange->All:

In[185]:= originalcurve = ParametricPlot@8x@tD, y@tD<,
8t, tlow, thigh<, PlotStyle ® 88Thickness@0.015D, Blue<<,
AspectRatio ® Automatic, PlotRange ® All, AxesLabel ® 8"x", "y"<D;
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Now eyeball a circle centered on {0,0} that snugly surrounds the curve:
In[186]:= radius = 2.0;

Show@originalcurve,
Graphics@Circle@80, 0<, radiusDD, PlotRange ® AllD;
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Look at the stretch factors:
In[188]:= 8xstretch, ystretch< = SingularValues@ADP2T
Out[188]= 82.78035, 1.78035<

Redefine ranger:
In[189]:= ranger = Max@81.0, Max@8xstretch, ystretch<D<D  radius

Out[189]= 5.5607

Now run the plots:
In[190]:= before = Show@hitplotter@IdentityMatrix@2DD,

hitpointplotter@IdentityMatrix@2DD, PlotLabel ®
"Before the hit with A", DisplayFunction ® $DisplayFunctionD;

after = Show@hitplotter@AD,
hitpointplotter@AD, PlotLabel ® "After the hit with A",
DisplayFunction ® $DisplayFunctionD;
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Now both plots are accommodated automatically and the same scale is used in both.

áT.5.a.iii) The math behind the scene
What guarantees that setting
        ranger = radius Max[{xstretch,ystretch,1}]
will always work?

áAnswer:

Once you identify the radius = r of a circle centered on {0,0} completely enclosing the 
curve, then you are sure that the hit with A stretches this circle and everything inside it by 
no more than a factor of
             Max[{xstretch,ystretch}].
So the plot of the hit curve must come out inside the circle of radius
            r Max[{xstretch,ystretch,1}].

T.6)  Hand Calculations:
 Mathematica Fat's tips on memorizing the formulas for the determinant 
and cross product and templates for hand calculation of solutions of linear 
systems (Cramer's rule), inverse matrices  and SVD          

áHC.a) Mathematica Fat's tips on memorizing the formula for the 2D determinant
The formula for the determinant is:

            Det[i
k
jja b

c d
y
{
zz]  =   a d  - b c

What are Mathematica Fats's tips for memorizing it?
áAnswer:

Fats says the formula is

                        Det[i
k
jja b

c d
y
{
zz]  =   a d  - b c 

To memorize it, I draw this diagram:

                        

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

a b

c d

+ -

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

The way I think about it: 
It's just opposite from the way you want it to be. 
The arrow with the negative slope carries a plus sign. 
The arrow with the positive slope carries a minus sign.

áHC.b) Mathematica Fat's tips on memorizing the formula for the cross product
The formula for the cross product is:
 If X = {a, b, c} and  Y = {r, s, t}, then

         X ´ Y = {Det[i
k
jjb c

s t
y
{
zz], ÐDet[i

k
jja c

r t
y
{
zz], Det[i

k
jja b

r s
y
{
zz]}.

What are Mathematica Fats's tips for memorizing it?
áAnswer:



Fats says:
Start with
 X = {a, b, c} and  Y = {r, s, t}, 
 and make this box;

                       
a b c
r s t

To get the first slot of   X ´ Y,  scratch out the first vertical column to get this box:

                       
à b c
à s t

This gives you a 2D matrix. 

The first slot of   X ´ Y  is Det[i
k
jjb c

s t
y
{
zz].

To get the second slot of slot of   X ´ Y,  go back to
          X = {a, b, c} and  Y = {r, s, t}, 
and then go back to this box:

                        
a b c
r s t

Scratch out the second vertical column to get this box

                        
a à c
r à t

This gives you another 2D matrix. 

The second slot of   X ´ Y is   - Det[i
k
jja c

r t
y
{
zz].

Note the minus sign on the second slot.

To get the third  slot of slot of   X ´ Y, 
 go back to
          X = {a, b, c} and  Y = {r, s, t}, 

and then go back to this box

                         
a b c
r s t

Scratch out the third vertical column to get this box

                         
a b à

r s à

This gives you another 2D matrix. 

The third slot of   X ´ Y  is  Det[i
k
jja b
r s

y
{
zz].

There you go:
If X = {a, b, c} and  Y = {r, s, t}, then

         X ´ Y = {Det[i
k
jjb c

s t
y
{
zz], ÐDet[i

k
jja c
r t

y
{
zz], Det[i

k
jja b
r s

y
{
zz]}:

áHC.d) Cramer's rule formulas for solutions of linear systems
In your grandfather's day, Cramer's rule was a hot topic. If you want to talk with your 
grandfather about matrices, you might want to know about Cramer's rule.
Here it is:

If Det[Ja b
c d

N] is not 0, then the solutions {x,y} of

             Ja b
c d

N.{x,y} = {u,v} 

are given by   

        x  =

DetAi
k
jj 
u b
v d

y
{
zz E

�������������������������
DetAi

k
jj 
a b
c d

y
{
zz E

    and    y  =

DetAi
k
jj 
a u
c v

y
{
zz E

�������������������������
DetAi

k
jj 
a b
c d

y
{
zz E

Check:
In[192]:= Clear@a, b, c, d, u, vD;

linsystem = J a b
c d

N.8x, y< == 8u, v<

Out[193]= 8a x + b y, c x + d y< == 8u, v<

In[194]:= x =

DetAJ 
u b
v d

N E
������������������������������������

DetAJ 
a b
c d

N E

Out[194]=
d u - b v

�����������������������
-b c + a d

In[195]:= y =

DetAJ 
a u
c v

N E
������������������������������������

DetAJ 
a b
c d

N E

Out[195]=
-c u + a v
�����������������������
-b c + a d

In[196]:= SimplifyAJ a b
c d

N.8x, y< E == 8u, v<

Out[196]= True

It works any time the determinant of the coefficient matrix is not 0.
Explain where these formulas come from.

áAnswer:

Go with 

             Ja b
c dN.{x,y} = {u,v}

In[197]:= Clear@a, b, c, d, x, y, u, vD;

Ja b
c d

N.8x, y< == 8u, v<

Out[198]= 8a x + b y, c x + d y< == 8u, v<

Put col[1] = {a,c} and col[2] = {b,d} and note that

             Ja b
c d

N.{x,y} = {u,v}

is the same as the vector equation: 
            x col[1] + y col[2] = {u,v}:

In[199]:= Clear@colD;
col@1D = 8a, c<;
col@2D = 8b, d<;
x  col@1D + y  col@2D == 8u, v<

Out[202]= 8a x + b y, c x + d y< == 8u, v<

Make vectors perpendicular to each column:
          perpcol[1] = {c,-a}
         perpcol[2]  = {d,-b}

Now remember  
                       x col[1] + y col[2] = {u,v}
Dot perpcol[2] on both sides  to get
             perpcol[2]. ( x col[1] + y] col[2]) = perpcol[2].{u,v}

This is the same as
              x  perpcol[2]. col[1] +y perpcol[2].col[2] = perpcol[2].{u,v}
      
Because perpcol[2] is perpendicular to col[2], this reduces to

             x  perpcol[2]. col[1]  + 0  = perpcol[2].{u,v}
      
So the solution for x is:
                    x = perpcol@2D.8u.v<�����������������������������������perpcol@2D.col@1D
                    
Similarly the solution for y is
                     y = perpcol@1D.8u,v<�����������������������������������perpcol@1D.col@2D .

Try it running on cleared constants:
In[203]:= Clear@a, b, c, d, x, u, vD;

Ja b
c d

N.8x@1D, x@2D< == 8u, v<

Out[204]= 8a x@1D + b x@2D, c x@1D + d x@2D< == 8u, v<
In[205]:= Clear@colD;

col@1D = 8a, c<;
col@2D = 8b, d<;
perpcol@1D = 8c, -a<;
perpcol@2D = 8d, -b<;

x =
perpcol@2D.8u, v<
������������������������������������������������
perpcol@2D.col@1D

Out[210]=
d u - b v

�����������������������
-b c + a d

This is the same as:

In[211]:= Cramerx =

DetAJ 
u b
v d

N E
������������������������������������

DetAJ 
a b
c d

N E

Out[211]=
d u - b v

�����������������������
-b c + a d

Similarly the solution for y is:

In[212]:= y =
perpcol@1D.8u, v<
������������������������������������������������
perpcol@1D.col@2D

Out[212]=
c u - a v
��������������������
b c - a d



This is the same as:

In[213]:= Cramery =

DetAJ 
a u
c v

N E
������������������������������������

DetAJ 
a b
c d

N E

Out[213]=
-c u + a v
�����������������������
-b c + a d

áHC.e) Hand calculation of inverse matrices

Explain this: If  Det[Ja b
c dN] is not zero, then

                Ja b
c dN

-1
  =      1��������������������������

DetAJ a b
c d N E

 J d -b
-c a N

áAnswer:

According to Cramer's rule:
The solutions {x,y} of

             Ja b
c dN.{x,y} = {u,v} 

are given by   
In[214]:= Clear@a, b, c, d, u, vD

8x, y< = 9
DetAJ 

u b
v d

N E
������������������������������������

DetAJ 
a b
c d

N E
,

DetAJ 
a u
c v

N E
������������������������������������

DetAJ 
a b
c d

N E
=

Out[215]= 9 d u - b v
�����������������������
-b c + a d

,
-c u + a v
�����������������������
-b c + a d

=

The matrix you hit on {u,v} to get {x,y} is the inverse of Ja b
c d

N.

From the output above, you can see that that matrix is:

              Ja b
c d

N
-1

 = 1�����������������a d -b c J
d -b

-c a
N

                      

                            =  1��������������������������
DetAJ a b

c d N E
 J d -b

-c a
N

  

because  a d - b c = DetAJ a b
c d

N E.

áHC.f) Hand calculation of SVD: Tedious but possible
Thanks go to Professor Todd Will of Davidson College for suggesting this.

Here is a 2D matrix:

In[216]:= A = J 1.8 -2.1
1.3 0.2

N;

MatrixForm@AD
Out[217]//MatrixForm=

J 1.8 -2.1
1.3 0.2

N

Use hand-style calculations to duplicate this matrix by coming up by with an aligner 
frame, stretch factors and a hanger frame so that
     A = hanger.stretcher.aligner

áAnswer:

First notice that no matter what x is,the vectors
     {x, 1 - x} and {x - 1 ,x} 
are perpendicular:

In[218]:= Clear@xD;
Expand@8x, 1 - x<.8x - 1, x<D

Out[219]= 0

Now find a solution x of
           HA.8x, 1 - x<L.HA.8x - 1, x<L = 0: 

In[220]:= SVDeqn = Expand@HA.8x, 1 - x<L.HA.8x - 1, x<LD == 0

Out[220]= 3.52 - 7.52 x + 0.48 x2 == 0

This is an ordinary quadratic equation which is readily solved by the quadratic formula:
In[221]:= xsols = Solve@SVDeqnD
Out[221]= 88x ® 0.482974<, 8x ® 15.1837<<

Go with one of the solutions:
The smaller one will be the most easily managed.

                         

In[222]:= goodx = x �. xsols@@1DD
Out[222]= 0.482974

Use this x and put
alignerframe@1D = 8goodx,1-goodx<�������������������������������������������������������������������������������I�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!8goodx,1-goodx<.8goodx,1-goodx< M

and
alignerframe@2D = 8goodx-1,goodx<�������������������������������������������������������������������������������I�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!8goodx-1,goodx<.8goodx-1,goodx< M :

In[223]:= Clear@alignerframeD;
alignerframe@1D =

8goodx, 1 - goodx< � Sqrt@8goodx, 1 - goodx<.8goodx, 1 - goodx<D;
alignerframe@2D = 8goodx - 1, goodx<�
Sqrt@8goodx - 1, goodx<.8goodx - 1, goodx<D;

aligner = 8alignerframe@1D, alignerframe@2D<;
MatrixForm@alignerD

Out[227]//MatrixForm=

J 0.682633 0.730761
-0.730761 0.682633

N

The stretch factors are:
           xstretch = ÈÈ A.alignerframe@1D ÈÈ 

           =
�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!HA.alignerframe@1DL.HA.alignerframe@1DL

and
            ystretch = ÈÈA.alignerframe@2D ÈÈ

=
�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!HA.alignerframe@2DL.HA.alignerframe@2DL

so your stretcher is:

In[228]:= xstretch =
�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!HA.alignerframe@1DL.HA.alignerframe@1DL;

ystretch =
�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!HA.alignerframe@2DL.HA.alignerframe@2DL;

stretcher = Jxstretch 0
0 ystretch

N;

MatrixForm@stretcherD
Out[231]//MatrixForm=

J 1.07788 0
0 2.86674

N

Your hangerframe is:
         hangerframe@1D = 1�����������������xstretch  A.alignerframe@1D
         hangerframe@2D = 1�����������������ystretch  A.alignerframe@2D

This makes it automatic that
A.alignerframe[1] = xstretch hangerframe[1] 

and
A.alignerframe[2] = ystretch hangerframe[2]

So your hanger is:

In[232]:= Clear@hangerframeD;
8hangerframe@1D, hangerframe@2D< =

9
1

�����������������������
xstretch

 A.alignerframe@1D,
1

�����������������������
ystretch

 A.alignerframe@2D=;

hanger = Transpose@8hangerframe@1D, hangerframe@2D< D;
MatrixForm@hangerD

Out[235]//MatrixForm=

J -0.283759 -0.958896
0.958896 -0.283759

N

Try them out by comparing A with:
In[236]:= MatrixForm@hanger.stretcher.alignerD

MatrixForm@AD
Out[236]//MatrixForm=

J 1.8 -2.1
1.3 0.2

N

Out[237]//MatrixForm=

J 1.8 -2.1
1.3 0.2

N

It's within the reach of low-level but tedious hand algebra.


