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ANNALS OF MATHEMATICS
Vol. 52, No. 3, November, 1950

NOTE ON VINCENT’S THEOREM*

By A. M. OSTROWSKI
(Received September 26, 1949)

1. In 1834 Vincent gave a new method for separating the real roots of an
algebraic equation, which was based on the following extremely remarkable
theorem!:

If the equation

f@) = Agz" + -+ Aa =0, A #0

with real coefficients and without multiple roots is transformed by the successive
transformations

1 1 1
z=n=a+ —, T2 = as + —, trty Tyr = Gy + —
To T3 Ty
where a1 , Gz , -+ , @1 are =1, into the equation
O] »
fv(xv) = 0,‘ x: M + An, = 0,

then for a v, the polynomial f,(x,) with v > v, presents at the most one variation
of signs.

2. Vincent’s theorem and its proof contzin no estimate of » . Such an esti-
mate was given one year ago by Uspensky,’ who found a bound of », depending
only on the smallest distance A between two roots of f(z). Uspensky makes
use of Fibonacci’s series N, :

1,1,2,3,5,8 -
determined by
N1 =1, N, =1, N;=Ni+ Nyy---,N, = n—l+Nn-—2y"'

and asserts that if for an integer m:

1 1\t (=D
AN,1 > 3, AN, N, > 14+ —, € = (1 + ) -1,

€n n

4
we can put v = m.

* The preparation of this paper was sponsored (in part) by the Office of Naval Research.

1 Vincent, M émoire sur la résolution des équations numériques. Mém. Soc. R. des Sc. de
Lille (1834), pp. 1-34; Note sur la résolution des équations numériques, J. des Math. p. et
appl., vol. 1 (1836), pp. 341-372. The result was for the first time published in the 6th edition
of Bourdon’s Algébre.

2 Vincent supposes unnecessarily that ao , a1, -++ , -1 are all > 1.

3In Theory of Equations, 1948, pp. 298-303.

4 As a matter of fact Uspensky must use the first inequality with 2 instead of §. Further
he assumes unnecessarily that a, , a2 , * -+ , a,—; are positive integers.
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NOTE ON VINCENT'S THEOREM 703

3. In what follows we will show that this result can be imprbved. Uspensky’s
first condition can be dropped altogether, while his second condition can be
replaced by

ANm]vm—l g \/3—’.5

The use of Fibonacci’s series N, in this connection is based on the fact that
N, is a lower bound for the denominator @, of the u*™ convergent to the con-
tinued fraction

S
123

This follows at once from the law of convergents

Qn+1 = au+1Qu + Qu—l .

The complete enunciation of our result is given in Section 7 and the proof
is contained in Sections 8, 9. The proof is based on three lemmas given in Sec-
tions 4-6, which appear to be of interest in themselves.

4. Lemma 1. Let the coefficients a, of the polynomial

f@) = az” 4+ ez + -+ + a,

be positive. Then the necessary and sufficient condition that the sequence of coeffi-
cients in the product (x— a)f(x) presents precisely one variation of signs for each
postitive o 1s that the n — 1 inequalities

(1) af g av—lav+1 (V = 1, 2, ey n — 1)
are satisfied.’

Proor. If (1) is satisfied, it follows that == = %% (, = 1,2, ... n — 1),

Ay—1 a,
and therefore for any positive a:
) B _ gz g ®n_ 4 &
7} Apy—1 a, Apn—1

On the other hand we have identically

f@) (@ — &) = ax™ + a0 (ﬂ - a)x” + al(% - a)x”“ + -
ag ay

a — a
+ a,("—'” - a)x" M SRR a,.,.;(—" - )x — al,.
.av Ap—1

® The limit 1 + 1/e. given by Uspensky increases with growing n monotonically to « and
is 21 + 1/e = 3. Our limit+/3 is therefore more advantageous than that of Uspensky for
all n = 2.

¢ In counting the number of variations of signs we observe the ‘usual convention that all
zeros are to be omitted.

3)




704 A. M. OSTROWSKI

And it follows from (2) that the sequence of coefficients in this product has
exactly one variation of signs.

Suppose that for certain k, 0 < k < =, the corresponding inequality (1) is
not satisfied. Then we have

2 (223 Ak+41
ar < Qp—1 041, —< =

Qk—1 [£27
. . a ak
If « is a number from the open interval (—l , —ail , we have
Qk—1 k
(227 Qi1
2 <0< HE —a
Ofel (27

and we see that the sequence of coefficients in (3) presents at least three varia-

tions of signs, namely, one between 2" and z" ", one between "% and
z"*, and one between z"* and z° = 1. Lemma 1 is thus proved.’
b. LEMMa 2. Let
f(x) = Zo a, ™", g(x) = Zo bnxm—”
p—= -

be two polynomials with positive coefficients @y , by satisfying the conditions
@ @ — a0, =0 v=12---,n—1)

by — butbusa Z 0 w=12"-,m=1)

Then the product
n+m

f@)g(x) = Z:,) cex™

has the analogous property
(5) E -t =0 k=12 ,n+m—1).

Proor. This lemma is contained in a more general result concerning infinite
series and published in 1939.2 Its proof follows at once from the identity
(6) Cf — Cxk—1Ck+1 = ;}\ (ava)\ - ar+la)\—l) (bx—va—)\ - bx—v—lbn—)\+l).
In this identity all a, with indices outside the range <0, 7> and all b, with indices
outside the range <0, m> are to be taken as zero. Each of the polynomials
f(x), g(z) can be linear. In this case its coefficients are only subject to the con-
dition of being positive.

7 This lemma can also be proved by using certain results given by D. André in Annales
Scientifiques de 1’Ecole Normale Supérieure (2) vol. 12 (1883), supplément, pp. 33-44.

8 A. Ostrowski, Note sur les produits de séries normales, Bulletin de la Société royale des
Sciences de Liége (1939), pp. 458-468. :
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6. Lemma 3. Suppose that the roots —z, of the real polynomial

o] m9=;mﬂﬂ=mqw+wm a >0
are contained in the sector with the angle 120° having the negative x-axis as bisector:
(8) |argz, | < g .

Then all a, are positive, and for any a > 0 the product (x — a)f(x) presents
ezactly one variation of signs.

Proor. For real z, the correspondjng linear factors z + z, are linear poly-
nomials with non-negative coefficients. Let —¢ = 45 be a pair of conjugate
roots among the z,. Then the product of the corresponding linear factors is

o+ 2+ 8+ o

and satisfies the inequality
@'z &+ 1)

since by hypothesis | n/£| < 4/3 = tan /3. We see that f(z) is the product
of polynomials with positive coefficients which satisfy the conditions of Lemma 2.
Therefore, conditions (1) of Lemma 1 are satisfied and our assertion follows
from this lemma.

THEOREM. Let f(z) be a real polynomial of ntt degree with n distinct roots
Ty, X2, ", Tn, and put

(9) A=Min|z —uz,].
vyhp
Letay, az, - - - be an arbitrary sequence of positive numbers and for each v = 1,2, ...
1 P'
y = - = e ) v 0
o= a+ o+ 0, Q >
1
+ =
ay

the »v** convergent of the corresponding continued fraction, where P, and Q. have
the usual meaning. If for an index m = 2, we have

(11) AQQO—l g. '\/§,
the polynomial
n me + Pm»l) -
(12) @t + Qo y (Pt Per) Fo

presents al most one variation of signs.
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7. Proo¥. If a = 4b is a pair of conjugate roots of f(z), then the corresponding
roots of F(£) are given by a =% i3 where

Pm—l - (a + ib)Qm—l

(18) e [
and therefore
Qm-—l Qm 2
(14) —a = (Pm _ an)Z + b2 fn [b + (rm - a)(rm—l - a)]
(15) b(PQO—l _ Pm—lQm) =+ b

B= Pr—aQ) +PQ. ~ (Pn—aQ) T UQ

Consider the bracketed expression in (14). If the product (rm — @)(rm—1 — a) <0,
then a is situated between 7 and 7m— , and it follows from the inequality relat-
ing the geometric and arithmetic means that

19) | (n = )ras — 0 | 5 2

On the other hand it follows from the properties of the convergents of continued
fractions and from (11) that

1 A
(17) l Tm—1 — rml = QQO—l _S. \/'?:
and therefore

A2
(18) I (rm - a)(rm—l - a) | é 1_2 .
Furthermore, since by definition of A
(19) 2|1b|=]a+ib—(a—1d)| z 4
2
(18) implies that | (rm — @)(rma1— @) | = g— ,
2

(20) B+ (= )l — 0) 2

and this inequality is, of course, also true if (rm — a)(rm—1— a) is positive.
Therefore, we have —a > 0 and

B

[43

|b]
Qna@ult? + (rm — @) (rmr — @)
Hence, in virtue of (11), (19) and (20)
8| _ |b] Alb|-2 _
al Qm—-lQm[b2 + (rm - a)(rm—l. - a)] é '\/g'zbz § \/3’

and we see that the complex roots of F(¢) satisfy the conditions of Lemma 3.

(21)
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8. On the other hand, if 2, is a real root of f(x), we obtain for the correspond-
ing root & of F(¢) from (14) with b = 0

— Qm—l Qm(rm - «’Co)(rm-1 _ xO)
(22) — b= s ,

provided zo # r,. This can only be negative if z, lies between r, and Tm—1 .
But this interval cannot contain more than one root of f(z) as by (17) its length
| 7m — Tm | is <A. Therefore, only one real root of F(£) can be positive.

The same conclusion holds if one of the roots of f(z) is =r, since then all
other real roots remain outside this interval.

If now F(¢) has no positive root, it presents by Lemma 3 no variations of
signs. If on the other hand F(¢) has a positive root &, then we have

F(&) = (¢ — &)F*®),

where the roots of F*(£) satisfy the conditions of Lemma 3. Then it follows from
this lemma that F(£) presents exactly one variation of signs.
Our theorem is proved.
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