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DE.02 Transition from Calculus to DiffEq:
The Forced Oscillator DiffEq
y”It1+ by’[t] + cylt] = f[t]
Literacy Sheet

What you need to know when you're away from the machine.

oL.1)

Here are plots of two unforced oscillators:
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2
1.5
1
0.5
t
0.5 1 20
-1
1.5
yit]
2
1.5
1
0.5
.0.5 1 20
-1
1.5

One of these plots is the solution of
Y'[t] + 0.2y[t] + 5.1yt]=0
with
y0] = 1.5 and ¥{0] = 3.0.

The other is a plot of the solution of
Y[t] + 0.4y[t] + 5.1yt] =0;
with
y0] = 1.5 and ¥{0] = 3.0.

Which is which?
oL.2)

Here are plots of the solutions of
diffeql): Y[t] + 4.7yt]=0
diffeq2): ¥[t] + 0.3Y[t] + 4.7 1]
diffeqd): ¥[t] + 1.3y[t] + 4.7 yit]
diffeqd): Y[t] + 7.3Y[t] + 4.7 1]

all with the same starter data
J0] = 2 and y[0] = 3.

The plots are not in order. Your job is to match the differential

equation with the plot of its solution.
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How does the starter data signal that each plot must go up before it
can go down?

oL.3)
a) Write down the characteristic equation for this unforced linear
oscillator diffeq
Y[t] + 6Y[t] + 25y[t] =0
b) Solve the characteristic equation.
¢) What information about all solutions of
Y'[t] + 6Y[t] + 25yft]=0
do you get by inspecting the solutions of the characteristic equation?

oL.4)

a) Write down the characteristic equation for this unforced linear
oscillator diffeq

Y[t + 7y[t] + 12y[t]=0
b) Solve the characteristic equation.
¢) Explain how the solutions of the characteritic equation signal take
all solutions of

Y[t + 7y[t] + 12y[t]=0
head to 0 without oscillation.

aL.5)

a) Write down the characteristic equation for this unforced linear
oscillator diffeq
Y[t + 7y[t] + 25yt] =0.
b) What information about all solutions of
Y'[t] + 7y[t] + 25yft]=0
do you get when you solve the charcteristic equation?

L.6)

Here are three plots of solutions of a damped forced oscillator
Y'[t] + 0.7y[t] + 5.5){t] =2Sin3t] + Cod1.51.

Two of the solutions have random starting values[6hand y[0O].

The other solution is yzeroingtitwhich has starting value$0} = 0

and y[0] = 1:

The three solutions begin their trip in totally different ways, but when
tis large, you need a scorecard to tell them apart. Explain how you
could have anticipated this in advance.

L.7)

Here are three plots of solutions of theDAMPED forced oscillator
Y'[t] + 5.5)(t] =2Sin3t] + Coq1.51 .

Two of the solutions have random starting values[6hand y[0].

The other solution is yzeroingtitwhich has starting value$0} = 0

and y[0] = 1:

This time the solutions do not settle into a common steady state.
Explain how you could have anticipated this in advance.

oL.8)
Which do you expect to decay to O faster:
a) Solutions of ¥[t] + 0.3y[t] + 8.7yft] = 0.
b) Solutions of §[t] + 0.9y[t] + 8.7y(t] = 0.
My response is.........ccceeeue..



oL.9)

Many folks would say that

a) The oscillator Y[t] + 4 y[t] = 0 is undamped.

b) The oscillator ¥[t] + 2y'[t] + 4y[t] = 0 is under damped.
c¢) The oscillator §[t] + 4y'[t] + 4y[t] = 0 is critically damped
d) The oscillator Y[t] + 4.2y [t] + 4y[t] = 0 is overdamped.
Where are these folks coming from?

oL.10)

Here are plots of forced oscillators coming from
Y [t] + 0.3 Y[t] + 1.6 yft] = f[t]

with
0] = 4.0 and ¥{0] = —0.7

for five choices of forcing functiongti:
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The five forcing functions[f] used in these plots are:
fit] = 7.3 E 04t

fit] = 12.3 DiracDelt#t — 20]
fit] = 2.3 295t Coqdt]
ft] = 8 Sint]
and
fit] = 2.6
Your job is to match the forcing functions to the plots.

oL.11)
a) When you go after a formula for the oscillator coming from a
forced, damped oscillator
yItl +by'[t] + cy[t] = f[t]
(with b> 0 and ¢ 0)
with given starter data
¥0] = p and y[0] = q,
you put

yformul@t] = yunforcedt] + yzeroinpuft]
where yunforcef] solves

YIt] + by[t] + cy[t]=0

Y0] = pandy[0] =g
and yzeroinput[t] solves

YItl + by [t] + cy[t] =f[t]

¥0] = 0 and y[0] = 0.

with

with

Explain these statements:
a) You are guaranteed that yunforidgée> 0 as t— co.
(This is why some folks call yunforcggiby the name "transient.")

b) If you are interested in looking at the steady state (long term global
scale) behavior of this oscillator, then all you have to do is to plot
yzeroinpuft].

c) Does the steady state (long term, global scale) behavior of this
oscillator depend in any way on the specific values of the starting
data?

How do you know for sure?

d) How do your answers change if you drop the damping term and go
after a formula for the oscillator coming from a forced, undamped
oscillator

Y[t] + cy[t] = f[t] (with c>0)

with given starter data
y0] = p and y[0] = 97
oL.12)
a) Explain theMathematicaoutput:

| complexExpand [E(-0-26 +1378 )t
E 026t Cos(3.78t | +IE %% Sin [3.78t ]
b) Explain theMathematicaoutput:
| complexExpand [E(-026 1378 )t
E 02! Cos[3.78t ] -IE %%t sin [3.78t ]
c) Explain theMathematicaoutput:
. . nt
| TrigToExp  [Sin [T]]
1 1 e
5! (Ex! g
d) Explain theMathematicaoutput:
. nt
| TrigToExp [Cos[—z—]]
1
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oL.13)

When you use the characteristic equation to get the form of the
general solution of
Y[l + 25)t] =0,

you get:

Clear [t]

b =0;

c = 25;

Clear [K1, K2, z, z1, z2, generalsol, t 1

charequation =z2+bz +c ==0;

zsols = Solve [charequation, z 1;

generalsol [t_] =

KLE?! + K2 ER' /. {z1 »zsols [1,1,2 1,22 »zsols [2,1,2 T}
ES!t KL+ B K2

But when you look in the old printed text used in many DiffEq
classes, you read that the general solution is



ClCost] + C2 Sidkt].
How do you reconcile these two answers?

oL.14)

a) If y1[t] solves
Y[t + 3y[t] + 9y[t] =0
with
0] =4 and y[0] = -2,
and if y4t] solves
Y[t] + 3y [t] + 9y[t] = 0.2 Sift]
with
0] =0 and y[0] = 0,
then what differential equation does
Wt = y1[t] + y2[t]
solve? Include starter data.

b) Somebody hands you a functioritysolving
y'[t] + 4y[t] = DiracDeltdt — 6]

with
0] =1 and y[0] = -1,

Explain how you would go about coming up with a the formula for
function y4t] such that
Mt = y1t] + y2[t]
solves
y'[t] + 4y[t] = DiracDeltdt — 6]
with
y{0] = 1 and y[0] = 1.

c) If y1[t] solves

VIt + 3.2y[t] + 9.8)t] = Coq81]
with

0] =4 and y[0] = -2,
and if yAt] solves

V[t] + 3.2Y[t] + 9.8)t] = 0.2 Sirt]

with
y0] = 3 and y[0] = 3,

then what differential equation does
Wtl = y1[t] + y2[t]

solve? Include starter data.

oL.15)

a) Given an oscillator differential equation

Y[tl + byl[tl + cylt]=0,
what information do you get from the solutions of the characteristic
equation?

b) If b> 0 and B — 4 ¢c> 0, why do most folks say that the oscillator
coming from

yIt] + by'[t] + cylt] =0,
is overdamped?

oL.16)

Here's how you usilathematicaand the convolution integral method
to go after an exact formula for the solution of
YI[t] + 4y [t] + 13yt] = 3.6 Sirt]

with
)0] =3 and y[0] = -1:
Clear [f, t ]
f[t_]1=36Sin [t];
b =4
c =13;
Clear [K1, K2, z, z1, z2, generalsol, t 1
charequation =z2+bz +c ==0;

zsols = Solve [charequation, z 1;
generalsol  [t_] =
KLE?! + K2E?' /. {z1 »zsols [1,1,2 1,22 »zsols [2, 1,2 1};
Ksols = Solve [{generalsol [0] == 3, generalsol ‘[0] == -1}];
Clear [yunforced ]
yunforced [t_ ] = Chop[ComplexExpand [generalsol [t] /.Ksols [1]1]]

3E 2! Cos[3t] + %E’ZI Sin [3t]

What differential equation does yunfor¢gdolve?
Include starter data.

b) The next step is to calculate the unit impulse response:

Ksols = Solve [{generalsol [0] == 0, generalsol ‘107 == 1}71;
Clear [yinitimpulse 1
yunitimpulse [t_ ] = Chop[ComplexExpand [generalsol [t] /.Ksols [1]]]

%E’Z‘ Sin [3t]

And then you convolve the unit impulse response function \Withd
get the zero input solution:
Clear [yzeroinput, X 1

t
yzeroinput  [t_ ] = Expand [Chop[J f [x] yunitimpulse [t - x] dx]]
o

~0.09Cos [t] +0.09E 2! Cos[3t] +0.27Sin [t] -0.03E 2! Sin [3t]
What differential equation does yzeroinjplisolve?
Include starter data.

¢) The last step is to put
yformul#t] = yunforcedt] + yzeroinpuft].
| Clear [yformula ]
yformula [t_ ] = yunforced [t] + yzeroinput [t]
~0.09Cos [t] +3.09E 2! Cos[3t] +0.27Sin [t] +1.63667E 2! Sin [3t]

What differential equation does yform{tlesolve?
Include starter data.
Identify the transient and the steady state parts of the solution.

oL.17)

What do folks mean when they talk about resonance?
What do folks mean when they talk about beating?

OL.18)
a) Go with{a, b} different from{0, 0} and write down the choice of
number k that puts the oscillator coming from
V[t] + 9y[t] = aCogkt] + bSinkt]
into resonance.

b) Go with{a, b different from{0, 0} and write down a choice of
number k that makes the oscillator coming from

Y'[t] + 9y[t] =aCogkt] + b Sinkt]
beat without being in true resonance.

oL.19)

a) You are given a solutiorjty of
Y'[t] + 2y [t] + 5 y[t] = 6 DiracDeltdt — 4.7].
What happens to'ft] at t= 4.7?
b) How does your response indicate that
DiracDeltét — 4.7] + 2 DiracDeltdt — 4.7]?

oL.20)

a) Go with any positive h and write down the value of

2" 12 DiracDeltdt - b] dt

b) Write down the values of
+99999iracDeltdt — 5] dt

DiracDeltdt — 5] d't
DiracDeltdt — 5] d't.
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c) Here's a plot of UnitStép— 2]:
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And here's a plot of UnitStép— 4]:
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Digest the two plots and explain the result of Ma&hematica
calculation:
Clear [t, x ]
t
J Sin [x] DiracDelta [x - 5] dix
0
Sin [5] UnitStep [-5+1t]

d) Calculate this convolution integral by hand:
fot DiracDeltdx — 5] g[t — x] dx

for
gt] = E'Cog3t].

OL.21)

a) Just to see that you can do something with no machine help,
use the convolution integral method and hand calculation to come up
with the exact formula for the solution of
Y[t] + 5y[t] + 6y[t]=3.8E"
with
y0] =2 and y[0] = —1.

b) Just to see that you can do even more with no machine help,
use the convolution integral method and hand calculation to come up
with the exact formula for the solution of this impulse-forced
oscillator:

y'[t] + 2y[t] + 5y[t] = 7 DiracDeltdt — 4]
with

y0] = 3 and y[0] = 0.



