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Κ¶jάlaio 1:  Βasikoί Αlgόriqmoi thV ΥpologistikήV Άlg¶braV

Τo m¶gάlo pl¶onέkthma thV ΥpologistikήV Άlg¶braV ¶ίnai pwV crhsimopoiώntaV

sύmbola  kai  ak¶raίouV  ap¶ίrou  akrib¶ίaV  maV  apάllax¶  apό  ta  sjάlmata  twn

ariqmhtikώn  upologismώn  kai  maV  έdws¶  thn  dunatόthta  na  sugk¶ntrwnόmast¶

sthn anάptuxh twn algorίqmwn.

ΌpwV xέroum¶ h Άlg¶bra arcίz¶i m¶ ariqmoύV kai oi upologistέV doul¶ύoun pάnw

s¶  plhrojorί¶V  pou  ¶isάgontai  s¶  autόn.  Έtsi  to  prώto  qέma  pou  prέp¶i  na

¶x¶tάsoum¶ ¶ίnai pwV ¶isάgwntai oi ariqmoί ston upologistή san plhrojorί¶V. 

Οi  plhrojorί¶V  apoqhk¶ύontai  sth  mnήmh  tou  upologistή,  s¶  "kommάtia"  pou

lέgontai "lέx¶iV" (words).  Οi sύgcronoi upologistέV crhshmopoioύn lέx¶iV m¶ 32

ή 64 duadikά yhjίa (d.y. ή bits) kai sthn suzήthsh autή qa upoqέtoum¶ όti έcoum¶

upologistή  m¶  64  d.y.,  ¶ktόV  kai  an  orίsoum¶  diajor¶tikά.   Έtsi,  mia  lέxh  tou

upologistή  p¶riέc¶i  έnan  akέraio  aplήV  akrib¶ίaV  (single  precision  integer)  sto

diάsthma [0, 264 -1].  

Σthn  Υpologistikή  Άlg¶bra  oi  ariqmoί  pou  d¶n  anήkoun  sto  diάsthma  [0,  264 -1],

(όpou  264  º  1.845*1019 ),  paristάnontai  apό  ak¶raίouV  pollaplήV  (ή  ap¶ίrou)

akrib¶ίaV  (multiprecision or infinite  precision  integers).    Τo  mόno  m¶ionέkthma  apό

thn  parάstash  autή  ¶ίnai  όti  oi  prάx¶iV  stouV  ak¶raίouV  ¶kt¶loύntai  apό  to

logismikό (software) m¶ sunέp¶ia na ¶ίnai sc¶tikά argέV. 

Σ¶  antίq¶sh,  sthn  Αriqmhtikή  Αnάlush  oi  pragmatikoί  ariqmoί  pros¶ggίzontai

apό  touV  ariqmoύV  kinhtήV  upodiastolήV  (floating-point  numbers,  Πarάrthma  Β)

όpou  oi  ariqmhtikέV  prάx¶iV  gίnontai  grήgora  giatί  ¶kt¶loύntai  apό  to  hardware

kai m¶gάlh έmjash dίn¶tai ston p¶riorismό tou sjάlmatoV twn upologismώn.  

ΣkopόV  tou  k¶jalaίou  autoύ  ¶ίnai  na  parousiάs¶i  thn  parάstash  kai  touV

basikoύV  ariqmhtikoύV  algorίqmouV  (pou  mάqam¶  sto  scol¶ίo)  twn  ak¶raίwn

pollaplήV  akrib¶ίaV  kai  twn  poluwnύmwn.   Άutά  apot¶loun  thn  bάsh  thV

ΥpologistikήV  Άlg¶braV.   Σta  parartήmata  tou  k¶jalaίou  gίn¶tai  mia

Εisagwgή
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¶isagwgή  sthn  asumptwtikή  anάlush  twn  algorίqmwn  (Πarάrthma  Α),  stouV

ariqmoύV  kinhtήV  upodiastolήV  pou  crhsimopoioύntai  sthn  Αriqmhtikή  Αnάlush

gia   thn  prosέggish  twn  pragmatikώn  ariqmώn  (Πarάrthma  Β),  kai  stiV

q¶m¶liώd¶iV έnnoi¶V thV Άlg¶braV (Πarάrthma Γ).

1:  Βasikoί Αlgόriqmoi
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1.1  Πarάstash kai prόsq¶sh ak¶raίwn pollaplήV akrib¶ίaV

 Υp¶nqumίzoum¶ pwV mia lέxh mhcanήV p¶riέc¶i έnan akέraio aplήV akrib¶ίaV sto

diάsthma  [0,  264 -1].   Οi  akέraioi  pou  ¶ίnai  ¶ktόV  tou  diastήmatoV  [0,  264 -1]

parίstantai  apό  mia  lίsta  (ή  έna  diάnusma)  apό  lέx¶iV  64-d.y.,  όpou  h  prώth

lέxh  parέc¶i  plhrojorί¶V  gia  to  prόshmo  kai  to  mήkoV  thV  lίstaV.   Γia  na

akribologoύm¶,  q¶wroύm¶  thn  264 -kή  (wV  proV  thn  bάsh  264 )  parάstash  tou

mh-mhd¶nikoύ ak¶raίou  

a  = H-1Ls ⁄0§i§n ai 264 i ,

όpou  s  œ  {0,  1},  0  §  n  +  1  <  263 ,  kai  ta  ai  œ  {0,  ...,  264 -1}  gia  όla  ta  i  ¶ίnai  ta

yhjίa  tou  a  wV  proV  thn  bάsh  264 .   Τo  yhjίo  an  onomάz¶tai  kai  kύrio  ή  pio

shmantikό yhjίo (leading or most significant digit). Ο akέraioV a kwdikopoi¶ίtai m¶

thn lίsta 

{s ÿ 263 + n + 1, a0, a1, …, an }

apό l¶x¶iV 64-d.y., όpou to pio  shmantikό yhjίo ¶ίnai  t¶l¶utaίo.  Αutή h diάtaxh

¶pilέg¶tai  giatί  oi  p¶rissόt¶r¶V  ariqmhtikέV  prάx¶iV  arcίzoun  m¶  ta  ligόt¶ro

shmantikά yhjίa twn ariqmώn.  Έtsi, gia parάd¶igma, an to s = 1 kai n = 5 έcoum¶

έnan arnhtikό ariqmό pou parίstatai apό mia lίsta m¶ 6 yhjίa wV proV thn bάsh

264 .  Σthn  p¶rίptwsh  autή,  axίz¶i  na  doύm¶  όti  to  prώto  stoic¶ίo  thV  lίstaV,

dhladή  h  έkjrash  s ÿ 263 +  n  +  1  pou  parέc¶i  plhrojorί¶V  gia  to  prόshmo  kai  to

mήkoV thV lίstaV, parίstatai s¶ duadikή morjή san:

BaseForm@ s 263 + n + 1, 2D ê. 8s → 1, n → 5<

10000000000000000000000000000000000000000000000000000000000001102

Η parάstash {s ÿ 263 + n + 1, a0, a1, …, an } mpor¶ί na gίn¶i monadikή an gia a  ∫ 0

apaitήsoum¶  to  kύrio  yhjίo  na  ¶ίnai  kai  autό  diάjoro  tou  mhd¶nόV,  an ∫  0.  Τhn

parάstash  autή  onomάzoum¶  kanonikή  parάstash  (standard  representation)  tou

1.1  Πarάstash kai prόsq¶sh ak¶raίwn
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a.  Έtsi h kanonikή parάstash tou -1 ¶ίnai {263  + 1, 1}, ¶nώ gia thn parάstash

tou 0 orίzoum¶ thn lίsta {0}, m¶ monadikό stoic¶ίo to 0.  

Οi  akέraioi  pou  mporoύn  na  parastaqoύn  m¶  thn  kanonikή  parάstash  s¶  έnan

upologistή  m¶  lέx¶iV  64-d.y.  ¶ίnai  sto  diάsthma  [-264ÿ263
+ 1,  264ÿ263

- 1],  όpou  o

¶kqέthV  prokύpt¶i  apό  thn  antikatάstash  tou  i  m¶  to 263 pou  ¶ίnai  kai  h mέgisth

timή tou—sthn έkjrash a  = H-1Ls ⁄0§i§n ai 264 i .  Γia na apoqhk¶uq¶ί kάq¶ έna apό

ta όria apait¶ί 263 +1 lέx¶iV mnήmhV. Ο m¶galύt¶roV ariqmόV qa gέmiz¶ p¶rίpou 10

dis¶katomύria diskέtt¶V twn 8 GB, kai έtsi ta όria autά ¶ίnai ikanopoihtikά gia

όlouV touV skopoύV maV.

M¶ to b-mήkoV lbHaL  ¶nόV mh mhd¶nikoύ ak¶raίou a  œ ,  ¶nnooύm¶ ton ariqmό twn

yhjίwn  tou  a  sthn  b-kή  tou  parάstash  (o  sumbolismόV  twn  sunόlwn  pou

crhsimopoioύm¶  brίsk¶tai  sto  Πarάrthma  Γ).   Εp¶idή  sthn  suzήthsή  maV  b  =

264 ,  mporoύm¶  na  paral¶ίpoum¶  ton  d¶ίkth  kai  na  grάjoum¶  aplά  l(a).   Αn  d·t
dhlώn¶i  thn  stroggύl¶ush  ¶nόV  ariqmoύ  proV  ton  mikrόt¶ro  akέraio  (έtsi  ώst¶

d1.8t = 1 kai d-1.8t = -2), tόt¶ iscύ¶i 

 lHaL  = dlog264 »a»t + 1 = d log2»a»ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ64 t + 1.

Έtsi  lHaL  +  1  =  n  +  2  ¶ίnai  o  ariqmόV  twn  lέx¶wn  pou  crhsimopoioύntai  sthn

kanonikή  parάstash  {s ÿ 263 +  n  +  1,  a0, a1, …, an }  tou  a.   Μ¶  thn  boήq¶ia  tou

sumbolismoύ  tou  m¶gάlou  "Ο"  (big-Oh  notation)  έcoum¶  kai  thn  aploύst¶rh

έkjrash  Ο(log2 »a»)  pou  maV  dίn¶i  ton  ariqmό  twn  lέx¶wn  pou  cr¶iάzontai  sthn

parάstash tou a—cwrίV na jaίn¶tai h staq¶rά 1ÅÅÅÅÅÅÅ64 .  

ΑV  doύm¶  twra  pwV  qa  prosqέsoum¶  dύo  ak¶raίouV  pollaplήV  akrίb¶iaV  a  =

H-1Ls ⁄0§i§n ai 264 i  kai  b  =  H-1Ls ⁄0§i§m bi 264 i ,  m¶  s  œ  {0,  1}.   Πrosέxt¶  όti  ta

an¶strammέna yhjίa ai  kai bi  q¶wroύntai akέraioi aplήV akrib¶ίaV.

Υpoqέtoum¶ pwV o upologistήV m¶ ton opoίo ¶rgazόmast¶ έc¶i ¶ntolή gia

thn  prόsq¶sh  dύo  ak¶raίwn  ai ,  bi  aplήV  akrib¶ίaV.   Τo  apotέl¶sma  autήV  thV

¶ntolήV ¶ίnai mia lέxh ci  m¶ 64-d.y. kai h shmaίa tou kratoumέnou (carry flag) g œ

{0,  1},  έna  ¶idikό  d.y.  sthn  lέxh  katάstashV  tou  ¶p¶x¶rgastή  (status  word)  pou

upod¶iknύ¶i  an  to  apotέl¶sma  up¶rbaίn¶i  to  264  ή  όci.   Γia  na  mporoύm¶  na
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¶kt¶loύm¶  prόsq¶sh  ak¶raίwn  pollaplήV  akrίb¶iaV,  autή  thn  shmaίa  tou

kratoumέnou  thn  kάnoum¶  to  trίto  stoic¶ίo  (input)  pou  dίn¶tai  sthn  ¶ntolή

prόsq¶shV.  ΘέtontaV g0 = 0, έcoum¶ gia kάq¶ z¶ύgoV yhjίwn:  

 ai  + bi  + gi   = gi+1 · 264  + ci ,

όpou gi  ¶ίnai to kratoύm¶no apό to prohgoύm¶no "stάdio".  Έtsi, to άqroisma twn

ak¶raίwn qa ¶ίnai c = a + b , h parάstash tou opoίou ¶ίnai

c = H-1Ls ⁄0§i§k Hai + biL 264 i ,

όpou k  = max{n, m}, kai an, gia parάd¶igma, m § n, tόt¶ qέtoum¶ bm+1 =…= bn = 0.

Μ¶ άlla lόgia, mporoύm¶ na upoqέsoum¶ pwV m = n kai h prόsq¶sh gίn¶tai όpwV

akribώV  thn  mάqam¶  sto scol¶ίo—x¶kinώntaV  apό ta  ligώt¶ro  shmantikά yhjίa

kai  procwrώntaV  proV  ta  p¶rissόt¶ro  shmantikά.   ΌpwV  kai  sthn  scolikή

prόsq¶sh  έtsi  kai  ¶dώ,  an  ci = ai + bi  ¥  264 ,  tόt¶  to  yhjίo  gίn¶tai

ci = ci - 264 kai  to  kratoύm¶no  prέp¶i  na  prost¶q¶ί  sto  άqroisma  tou  ¶pόm¶nou

z¶ύgouV yhjίwn.  Αkolouq¶ί o algόriqmoV gia thn prόsq¶sh dύo ak¶raίwn ap¶ίrou

akrib¶ίaV.   

ΑlgόriqmoV: Πrόsq¶sh ak¶raίwn pollaplήV akrib¶ίaV wV proV thn bάsh b 

ΕίsodoV:   Τa  ant¶strammέna  yhjίa  dύo  ak¶raίwn  pollaplήV  akrib¶ίaV  a  =

H-1Ls ⁄0§i§n ai b i  kai b  = H-1Ls ⁄0§i§n bi b i ,  όci  kat'  anάgkh kanonikήV morjήV, m¶ s

œ {0, 1}, kai h bάsh b.

ΈxodoV:   Τa  ant¶strammέna  yhjίa  tou  akέraiou  pollaplήV  akrib¶ίaV  c =

H-1Ls ⁄0§i§n+1 ci b i , έtsi ώst¶ c = a + b .

===========   

1.  g0 ô 0

2.   for  i  = 0,  …,  n  do  {ci ô  ai  +  bi  + gi ;  gi+1 ô  0;  if  ci  ¥  b  then  {ci ô  ci -  b;

gi+1 ô 1}}

3.  cn+1 ô gn+1 ; return H-1Ls ⁄0§i§n+1 ci b i

===========
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∆i¶ukrίnish:   Γia  na  ¶jarmost¶ί  o  algόriqmoV  autόV  kaqώV  kai  άlloi  pou

akolouqoύn  sto  k¶jάlaio  autό,  cr¶iάz¶tai  mia  pro¶rgasίa  (preprocessing).   Η

pro¶rgasίa  autή  qa  mporoύs¶  na  parousiast¶ί  san  tmήma  tou  algorίqmou,

allά  ¶pilέxam¶  na  mήn  akolouqήsoum¶  autήn  thn  taktikή  gia  na  dίnoum¶

m¶galύt¶rh  έmjash  sthn  kurίwV  diadikasίa.   Η  pro¶rgasίa  parousiάz¶tai  sta

parad¶ίgmata.

Αkolouq¶ί  o  algόriqmoV  autόV  programmatismέnoV  sto  Mathematica.   Οi

m¶tablhtέV  aR  kai  bR  ¶ίnai  oi  an¶strammέn¶V  (Reverse)  lίst¶V  parάstashV  twn

ak¶raίwn  a  kai  b  pou  qέloum¶  na  prosqέsoum¶.   (Οi  plhrojorί¶V  gia  to  prόshmo

kai  to  mήkoV  thV  lίstaV  pou brίskontai  sthn  prώth  lέxh  thV  parάstashV  twn  a

kai  b  ¶p¶x¶rgάzontai  ¶ktόV  tou  algorίqmou.)   Η  bάsh  b  orίz¶tai  m¶

prokaqorismέnh  timή  (default  value)  264ώst¶  na  ¶ίnai  proair¶tikή  h  grajή  thV

όtan crhsimopoioύm¶ autήn thn timή.

addLongIntegers@aR_List, bR_List, beta_: 264D :=

Module@8carry = 0, a = aR, b = bR, listR = 8<, temp<,
For@i = 1, i < Length@aD + 1, i++, temp = a@@iDD + b@@iDD + carry;

carry = 0; If@temp < beta, H∗then∗LlistR = Append@listR, tempD,
H∗else∗LlistR = Append@listR, temp − betaD; carry = 1DD;

listRD

Έstw loipόn όti qέloum¶ na prosqέsoum¶ touV ak¶raίouV 

a = 1234567898765432101234567898765432100123 ;
b = 3210012345678987654321012345678987654321;

touV  opoίou  q¶wroύm¶  pollaplήV  akrίb¶iaV  m¶  bάsh  b  =  264 .   ΠaίrnontaV  ton

logάriqmo ¶nόV apό autoύV blέpoum¶ pwV kai oi dύo parίstantai san lίst¶V m¶ 3

yhjίa  

digitLength@n_IntegerD := Floor@Log@264, nDD + 1

digitLength@aD

3
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Υpologίzoum¶ mίa-mίa tiV lίst¶V m¶ ta 3 yhjίa wV proV thn bάsh 264 gia kάq¶ έnan

apό touV ak¶raίouV autoύV, tiV antistrέjoum¶ kai, an cr¶iasq¶ί, tiV kάnoum¶ tou

idίou mήkouV (a ¥ b):

aR = IntegerDigits@a, 264D êê Reverse

810075424478403138843, 11585827674988634732, 3<

bR = IntegerDigits@b, 264D êê Reverse;
bR = Append@bR, Table@0, 8digitLength@aD − digitLength@bD<DD êê Flatten

81696731548016309425, 7994421281136458287, 9<

Εisάgoum¶ tiV an¶strammέn¶V lίst¶V (cwrίV thn timή tou b) sthn sunάrthsh kai

paίrnoum¶ to apotέl¶sma thV prόsq¶shV an¶strammέno.

cR = addLongIntegers@aR, bRD

811772156026419448268, 1133504882415541403, 13<

Αntistrέjoum¶ thn lίsta kai paίrnoum¶ to apotέl¶sma sthn gnwstή tou morjή.

c = FromDigits@ Reverse@cRD, 264D

4444580244444419755555580244444419754444

Είnai to ίdio m¶ autό pou brίsk¶i kai to Mathematica.

c == a + b

True

Τo  ¶rώthma  ¶ίnai  pόso  crόno  paίrn¶i  h  ¶ktέl¶sh  tou  algorίqmou  autoύ.   Έstw

όti  h  ¶ktέl¶sh  thV  prόsq¶shV  twn  ak¶raίwn  aplήV  akrib¶ίaV  apait¶i  k  kύklouV

mhcanήV  (machine cycles).   Ο  ariqmόV  autόV  ¶xartάtai  apό  ton  ¶p¶x¶rgastή  pou

crhsimopoioύm¶,  kai  o  crόnoV  thV  k¶ntrikήV  monάdaV  ¶p¶x¶rgasmoύ  (CPU  time)

¶xartάtai apό thn tacύthta tou ¶p¶x¶rgastή.  Έtsi o crόnoV gia na prost¶qoύn

dύo akέraioi mήkouV to polύ n ¶ίnai kn kύkloi mhcanήV gia na gίnoun oi prosqέs¶iV
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aplήV  akrib¶ίaV  sun  m¶rikoύV  kύklouV  gia  ¶nέrg¶i¶V  όpwV  o  c¶irismόV  twn

duadikώn  yhjίwn  twn  prosήmwn,  prόsbash  sthn  mnήmh  ktl.   Υpoqέtoum¶  pwV  o

sunolikόV crόnoV gia tiV diάjor¶V άll¶V ¶nέrg¶i¶V ¶ίnai thV ίdiaV tάxhV m¶gέqouV

m¶ ton crόno gia tiV prosqέs¶iV ak¶raίwn aplήV akrib¶ίaV.

Εp¶idή  qέloum¶  na  an¶xartopoihqoύm¶  apό  tiV  l¶ptomέr¶i¶V  tou  ¶kάstot¶

upologistή  qa  lέm¶  όti  o  crόnoV  gia  thn  prόsq¶sh  twn  ak¶raίwn  a  kai  b

pollaplήV akrib¶ίaV ¶ίnai Ο(n), όpou n = max(l(a), l(b)) + 1.  Αutό shmaίn¶i ¶ίt¶

όti o crόnoV  ¶xartάtai apό to mήkoV tou m¶galύt¶rou ak¶raίou ¶ίt¶ όti gίnontai

p¶rίpou Ο(n) prosqέs¶iV aplήV akrib¶ίaV.  

1:  Βasikoί Αlgόriqmoi 

ΑlkibiάdhV Γ. ΑkrίtaV 8 ΤΜΗΥΤ∆, ΠΘ



1.2  Πarάstash kai prόsq¶sh poluwnύmwn

Έstw  όti  R  ¶ίnai  έnaV  m¶taq¶tikόV  daktύlioV  (commutative ring), όpwV  o  . Αutό

shmaίn¶i  pwV  mporoύm¶  na  ¶kt¶lέsoum¶  tiV  prάx¶iV  thV  prόsq¶shV,  ajaίr¶shV

kai  tou  pollaplasiasmoύ  sύmjwna  m¶  touV  gnwstoύV  kanόn¶V.   Αn  ¶pίshV

mporoύm¶  na  diairέsoum¶  m¶  kάq¶  mh  mhd¶nikό  stoic¶ίo,  όpwV  stouV  rhtoύV  ,

tόt¶ to R lέg¶tai sώma. 

Τo  poluώnumo  a  œ  R[x],  όpou  R  ¶ίnai  έnaV  m¶taq¶tikόV  daktύlioV  (ring),  apot¶l¶ίtai

apό  mίa  p¶p¶rasmέnh  akolouqίa  {a0 ,  a1 ,…,  an }  stoic¶ίwn  tou  R,  touV

sunt¶l¶stέV tou a, m¶ n œ , kai grάj¶tai

a = a0  + a1 x  + ∫ + an xn  = ⁄i=0
n ai xi .

ΕmάV  maV  ¶ndiajέr¶i  h  p¶rίptwsh  pou  o  daktύlioV  R  ¶ίnai    ή  ,  opόt¶  oi

sunt¶l¶stέV  ai  ¶ίnai  akέraioi  pollaplήV  akrib¶ίaV.  (Ο  klasmatikόV  ariqmόV  r  =
nÅÅÅÅÅd  parίstatai  apό  thn  lίsta  {n ,  d },  όpou  n  kai  d  ¶ίnai  akέraioi  pollaplήV

akrίb¶ίaV kai prώtoi m¶taxύ touV.)  

Αn an  ∫ 0, tόt¶ o baqmόV  (degree) tou poluwnύmou ¶ίnai n = deg(a), kai an  = lc(a)

¶ίnai o kύrioV sunt¶l¶stήV tou (leading coefficient).  Αn lc(a) = 1, tόt¶ lέm¶ pwV

to  poluώnumo  έc¶i  monadiaίo  kύrio  sunt¶l¶stή  (monic  poluώnumo).   Τo

poluώnumo a parίstatai apό thn lίsta (ή diάnusma) {a0 , a1 ,…, an } mήkouV n + 1,

to k-stό stoic¶ίo thV opoίaV ¶ίnai o sunt¶l¶stήV ak .  (ΌpwV akribώV kai m¶ touV

ak¶raίouV, h lίsta qa mporoύs¶ na ¶ίnai {n, a0 , a1 ,…, an }, m¶ prώto stoic¶ίo ton

baqmό tou poluwnύmou.)  

Πrosέxt¶ thn omoiόthta twn parastάs¶wn twn poluwnύmwn m¶ tiV parastάs¶iV

twn  ak¶raίwn  pollaplήV  akrib¶ίaV.   Εx  aitίaV  thV  omoiόthtaV  autήV,  polloί

algόriqmoi  gia  touV  ak¶raίouV  ¶jarmόzontai,  m¶  mikrέV  tropopoiήs¶iV,  kai  sta

poluώnuma.  Ο algόriqmoV gia thn prόsq¶sh ak¶raίwn, gia parάd¶igma, diajέr¶i

apό  ton  algόriqmo  gia  thn  prόsq¶sh  poluwnύmwn  mόnon  sto  όti  d¶n  έcoum¶
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kratoύm¶no.  ΣtouV  ak¶raίouV  to  kratoύm¶no,  katά  kάpoion  trόpo,  kratά¶i  ta  pio

shmantikά yhjίa "dέsmia" twn ligόt¶ro shmantikώn yhjίwn.  

ΑV q¶wrήsoum¶ loipόn ta poluώnuma 

a = ⁄i=0
n ai xi  kai b = ⁄i=0

m bi xi

sto  R[x]  m¶  deg(a)  ¥  deg(b).   ΧwrίV  blάbh  thV  g¶nikόthtaV  mporoύm¶  kai  ¶dώ

(όpwV stouV ak¶raίouV) na q¶wrήsoum¶ pwV n = m, opόt¶ to άqroismά touV ¶ίnai 

c = a + b = ⁄i=0
n Hai + biL xi  = ⁄i=0

n ci xi .

Σhm¶iώst¶ pwV h prόsq¶sh ci = ai + bi  ¶kt¶l¶ίtai sto R. 

ΑlgόriqmoV: Πrόsq¶sh poluwnύmwn 

ΕίsodoV:   Οi  sunt¶l¶stέV  dύo  poluwnύmwn  a  =  ⁄i=0
n ai xi  kai  b  =  ⁄i=0

n bi xi ston

R[x], όpou R ¶ίnai daktύlioV.

ΈxodoV:   Οi  sunt¶l¶stέV  tou  poluwnύmou  c = ⁄i=0
n ci xi  ston  R[x],  έtsi  ώst¶  c =

a + b .

===========

1.  for i = 0, …, n do ci ô ai + bi   

2.  return c = ⁄i=0
n ci xi

===========

Πrosέxt¶ όti to sύmbolo "+" έc¶i diplή έnnoia ¶dώ: shmaίn¶i kai prόsq¶sh aplήV

akrib¶ίaV  kai  prόsq¶sh  pollaplήV  akrib¶ίaV  (dhladή  addLongIntegers[ai ,  bi ]).

Αkolouq¶ί  o  algόriqmoV  autόV  programmatismέnoV  sto  Mathematica.   Οi

m¶tablhtέV aR kai bR ¶ίnai oi an¶strammέn¶V (Reverse) lίst¶V twn sunt¶l¶stώn

twn poluwnύmwn a kai b pou qέloum¶ na prosqέsoum¶.  

addPolynomials@aR_List, bR_ListD :=

Module@8a = aR, b = bR, listR = 8<<,
For@i = 1, i < Length@aD + 1, i++,

listR = Append@listR, Ha@@iDD + b@@iDDLDD;
listRD
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Έstw loipόn όti qέloum¶ na prosqέsoum¶ ta poluώnuma 

a = x3 − 7 x + 7;
b = 3 x2 − 7;

Υpologίzoum¶ thn ant¶strammέnh lίsta twn sunt¶l¶stώn gia kάq¶ έna apό autά

ta poluώnuma,  kai katόpin (an cr¶iάz¶tai) kάnoum¶ tiV lίst¶V tou idίou mήkouV:

aR = CoefficientList@a, xD

87, −7, 0, 1<

bR = CoefficientList@b, xD;
bR = Append@bR, Table@0, 8Exponent@a, xD − Exponent@b, xD<DD êê Flatten

8−7, 0, 3, 0<

Εisάgoum¶  tiV  an¶strammέn¶V  lίst¶V  twn  sunt¶l¶stώn  sthn  sunάrthsh  kai

paίrnoum¶ touV sunt¶l¶stέV tou aqroίsmatoV an¶strammέnouV.

cR = addPolynomials@aR, bRD

80, −7, 3, 1<

Αpό touV sunt¶l¶stέV paίrnoum¶ to apotέl¶sma sthn gnwstή tou morjή

c = Fold@#1 x + #2 &, 0, Reverse@cRDD êê Expand

−7 x + 3 x2 + x3

Είnai to ίdio m¶ autό pou brίsk¶i kai to Mathematica.

c == a + b

True

Πarά  to  g¶gonόV  όti  sto  scol¶ίo  prώta  maqaίnoum¶  gia  touV  ak¶raίouV,

blέpoum¶  pwV  o  algόriqmoV  prόsq¶shV  poluwnύmwn  ¶ίnai  aploύst¶roV  apό  ton

1.2  Πarάstash kai prόsq¶sh poluwnύmwn

ΑlkibiάdhV Γ. ΑkrίtaV 11 ΤΜΗΥΤ∆, ΠΘ



antίstoico  algόriqmo  gia  touV  ak¶raίouV  pollaplήV  akrib¶ίaV.   Τo  ίdio  iscύ¶i

kai gia άllouV algorίqmouV, όpwV o pollaplasiasmόV, diaίr¶sh ktl.  

ΑnalύontaV  ton  crόno  upologismoύ  tou  algorίqmou  gia  thn  prόsq¶sh  dύo

poluwnύmwn  tou  idίou  baqmoύ  n  blέpoum¶  pwV  cr¶iάzontai  to  polύ  n  +  1  ή  ΟHnL
prosqέs¶iV ston daktύlio R.  Αn d¶ R = , kai Β έna pάnw jrάgma stiV apόlut¶V

timέV  twn  sunt¶l¶stώn  kai  twn  dύo  poluwnύmwn,  tόt¶  "+"  =  addLongIntegers[ai ,

bi ] kai o crόnoV upologismoύ tou algorίqmou gίn¶tai Ο(n log Β).  

Εn gέn¶i gia to poluώnumo a = ⁄i=0
n ai xi  orίzoum¶ thn mέgisth norm (max ή subinfin-

ity norm) wV »»a»»¶  = 

 max 0§i§n {»ai »},  thn  aqroistikή  norm  (sum ή  subone  norm) wV  »»a»»1  =  ⁄i=0
n »ai »  kai

thn Εukl¶ίd¶ia norm (Euclidean norm) wV »»a»»2  = H⁄i=0
n  ai

2L1ê2 .  Ιscύoun oi scέs¶iV:

»»a»»¶  § »»a»»2  § è!!!n »»a»»¶  kai »»a»»2  § »»a»»1  § n»»a»»¶ .

Μ¶ autέV tiV έnnoi¶V to pάnw jrάgma stiV  apόlut¶V timέV twn sunt¶l¶stώn kai

twn dύo poluwnύmwn orίz¶tai san Β = max{»»a»»¶ , »»b»»¶ }. 

Γ¶nikά  gia  kάq¶  q  >  0  έcoum¶  thn  q-norm  »»·»»q  ston  dianusmatikό  cώro  n  pou

orίz¶tai wV

»»a»»q  = H⁄i=1
n  » ai »qL1êq

όpou a  = (a1 , a2 , …, an ) œ n .

Όl¶V oi norm ikanopoioύn

ä  »»a»»q  ¥ 0, kai h isόthV iscύ¶i mόnon ¶άn kai mόnon ¶άn a = 0,  

ä  »»a+b»»q  § »»a»»q  + »»b»»q , h trigwnikή anisόthta,  

ä  »»la»»q  = »l»·»»a»»q .
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1.3  ΠollaplasiasmόV

∆oqέntwn dύo poluwnύmwn  a = ⁄i=0
n ai xi  kai b = ⁄i=0

m bi xi ston R[x], to ginόm¶nό touV

¶ίnai c = a ÿ b  = ⁄k=0
n+m ck  xk , όpou gia 0 § k § n+m oi sunt¶l¶stέV ¶ίnai

ck  = ⁄0§i§n
0§ j§m
i+ j=k

ai b j

Η έkjrash gia touV sunt¶l¶stέV ck  gίn¶tai katanohtή m¶ έna parάd¶igma

a = a0 + a1 x + a2 x2 + a3 x3; b = b0 + b1 x + b2 x2; a b êê Expand; Collect@%, xD

a0 b0 + Ha1 b0 + a0 b1L x + Ha2 b0 + a1 b1 + a0 b2L x2 +

Ha3 b0 + a2 b1 + a1 b2L x3 + Ha3 b1 + a2 b2L x4 + a3 b2 x5

Υpάrcoun  diάjoroi  trόpoi  upologismoύ  twn  sunt¶l¶stώn.   Αkolouq¶ί  o

algόriqmoV gia ton pollaplasiasmό dύo poluwnύmwn pou mάqam¶ sto scol¶ίo.

ΑlgόriqmoV: ΠollaplasiasmόV poluwnύmwn 

ΕίsodoV:   Οi  sunt¶l¶stέV  dύo  poluwnύmwn  a  =  ⁄i=0
n ai xi  kai  b  =  ⁄i=0

m bi xi ston

R[x], όpou R ¶ίnai (m¶taq¶tikόV) daktύlioV.

ΈxodoV:  Τo poluώnumo c = a ÿ b  ston R[x].

===========

1.  for i = 0, …, n do pi ô ai xi ·b

2.  return c = ⁄i=0
n pi

===========

Τa  poluώnuma  ai xi ·b  upologίzontai  m¶  x¶cwristό  prόgramma  (to  ajίnoum¶  gia

άskhsh)  pou  pollaplasiάz¶i  έna  poluώnumo  b  m¶  touV  ak¶raίouV  ai  aplήV  ή

pollaplήV  akrib¶ίaV.   Οi  sunt¶l¶stέV  pou  prokύptoun  m¶tatopίzontai  katά  i

qέs¶iV.   (Η  m¶tablhtή  x  d¶n  crhsimopoi¶ίtai  pouq¶nά.   Είnai  aplά  έnaV

katάllhloV  trόpoV  gia  na  grάjoum¶  poluώnuma.)   Έtsi,  ta  sύmbola  thV

prόsq¶shV  kai  tou  pollaplasiasmoύ  έcoun  diplή  έnnoia  ¶dώ:   shmaίnoun
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prόsq¶sh  /  pollaplasiasmό  tόso  aplήV  όso  kai  pollaplήV  akrib¶ίaV  (dhladή

addLongIntegers[ai ,  bi ]  /  multiplyLongIntegers[ai ,  bi ]).   Ο  pollaplasiasmόV

ak¶raίwn pollaplήV akrib¶ίaV orίz¶tai parakάtw. 

Πrosέxt¶ όti o algόriqmoV apait¶ί thn apoqήk¶ush twn ¶ndiάm¶swn poluwnύmwn

pi .   Αutό  ¶ίnai  έna  m¶ionέkthma  to  opoίo  όmwV  ¶ύkola  parakάmpt¶tai  όpwV

jaίn¶tai  sto  parakάtw  prόgramma  sto  Mathematica.    Πaίrnoum¶  touV

sunt¶l¶stέV  tou  prώtou  poluwnύmou  a  (m¶tablhtή  aR)  ¶nώ  to  d¶ύt¶ro

poluώnumo b to ajίnoum¶ όpwV ¶ίnai.  

multiplyPolynomials@aR_List, b_D := Module@8a = aR, p = 0<,
For@i = 1, i < Length@aD + 1, i++, p = p + a@@iDD xi−1 bD;
c = Expand@pDD

Έtsi gia parάd¶igma έcoum¶

a = x3 − 7 x + 7;
b = 3 x2 − 7;

aR = CoefficientList@a, xD

87, −7, 0, 1<

c = multiplyPolynomials@aR, bD

−49 + 49 x + 21 x2 − 28 x3 + 3 x5

c == Ha b êê ExpandL

True

ΑV doύm¶ tώra ton crόno upologismoύ tou algorίqmou.  Κat΄arcάV parathroύm¶

pwV kάq¶ έnaV apό touV n + 1 sunt¶l¶stέV tou a pollaplasiάz¶tai m¶ kάq¶ έnan

apό  touV  m  +  1  sunt¶l¶stέV  tou  b.  Έtsi  o  sunolikόV  ariqmόV  twn

pollaplasiasmώn ¶ίnai 

(n + 1)(m + 1).  
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Κatόpin  ta  ginόm¶na  autά  moirάzontai  s¶  m  +  n+1  aqroίsmata  gia  na

schmatίsoun  touV  isάriqmouV  sunt¶l¶stέV.   Εp¶idή  όtan  prosqέtoum¶  a

ariqmoύV  ¶kt¶loύntai  a-1  prosqέs¶iV,  έp¶tai  pwV  o  olikόV  ariqmόV  twn

prosqέs¶wn ¶ίnai 

(n + 1)(m + 1) - (n + m + 1) = nm.

Έtsi to sunolikό kόstoV pollaplasiasmoύ dύo poluwnύmwn ¶ίnai (n + 1)(m + 1)

+  nm =  2nm  +  n  +  m  +  1  §  2nm  +  2n  +  2m +  2  =  2(n  +  1)(m  +  1)  prάx¶iV  ston

daktύlio  R.   Μ¶trώntaV  mόnon  tiV  prάx¶iV  ston  daktύlio  R  blέpoum¶  pwV  dύo

poluώnuma  mporoύn  na  pollaplasiasqoύn  m¶  2 n2  +  2n+  1  prάx¶iV  ή  m¶  2 n2  +

Ο(n) prάx¶iV ή m¶ ΟHn2 ) prάx¶iV ή s¶ t¶tragwnikό crόno.  

Αn d¶ R = , kai Β = max{»»a»»¶ , »»b»»¶ }, h mέgisth norm, tόt¶ "+" gίn¶tai addLong-

Integers[ai ,  bi ],  to  "·"  gίn¶tai  multiplyLongIntegers[ai ,  bi ]  kai  o  crόnoV

upologismoύ  tou  ginomέnou  dύo  poluwnύmwn  gίn¶tai  ΟHn2  log2  Β),  όpou  log2  Β  =

(log  ΒL2 .   Σhm¶iώnoum¶  pwV  argόt¶ra  qa  sunantήsoum¶  sc¶dόn  grammikό

algόriqmo pollaplasiasmoύ dύo poluwnύmwn.

Π¶rnάm¶ tώra stouV ak¶raίouV.  Τo ginόm¶no dύo ak¶raίwn aplήV akrib¶ίaV a kai

b sto  diάsthma  apό  0  mέcri  264 - 1  έc¶i  "diplή"  akrίb¶ia:  dhladή  brίsk¶tai  sto

diάsthma  apό  0  mέcri  H264 - 1L2 =  2168 - 265 +1.   Υpoqέtoum¶  pwV  o  ¶p¶x¶rgastήV

maV  έc¶i  ¶ntolή  ¶ktέl¶shV  pollaplasiasmoύ  pou  maV  dίn¶i  to  ginόm¶no  s¶  dύo

lέx¶iV  c,  d  twn  64-d.y.έtsi  ώst¶  a·b  =  d ÿ 264 +  c.   Μ¶  autέV  tiV  proϋpoqέs¶iV

έcoum¶ 

ΑlgόriqmoV: ΠollaplasiasmόV ak¶raίwn pollaplήV akrib¶ίaV 

ΕίsodoV:   ∆ύo  akέraioi  pollaplήV  akrib¶ίaV  a  =  H-1Ls ⁄0§i§n ai b i  kai  b  =

H-1Lt ⁄0§i§m bi b i , όci kat' anάgkh kanonikήV morjήV, m¶ s, t œ {0, 1}, kai h bάsh b.

ΈxodoV:  Τa pollaplήV akrib¶ίaV ginόm¶no c = a ÿ b .

===========

1.  for i = 0, …, n do pi ô ai bi ·b

1.3  ΠollaplasiasmόV
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2.  return c = H-1Ls+t ⁄i=0
n pi

===========

Γia  ton  upologismό  twn  ak¶raίwn  ai bi ·b  cr¶iάz¶tai  έna  akόma  x¶cwristό

prόgramma (to ajίnoum¶ gia άskhsh) pou pollaplasiάz¶i έnan akέraio pollaplήV

akrib¶ίaV  b  ¶pί  touV  ak¶raίouV  ai  aplήV  akrib¶ίaV.   Πrosέxt¶  όti  kai  ¶dώ  o

algόriqmoV apait¶ί thn apoqήk¶ush twn ¶ndiάm¶swn ak¶raίwn pi .  Αutό ¶ίnai έna

m¶ionέkthma  to  opoίo  όmwV  ¶pίshV  ¶ύkola  parakάmpt¶tai  όpwV  kai  sthn

p¶rίptwsh  twn  poluwnύmwn.   Σto  parakάtw  prόgramma  sto  Mathematica

paίrnoum¶  touV  ant¶strammέnouV  sunt¶l¶stέV  tou  prώtou  ak¶raίou  a

(m¶tablhtή aR) ¶nώ ton d¶ύt¶ro akέraio b ton ajίnoum¶ όpwV ¶ίnai.  

multiplyLongIntegers@aR_List, b_, beta_: 264D :=

Module@8a = aR, p = 0<,
For@i = 1, i < Length@aD + 1, i++, p = p + a@@iDD betai−1 bD;
c = pD

Έtsi gia parάd¶igma έcoum¶

a = 1234567898765432101234567898765432100123 ;
b = 3210012345678987654321012345678987654321;

aR = IntegerDigits@a, 264D êê Reverse

810075424478403138843, 11585827674988634732, 3<

c = multiplyLongIntegers@aR, bD

3962978196616003665905014471573967387378888826855476310623505551897
512585581483

c a b

True

Ο  crόnoV  upologismoύ  tou  ginomέnou  dύo  ak¶raίwn  pollaplήV  akrib¶ίaV

projanώV ¶ίnai Ο(nm), όpou n = l(a) kai m = l(b).  Σhm¶iώnoum¶ pwV argόt¶ra qa

sunantήsoum¶ sc¶dόn grammikό algόriqmo pollaplasiasmoύ dύo ak¶raίwn.

1:  Βasikoί Αlgόriqmoi 
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1.4  ∆iaίr¶sh m¶ upόloipo 

Η diaίr¶sh ¶ίnai lίgo pio dύskolh.  Όtan diairoύm¶ ton akέraio a m¶ ton akέraio b

∫  0  autό  pou  pragmatikά  ¶ndiaj¶rόmast¶  ¶ίnai  na  broύm¶  dύo  ak¶raίouV,  to

phlίko q kai to upόloipo r, έsti ώst¶ na iscύ¶i

a = qb + r,  0 § r < »b».

Αutή  ¶ίnai  h  gnwstή  diaίr¶sh  m¶  upόloipo  ή  Εukl¶ίd¶ia  diaίr¶sh,  kai  to

sύnolo twn ak¶raίwn  lέg¶tai Εukl¶ίd¶ia p¶riocή.  Σunhqίz¶tai o sumbolismόV q =

quo(a,  b) kai  r  = mod(a,  b).   Σhm¶iώst¶  pwV  to  q  ¶ίnai  o  mikrόt¶roV  akέraioV  pou

ikanopoi¶ί  thn  Εukl¶ίdia  scέsh.   Σto  Mathematica  upάrcoun  oi  sunartήs¶iV  (gia

ak¶raίouV)  Quotient[]  kai  Mod[]  pou  upologίzoun  to  phlίko  kai  to  upόloipo

antίstoica.

Αn  pάli  a,  b e  R[x],  m¶  b ∫  0,  tόt¶  ¶ndiaj¶rόmast¶  gia  q,  r  œ  R[x]  έsti  ώst¶  na

iscύ¶i

 a = qb + r,  deg(r) < deg(b).

Εpanalambάnoum¶  pwV  a,  b  œ  R[x],  shmaίn¶i  pwV  όloi  oi  sunt¶l¶stέV  ai ,  bi  œ  R.

Έtsi,  όtan  R  =  ,  tόt¶  ta  poluώnuma  q  kai  r,  d¶n  upάrcoun  pάnta:  gia

parάd¶igma, d¶n mporoύm¶ na diairέsoum¶ m¶ upόloipo to x3  - 7x + 7 m¶ to 3x2  - 7

sto  [x].   ΌpwV  qa  doύm¶  argόt¶ra  to  prόblhma  lύn¶tai  m¶  y¶uto-diaίr¶sh.

ΠroV  to  parόn  qa  upoqέsoum¶  pwV  o  kύrioV  sunt¶l¶stήV  lc(b)  tou  b  ¶ίnai  mia

monάda  (unit) sto R, έtsi ώst¶ na έc¶i antίstrojo a œ R m¶ lc(b)a = 1 (blέp¶ to

parάrthma  p¶rί  daktulίwn).   Σthn  p¶rίptwsh  pou  R  =    oi  ¶pitr¶ptέV  timέV  tou

kύriou  sunt¶l¶stή  ¶ίnai  lc(b)  =  ±1,  ¶nώ  όtan  o  daktύlioV  R  ¶ίnai  έna  sώma,  h

diaίr¶sh  m¶  upόloipo  ¶ίnai  dunatή  gia  opoidήpot¶  mh  mhd¶nikό  poluώnumo.

Σhm¶iώst¶  pwV  όtan  lc(b)  tou  b ¶ίnai  mia  monάda  (unit)  ston  R, to  phlίko  kai  to

upόloipo upologίzontai monosήmanta (apod¶ίxt¶ to).

1:  Βasikoί Αlgόriqmoi
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ΕjarmόzontaV  sto  [x]  thn  scolikή  mέqodo  diaίr¶shV  poluwnύmwn  m¶  upόloipo

gia a = x6  - 7x + 7 kai b = x2  - 7 to phlίko ¶ίnai q = x4  + 7 x2  + 49, kai to upόloipo r

= -7x + 350.

Οi  sunt¶l¶stέV  tou  phlίkou  upologίzontai  έnaV-έnaV.   ΑrcίzontaV  m¶  ton  kύrio

sunt¶l¶stή  kai  procwrώntaV  proV  thn  staq¶rά  kάq¶  έnaV  sunt¶l¶stήV  tou

phlίkou  q  =  x4  +  7 x2  +  49  upologίz¶tai  ¶xisώnontάV  ton  m¶  ton  antίstoico

sunt¶l¶stή tou "trέcontoV" upoloίpou.  Τo prώto "trέcon" upόloipo ¶ίnai to a =

x6  - 7x + 7, apό to opoίo, sthn sunέc¶ia, ajair¶ίtai έna katάllhlo pollaplάsio

tou b = x2  - 7, k.o.k.  Τo t¶likό upόloipo ¶ίnai r = -7x + 350 kai gia q ∫ 0 o baqmόV

tou phlίkou ¶ίnai deg(a) - deg(b).  

ΑlgόriqmoV: ∆iaίr¶sh poluwnύmwn m¶ upόloipo

ΕίsodoV:   Τa  poluώnuma  a  =  ⁄i=0
n ai xi  kai  b  =  ⁄i=0

m bi xi ston  R[x],  όpou  R  ¶ίnai

(m¶taq¶tikόV)  daktύlioV  m¶  monάda.   Ιscύ¶i  n  ¥  m ¥  0  kai  o  kύrioV  sunt¶l¶stήV

bm  ¶ίnai monάda.

ΈxodoV:  Τa poluώnuma q kai r e R[x] έtsi ώst¶ na iscύ¶i a = qb + r kai  deg(r) <

m.

===========

1.   r ô a

2.  for i = n - m, n - m - 1,…, 0  do  

{ if deg(r) = m + i then { qi  ô lcHrLÅÅÅÅÅÅÅÅÅÅÅbm
; r ô r - qi xi ·b } 

else qi  ô 0 }

3.  return q = ⁄i=0
n- m qi xi  kai r

===========

ΌpwV  ston  pollaplasiasmό  twn  poluwnύmwn  έtsi  kai  ¶dώ  ta  poluώnuma  qi xi ·b

upologίzontai m¶ x¶cwristό prόgramma pou pollaplasiάz¶i έna poluώnumo b m¶

touV  ak¶raίouV  qi  aplήV  ή  pollaplήV  akrib¶ίaV  (blέp¶  tiV  askήs¶iV).   Οi

sunt¶l¶stέV  pou  prokύptoun  m¶tatopίzontai  katά  i  qέs¶iV.   (Υp¶nqumίzoum¶  pwV

h m¶tablhtή x  d¶n  crhsimopoi¶ίtai  pouq¶nά.   Είnai  aplά έnaV  katάllhloV  trόpoV

gia  na  grάjoum¶  poluώnuma.)   Έtsi,  ta  sύmbola  thV  ajaίr¶shV  kai  tou

1.4  ∆iaίr¶sh m¶ upόloipo
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pollaplasiasmoύ  έcoun  diplή  έnnoia  ¶dώ:   shmaίnoun  ajaίr¶sh  /

pollaplasiasmό tόso aplήV όso kai pollaplήV akrib¶ίaV.  

Σto  parakάtw  prόgramma  gia  thn  diaίr¶sh  poluwnύmwn  m¶  upόloipo,  oi

sunt¶l¶stέV  tou  phlίkou  qi  sugk¶ntrώnontai  sthn  lίsta  qCoeff  apό  thn  opoίa

katόpin m¶ thn boήq¶ia tou Fold[] schmatίz¶tai to poluώnumo.  

dividePolynomials@a_, b_D := Module@
8n = Exponent@a, xD, m = Exponent@b, xD, r = a, qCoeff = 8<, i, q<,
i = n − m;
While@i ≥ 0, If@Exponent@r, xD m + i,
H∗then∗L q = Last@CoefficientList@r, xDD;
qCoeff = Prepend@qCoeff, qD; r = r − q xi b,
H∗else∗Lq = 0; qCoeff = Prepend@qCoeff, qDD;

i = i − 1D;
q = Fold@#1 x + #2 &, 0, Reverse@qCoeffDD;
8Expand@qD, Expand@rD<D

Έtsi gia parάd¶igma έcoum¶

a = x6 − 7 x + 7;
b = x2 − 7;

8q, r< = dividePolynomials@a, bD

849 + 7 x2 + x4, 350 − 7 x<

kai to apotέl¶sma ¶ίnai to ίdio m¶ autό pou upologίzoum¶ m¶ to Mathematica

Print@"q = ", PolynomialQuotient@a, b, xD,
"; r = ", PolynomialRemainder@a, b, xDD;

q = 49 + 7 x2 + x4; r = 350 − 7 x

Όson ajorά to kόstoV (ή ton crόno) miaV ¶ktέl¶shV tou brόgcou "for" (gia deg(r)

=  m  +  i)  autό(V)  ¶ίnai  mia  diaίr¶sh,  m  pollaplasiasmoί  kai  m  ajairέs¶iV

(prosqέs¶iV)  ston  daktύlio  R.   Γia  to  sunolikό  kόstoV,  m¶trώntaV  mόnon  tiV

prάx¶iV ston daktύlio R, blέpoum¶ pwV dύo poluώnuma mporoύn na diair¶qoύn m¶ 

1:  Βasikoί Αlgόriqmoi

ΑlkibiάdhV Γ. ΑkrίtaV 20 ΤΜΗΥΤ∆, ΠΘ



(2m + 1)(n - m +1) = (2deg(b) + 1)(deg(q) + 1) = ΟHn2L

prάx¶iV ή s¶ t¶tragwnikό crόno.  

Αn  d¶  R  =  ,  kai  Β  =  max{»»a»»¶ ,  »»b»»¶ },  h  mέgisth  norm,  tόt¶  o  crόnoV  diaίr¶shV

dύo poluwnύmwn m¶ upόloipo gίn¶tai ΟHn2  log2  Β), όpou log2  Β = (log  ΒL2 , dhladή

¶ίnai ίdioV m¶ ton crόno pollaplasiasmoύ dύo poluwnύmwn.

Π¶rnάm¶ tώra  sthn diaίr¶sh m¶ upόloipo ak¶raίwn pou ¶ίnai ark¶tά dύskolh na

programmatisq¶ί.   Η  prάxh  autή  didάsk¶tai  sthn  t¶tάrth  ∆hmotikoύ  wV  ¶xήV:  o

maqhtήV ή h maqήtria prέp¶i na diairέs¶i έnan diyήjio ariqmό m¶ έnan monoyήjio

gia  na  schmatίs¶i  έna  dokimastikό  phlίko  (trial  quotient)—to  opoίo  ¶ίnai  tiV

p¶rissόt¶r¶V  jorέV  polύ  m¶gάlo.   Έtsi,  an  gia  parάd¶igma  h  maqήtria  έc¶i  na

diairέs¶i  to  144  m¶  to  29,  prώta  diair¶ί  to  14  m¶  to  2  kai  schmatίz¶i  to

dokimastikό phlίko 7.  Αutό apod¶iknύ¶tai pwV ¶ίnai m¶gάlo kai έtsi paίrn¶i to 6,

kai m¶tά to 5, kai tέloV to 4 gia na grάy¶i 144 = 4·29 + 28.

Ο  ariqmόV  twn  dokimastikώn  phlίkwn  mpor¶i  na  ¶lattwq¶ί  m¶  mia  prokatarktikή

kanonikopoίhsh  pou prokύpt¶i pollaplasiάzontaV tiV scέs¶iV  a = qb + r,  0 § r

< »b», ¶pί k

 ka = q(kb) + kr,  0 § kr < »kb».

ΣkopόV  thV  kanonikopoίhshV  ¶ίnai  na  ¶pit¶ucq¶ί  h  anisόthta  bn-1  ¥  bÅÅÅÅÅ2 όpou  bn-1

¶ίnai to pio shmantikό yhjίo tou diairέth wV proV thn b-kή tou parάstash.  

ΈcontaV  όmwV  pollaplasiάs¶i  touV  a  kai  b  m¶  to  k,  to  m¶n  phlίko  paramέn¶i

analloίwto to upόloipo όmwV pollaplasiάz¶tai ¶pί k.  Αutό shmaίn¶i pwV gia na

broύm¶  to  pragmatikό  upόloipo  m¶  kanonikopoίhsh  prέp¶i  na  diairέsoum¶  m¶  k

autό pou prokύpt¶i apό thn diaίr¶sh.

1.4  ∆iaίr¶sh m¶ upόloipo
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Γia  to  parapάnw  parάd¶igma  qέloum¶  έna  monoyήjio  k  ώst¶  29·k  na  paramέn¶i

diyήjio  allά  to  prώto  yhjίo  tou  na  ¶ίnai  toulάciston  5  (m¶  bάsh  b  =  10).   Η

¶pilogή  k  =  e bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅbn-1+1 u  =   d 10ÅÅÅÅÅÅÅÅÅÅ2+1 t  =  3  (όpou  d·t  dhlώn¶i  stroggύl¶ush  proV  ton

mikrόt¶ro akέraio) ¶kplhr¶ί ton skopό maV diόti

29·3 = 87  kai  144·3 = 432.

(Η  apόd¶ixh  thV  ¶pilogήV  tou  k  ajίn¶tai  gia  tiV  askήs¶iV.)   ΌpwV  blέpoum¶  tώra

to  prώto  dokimastikό  phlίko  ¶ίnai  5 = quo(43, 8) pou  ¶ίnai  mόno  katά  mίa  monάda

m¶galύt¶ro apό to pragmatikό.  

Τo g¶gonόV autό d¶n ¶ίnai tucaίo kai apod¶iknύoum¶ to ¶xήV

Θ¶ώrhma:

Αn  a  = ⁄0§i§n ai b i  kai  b  = ⁄0§i§n-1 bi b i ,  ¶ίnai  dύo  q¶tikoί  akέraio  pou  diajέroun

katά  έna  yhjίo  (opόt¶  b  §  a  < b·b),  iscύ¶i  bn-1  ¥  bÅÅÅÅÅ2 kai  orίsoum¶  to  dokimastikό

phlίko san 

qt  = b - 1  an  bn-1  =  an ,   ή 

qt  = d an  b + an-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅbn-1
t  an  bn-1  >  an ,

tόt¶ ikanopoi¶ίtai h anisόthta qt  - 2 § q  < qt , όpou q  ¶ίnai to pragmatikό phlίko.

Έcoum¶ dhladή όti qt  isoύtai m¶ q  ή m¶ q  + 1 ή m¶ q  + 2.

Αpόd¶ixh:

Γia  na  apod¶ίxoum¶  ton  iscurismό prέp¶i na d¶ίxoum¶ dύo prάgmata: a. pwV qt  ¥

q , kai b. pwV an qt  kai q  d¶n ¶ίnai ίsa tόt¶ h diajorά touV ¶ίnai to polύ 2.

a.  qt  ≥ q .  Αutή h anisόthta alhq¶ύ¶i όtan qt  = b - 1, έtsi upoqέtoum¶ pwV qt  =

d an  b + an-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅbn-1
t .  Η timή autή tou qt  sun¶pάg¶tai qt bn-1  ¥ an b + an-1  ¥ an b + an-1  -

bn-1  + 1 kai έcoum¶:

a - qt b § a - qt bn-1 bn-1   

(¶p¶idή  qt bn-1  ¥ an b + an-1  - bn-1  + 1)
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§ an bn  + ∫ + a0  - an bn  - an-1 bn-1  + bn-1 bn-1  - bn-1

= an-2 bn-2  + ∫ + a0  - bn-1  + bn-1 bn-1  

(kai ¶p¶idή an-2 bn-2  + ∫ + a0  < bn-1 )

< bn-1 bn-1  § b

kai  qt  ¥  q  apό  to  g¶gonόV  όti  q  ¶ίnai  o  mikrόt¶roV  akέraioV  pou  ikanopoi¶ί  thn

anisόthta a - qb < b (όpou ¶dώ b > 0 kai  a - qb ¶ίnai to upόloipo).

b.   qt  £  q  +  2.   Ο  iscurismόV  autόV  apod¶iknύ¶tai  m¶  thn  ¶iV  άtopo  ¶pagwgή.

Πrosέxt¶  όmwV  pwV  ¶ktόV  apό  thn  anisόthta  a  -  qb  <  b  pou  crhsimopoiήsam¶

iscύ¶i kai h  

qt  § aÅÅÅÅb § aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅbn-1  bn-1  < aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb - bn-1 .

Έstw loipόn όti qt  ¥ q  + 3.  Τόt¶ apό thn a - qb < b έcoum¶ q > aÅÅÅÅb - 1 kai sun¶pώV

3 § qt  - q  < aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb - bn-1  - aÅÅÅÅb  + 1 = aÅÅÅÅb  I bn-1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb - bn-1 M  + 1,

ap' όpou prokύpt¶i

aÅÅÅÅb > 2 Hb - bn-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅbn-1  ¥ 2(bn-1  - 1).

Εx άllou apό tiV anisόtht¶V b > qt  kai qt  ¥ q  + 3 έcoum¶ b - 4 ¥ qt  - 3 ¥ q = d aÅÅÅÅb t ¥
2(bn-1  -  1)  ap'  όpou  prokύpt¶i  to  άtopo  bn-1  <  bÅÅÅÅÅ2 .   (Μ¶tά  thn  prokatarktikή

kanonikopoίhsh έcoum¶ bn-1  ¥ bÅÅÅÅÅ2 .) //

Βlέpoum¶  loipόn  pwV  h   "scolikή"  diaίr¶sh  ak¶raίwn  m¶  upόloipo  ¶ίnai  ark¶tά

polύplokh  gia  na  ¶jarmosq¶ί  kai  gia  algoriqmikέV  l¶ptomέr¶i¶V  parapέmpoum¶

sthn bibliograjίa (Flanders kai Knuth).  Αntί autήV parousiάzoum¶ mia anagwgikή

(recursive)  morjή  thV  diaίr¶shV  (q¶tikώn  ak¶raίwn)  pou  basίz¶tai  sthn

ajaίr¶sh. 

ΑlgόriqmoV: ∆iaίr¶sh q¶tikώn ak¶raίwn pollaplήV akrib¶ίaV m¶ upόloipo

ΕίsodoV:   ∆ύo  q¶tikoί  akέraioi  pollaplήV  akrib¶ίaV  a  =  ⁄0§i§n ai b i  kai  b  =

⁄0§i§m bi b i , όci kat' anάgkh kanonikήV morjήV, kai h bάsh b (pou crhsimopoi¶ίtai

1.4  ∆iaίr¶sh m¶ upόloipo
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gia thn ajaίr¶sh ak¶raίwn pollaplήV akrib¶ίaV).

ΈxodoV:  Οi pollaplήV akrib¶ίaV akέraioi q kai r έtsi ώst¶ a = qb + r,  0 § r < »b».
===========

if  a < b then { q ô 0; r ô a }

else { q ô 1 + quo(a - b, b); r ô mod(a - b, b) }

=========== 

Ο algόriqmoV autόV ulopoi¶ίtai m¶ tiV akόlouq¶V dύo anagwgikέV sunartήs¶iV.  

myQuotient@a_ ê; a ≥ 0, b_ ê; b ≥ 0D :=

Module@8q<, If@a < b, H∗then∗Lq = 0, H∗else∗L1 + myQuotient@a − b, bDDD

myMod@a_ ê; a ≥ 0, b_ ê; b ≥ 0D :=

Module@8r<, If@a < b, H∗then∗Lr = a, H∗else∗LmyMod@a − b, bDDD

Έtsi gia scolikό parάd¶igma έcoum¶ to apotέl¶sma pou p¶rimέnam¶

8q, r< = 8myQuotient@144, 29D, myMod@144, 29D<

84, 28<

Εύkola  apod¶iknύ¶tai  pwV  h diaίr¶sh  ak¶raίwn  m¶ upόloipo  ¶kt¶l¶ίtai  s¶ crόno

Ο(m(n - m + 1)), όpou n = l(a), m = l(b) kai n - m + 1 = l(q), to mήkoV tou phlίkou.

∆hladή s¶ όso cr¶iάz¶tai na pollaplasiasq¶ί to b ¶pί to q.
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Πarάrthma Α:  Αsumptwtikή anάlush algorίqmwn

Όtan  prospaqoύm¶  na  upologίsoum¶  ton  crόno  ¶ktέl¶shV  ¶nόV  algorίqmou

m¶tabάllontaV  to  mέg¶qoV  twn  paramέtrwn  ¶isόdou  d¶n  ¶ίnai  dunatόn  na

gnwrίzoum¶  thn  apάnthsh  akribώV—kai  gia  na  ¶ίmast¶  ¶ilikrin¶ίV  d¶n  maV

¶ndiajέr¶i  h  apόluth  akrib¶ίa.   Αutό  pou  cr¶iazόmast¶  d¶n  ¶ίnai  to  akribέV

kόstoV tou algorίqmou, allά aplά o "ruqmόV aύxhsήV" tou gia auxάnous¶V timέV

twn param¶trwn ¶isόdou.  

Οi  sunartήs¶iV  thV  m¶tablhtήV  n  pou  sunantάm¶  sthn  prάxh  έcoun

diajor¶tikoύV  "asumptwtikoύV  ruqmoύV  aύxhshV"  kai  pάn¶  sto  άp¶iro  m¶

diajor¶tikέV  tacύtht¶V.   Αn  loipόn  h  f(n)  auxάn¶tai  pio  argά  apό  thn  g(n)  lέm¶

όti h f(n) ¶ίnai ¶l¶gcόm¶nh (dominated) apό thn g(n) kai grάjoum¶

f(n)  g(n) ó limnØ¶  f HnLÅÅÅÅÅÅÅÅÅÅÅgHnL = 0.

Η  scέsh  autή  ¶ίnai  m¶tabatikή:  Αn  f(n)    g(n)  kai  g(n)    h(n)  tόt¶  f(n)    h(n).

Μporoύm¶ ¶pίshV na grάyoum¶ kai g(n)  f(n) an f(n)  g(n).  ΠrojanώV, gia a, b œ

, iscύ¶i 

na nb  ó a < b.

Γia  tiV  sunartήs¶iV  pou  ¶ίnai  diάjor¶V  apό  tiV  poluwnumikέV  έcoum¶  thn  ¶xήV

i¶rarcίa:

1  log log n  log n  ne nc nlog n cn nn ccn .

Πrosέxt¶  pwV,  ¶ktόV  apό  to  1,  όl¶V  oi  sunartήs¶iV  pάn¶  sto  άp¶iro.   Έtsi  an

qέloum¶ na katatάxoum¶ mia sunάrthsh s¶ autήn thn i¶rarcίa, to zhtoύm¶no d¶n

¶ίnai an pά¶i sto άp¶iro allά pόso grήgora pά¶i ¶k¶ί.

Υpάrc¶i ¶pίshV kai h scέsh

f(n) ~ g(n) ó limnØ¶  f HnLÅÅÅÅÅÅÅÅÅÅÅgHnL = 1,
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opόt¶  lέm¶  pwV  oi  sunartήs¶iV  f(n) kai  g(n) ¶ίnai  allhlo¶l¶gcόm¶n¶V  (co-domi-

nant)  ή  όti  h  "f(n)  ¶ίnai  asumptwtikή  proV  thn  g(n)."   Εύkola  apod¶iknύ¶tai  pwV

an  f(n)  kai  g(n)  ¶ίnai  dύo  poluώnuma  tou  idίou  baqmoύ,  tόt¶  autά  ¶ίnai

allhlo¶l¶gcόm¶na.

Πarά  thn  crhsimόthta  thV  έnnoiaV  twn  ¶l¶gcomέnwn  sunartήs¶wn,  upάrcoun

m¶in¶ktήmata.  Γia parάd¶igma  oi l¶ptomέr¶i¶V d¶n apaloίjontai  kai to sύmbolό

"" d¶n mpor¶ί na crhsimopoihq¶ί sto mέso miaV έkjrashV.

Έtsi,  ¶ίkosi  crόnia  argόt¶ra  (1894)  anaptύcqhk¶  o  sumbolismόV  tou  "m¶gάlou

Ο"  (big-Oh  notation).   Λέm¶,  gia  parάd¶igma,  όti  o  gnwstόV  algόriqmoV

pollaplasiasmoύ  dύo  n  µ  n  pinάkwn  pragmatikώn  ariqmώn  ¶ίnai  "tάxhV  ΟH n3L".

Αutό  shmaίn¶i  pwV  o  ariqmόV  f  (n)  twn  prάx¶wn  pollaplasiasmoύ  pragmatikώn

ariqmώn pou cr¶iάz¶tai gia na pollaplasiasqoύn oi dύo pίnak¶V ¶ίnai mikrόt¶roV

tou  c ÿ n3 gia  όla  ta  n  œ  ,  kai  όpou  c  œ    ¶ίnai  mia  staq¶rά  gia  thn  opoίa  d¶n

¶ndiaj¶rόmast¶.   Αutή  h  "proc¶irόthta"  paίrn¶i  ¶pίshmh  morjή  ston  orismό

m¶gάlou "Ο" pou akolouq¶ί.

ΟrismόV:   a:  Μίa  m¶rikή  sunάrthsh  f  :    Ø  ,  (dhladή  mίa  sunάrthsh  pou  d¶n

orίz¶tai kat' anάgkh gia όla ta n œ ) lέg¶tai t¶likά q¶tikή (eventually positive)

an  upάrc¶i  mia  staq¶rά  n0  œ    tέtoia  ώst¶  h  f  (n)  orίz¶tai  kai  ¶ίnai  gnήsia

q¶tikή gia όla ta n > n0 .

b:  Υpoqέtoum¶ όti h sunάrthsh g :  Ø , ¶ίnai t¶likά q¶tikή.  Τόt¶ ΟHgL  ¶ίnai to

sύnolo  twn  t¶likά  q¶tikώn  sunartήs¶wn  f  :    Ø    gia  tiV  opoί¶V  upάrcoun

staq¶rέV n0  œ  kai c œ >0  έtsi ώst¶ oi f (n) kai g (n) orίzontai kai iscύ¶i f (n) §

c·g (n) gia όla ta n > n0 .

Η  omorjiά  tou  orismoύ  autoύ  ¶ίnai  όti  agno¶ί  d¶ut¶r¶ύous¶V  plhrojorί¶V  kai

maV  ¶pitrέp¶i  na  prosέcoum¶  mόno  ta  ¶mjan¶ί  carakthristikά.   Γia  parάd¶igma

xέroum¶ pwV to άqroisma twn n prώtwn t¶tragώnwn ¶ίnai 

⁄i=1
n i2 = 1ÅÅÅÅ6  nH1 + nL H1 + 2 nL
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Εp¶idή gia όlouV touV ak¶raίouV n  œ , 1ÅÅÅÅ3  n3 + 1ÅÅÅÅ2  n2  + 1ÅÅÅÅ6  n  § 1ÅÅÅÅ3 n3  + 1ÅÅÅÅ2 n2  + 1ÅÅÅÅ6 n  §
1ÅÅÅÅ3 n3  + 1ÅÅÅÅ2 n3  + 1ÅÅÅÅ6 n3  = n3  to άqroisma twn n prώtwn t¶tragώnwn grάj¶tai san 

⁄i=1
n i2 = ΟH n3L  ή  ⁄i=1

n i2 œ ΟH n3L

Ο  d¶ύt¶roV  trόpoV  grajήV,  m¶  to  "œ",  ¶ίnai  o  pio  swstόV  allά  kάnontaV

katάcrhsh  tou  sumbόlou  "="  crhsimopoioύm¶  ton  prώto  pou  ¶ίnai  kai  o

sunhqέst¶roV  sthn  bibliograjίa.   Σ¶  autήn  thn  p¶rίptwsh  όmwV  prέp¶i  na

prosέcoum¶  tiV  "monodromikέV"  idiόtht¶V  tou  "=".   Μporoύm¶  kάllista  na

grάjoum¶ 

1ÅÅÅÅ3  n3 + 1ÅÅÅÅ2  n2  + 1ÅÅÅÅ6  n = ΟH n3L

allά  potέ  d¶n  prέp¶i  na  antistrέyoum¶  ta  mέlh  thV  ¶xίswshV.   Αn  kάnoum¶  thn

antistrojή  mporoύm¶  na  bgάloum¶  ¶nt¶lώV  g¶loίa  sump¶rάsmata  όpwV  n2  = n3

apό tiV ¶xisώs¶iV n2  = ΟH n3L  kai n3 = ΟH n3L . 

Σun¶cίzontaV m¶ to άqroisma twn n prώtwn t¶tragώnwn blέpoum¶ pwV iscύ¶i kai

h pio l¶ptom¶rήV scέsh

⁄i=1
n i2 = 1ÅÅÅÅ3  n3 + ΟH n2L ,

όpou  to  Ο  ¶ίnai  mέroV  mόnon  thV  d¶xiάV  έkjrashV.   Αpό  thn  άllh  m¶riά  όmwV

mporoύm¶ na agnoήsoum¶ plhrojorί¶V kai na grάyoum¶

⁄i=1
n i2 =ΟH n7L .

Βlέpoum¶  dhladή  pwV  tίpota  ston  orismό  tou  Ο  d¶n  maV  anagkάz¶i  na  dώsoum¶

to  kallίt¶ro  dunatό  pάnw  όrio.   ΌmwV,  s¶  kammίa  p¶rίptwsh  d¶n  mporoύm¶  na

poύm¶ pwV ⁄i=1
n i2 =ΟH n2L . Οi parakάtw kanόn¶V έpontai άm¶sa apό ton orismό:

ä  f(n) = O(f(n)), 

ä  c·O(f(n)) = O(f(n)) gia c œ >0 ,

ä  O(O(f(n))) = O(f(n)),
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ä  O(f(n))O(g(n)) = O(f(n)g(n)),

ä  O(f(n)g(n)) = f(n)O(g(n)).

Μporoύm¶  na  crhsimopoioύm¶  logarίqmouV  ston  Ο-sumbolismό  cwrίV  anajorά

sthn  bάsh  touV,  giatί  ΟHlog2 nL  =  ΟH log10 nL  =  ΟH ln nL .   Έtsi,  gia  ¶ukolίa  maV,

mporoύm¶ na touV q¶wroύm¶ wV proV mίa staq¶rή bάsh, p.c. to 2 ή to 10.

Εk¶ί  pou  prέp¶i  na  prosέcoum¶  ¶ίnai  όtan  o  Ο-sumbolismόV  ¶ίnai  ston  ¶kqέth

giatί  sthn  p¶rίptwsh  autή  oi  staq¶rέV  pou  krύbontai  sto  Ο  ¶phr¶άzoun  ton

ruqmό  aύxhshV.   Έtsi  ¶nώ  iscύ¶i  ‰3 n  =  ‰OHnL  έcoum¶  ‰3 n =  H‰nL3 ∫  OH‰nL  m¶

sunέp¶ia ‰OHnL ∫ OH‰nL .
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Πarάrthma  Β:  Αriqmhtikή  kinhtήV  upodiastolήV  — h bάsh  thV ΑriqmhtikήV

ΑnάlushV

Οi  upologistέV  ¶ίnai  mhcanέV  m¶  p¶p¶rasmέnh  mnήmh,  pou  όpwV  anajέram¶

apot¶l¶ίtai  apό  lέx¶iV  p¶p¶rasmέnou  mήkouV.  Όtan  loipόn  έkt¶loύm¶

ariqmhtikoύV  upologismoύV  m¶  thn  boήq¶ia  tέtoiwn  mhcanώn,  prέp¶i  na

parastήsoum¶  to  άp¶iro  plήqoV  twn  pragmatikώn  ariqmώn  mέsa  sthn

p¶p¶rasmέnh  mnήmh  tou  upologistή.   Εp¶idή  projanώV  mίa  ap¶ikόnish  έna-

proV-έna  ¶ίnai  adύnath,  pros¶ggίzoum¶  touV  pragmatikoύV  ariqmoύV  m¶  touV

ariqmoύV  kinhtήV  upodiastolήV  (floating-point  numbers),  pou  ¶ίnai  kai  autoί  έna

p¶p¶rasmέno sύnolo. 

Έna  sύnolo  F  ariqmώn  kinhtήV  upodiastolήV  carakthrίz¶tai  apό  tέss¶riV

paramέtrouV: thn bάsh twn ariqmώn b, thn akrίb¶ia (precision) t, kai to diάsthma

[L,  U]  mέsa  sto  opoίo  kin¶ίtai  o  ¶kqέthV.   ΠrojanώV,  oi  parάm¶troi  b,  t,  L,  U

¶xartώntai  apό  ton  upologistή.   Κάq¶  ariqmόV  kinhtήV  upodiastolήV  f  œ  F

grάj¶tai wV ¶xήV:

f = ≤ I d1ÅÅÅÅÅÅb + d2ÅÅÅÅÅÅÅb2 + ∫ + dtÅÅÅÅÅÅbt M be

όpou  oi  akέraioi  di , i = 1, 2, …,t  ikanopoioύn  thn  anisόthta  0  §  di §  b-1  kai  o

¶kqέthV thn anisόthta L § e § U.  Αn apaitήsoum¶ na ¶ίnai d1 ∫ 0 gia όlouV touV

ariqmoύV f œ F, f ∫ 0, tόt¶ έcoum¶ touV l¶gόm¶nouV kanonikopoihmέnouV ariqmoύV

kinhtήV  upodiastolήV  (normalized floating point numbers).  Γia  parάd¶igma,  m¶  b

=  10,  o  ariqmόV  1234  grάj¶tai  san  0.1234 * 104 kai  apoqhk¶ύ¶tai  s¶  mia  lέxh

mnήmhV  san  to  dianusma  {0,  4,  1234},  όpou  to  0  dhlώn¶i  to  prόshmo  +,  to  4

dhlώn¶i ton ¶kqέth (exponent or characteristic) kai to 1234 to d¶kadikό mέroV (d.m.

ή mantissa).

Τo stάntarnt thV IEEE apait¶ί όpwV: b = 2, t = 24 kai -126 § e § 127 gia ariqmoύV

aplήV  akrib¶ίaV  kai  b  =  2,  t  =  53  kai  -1022  §  e  §  1023  gia  ariqmoύV  diplήV

akrib¶ίaV.  Σthn p¶rίptwsh aplήV akrib¶ίaV oi ariqmoί kinhtήV upodiastolήV pou
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mporoύn  na  parastaqoύn  ston  upologistή  sύmjwna  m¶  to  stάntarnt  ¶ίnai:

± Hd  1 d2 d3 …d24L 2e,   -126 § e § 127,  ± Άp¶iro, kai NaN (Not-a-Number).

Σhm¶iώnoum¶  pwV  gia  touV  ariqmoύV  kinhtήV  upodiastolήV oi  ariqmhtikέV prάx¶iV

+,  -,  *,  /  ¶kt¶loύntai  polύ  grήgora  (hardware  implemented).   Αutό  gίn¶tai  diόti

ston  upologistή  upάrcoun  ¶idikά  kuklώmata  pou  ¶kt¶loύn  tiV  prάx¶iV  autέV

cwrίV na cr¶iάz¶tai logismikό.

Αutή  h  prosέggish  όmwV  twn  pragmatikώn  ariqmώn  apό  touV  ariqmoύV  kinhtήV

upodiastolήV  d¶n  ¶ίnai  kai  cwrίV  problήmata.   Πrosέxt¶  όti  to  sύnolo  twn

ariqmώn  F  oci  mόnon  d¶n  ¶ίnai  sun¶cέV  allά  oύt¶  kai  άp¶iro.  Υpάrcoun  (mazί  m¶

to  0)  akribώV  2  (b  -  1L bt-1 (U  -  L  +  1)  +  1  kanonikopoihmέnoi  ariqmoί  kinhtήV

upodiastolήV  sto  F.   Εpiplέon,  oi  ariqmoί  autoί  d¶n  έcoun  thn  ίdia  apόstash

m¶taxύ  touV  s¶  όlo  to  diάsthma  orismoύ  touV,  allά  mόnon  anάm¶sa  s¶

diadocikέV dunάm¶iV tou b.  

Πarάd¶igma  1.  ΑV  q¶wrήsoum¶ to sύnolo  F oi  parάm¶troi  tou opoίou  έcoun tiV

timέV:  b  =  2,  t  =  3,  L  =  -1,  kai  U  =  2.    Τo  sύnolo  autό  apot¶l¶ίtai  apό  33

kanonikopoihmέnouV  ariqmoύV  kinhtήV  upodiastolήV.   Εp¶idή  oi  16  q¶tikoί  ariqmoί

¶ίnai  summ¶trikoί  (gύrw  apό  to  mhdέn)  m¶  toύV  antίstoicouV  16  arnhtikoύV

parousiάzoum¶ mόno touV prώtouV:

9 1
4
, 5

16
, 3

8
, 7

16
, 1

2
, 5

8
, 3

4
, 7

8
, 1, 5

4
, 3

2
, 7

4
, 2, 5

2
, 3, 7

2
=

Οi  ariqmoί  autoί  parίstantai  wV  +H 1ÅÅÅÅ2 + d2ÅÅÅÅÅÅ4 + d3ÅÅÅÅÅÅ8 L 2e  kai  upologίzontai  apό  ton

tύpo  autό  όtan  -1 §  e  §  2,  kai  gia  kάq¶  timή  tou  e,  0 §  d2, d3  §  1.  Η  ap¶ikόnisή

touV jaίn¶tai sto akόlouqo scήma: 
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Οι θ∂τικοί αριθµοί του συνόλου F

Πrosέxt¶  pwV  h  timή  tou  d1  ¶ίnai  pάnta  1  ¶p¶idή  prόk¶itai  gia

kanonikopoihmέnouV ariqmoύV kinhtήV upodiastolήV.  Εpiplέon, shm¶iώst¶ pwV to

plάtoV  twn  4  prώtwn  diasthmάtwn  (pou  antistoicoύn  s¶  ariqmoύV  gia  e  =  -1)

¶ίnai 1ÅÅÅÅÅÅÅ16 ,  to plάtoV twn ¶pόm¶nwn 4 diasthmάtwn (e = 0) ¶ίnai 1ÅÅÅÅ8 ,  m¶tά to plάtoV

gin¶tai 1ÅÅÅÅ4 kai tέloV 1ÅÅÅÅ2 .  

Εx  aitίaV  twn  anwtέrw,  ¶ίnai  dunatόn  gia  f1 ,  f2 œ  F  to  άqroismά  touV  f1 + f2  na

mhn  anήk¶i  sto  F,  opόt¶  qa  prέp¶i  na  pros¶ggisq¶ί—s¶  p¶rίptwsh  mh

isoapόstashV—  apό  ton  plhsiέst¶ro  ariqmό  kinhtήV  upodiastolήV  tou  F.   Σ¶

p¶rίptwsh  isoapόstashV  h  katάstash  antim¶twpίz¶tai  m¶  prosέggish

(stroggύl¶ush)  ¶ίt¶  proV  to  άrtio  d¶kadikό  mέroV  (round  to  even  mantissa)  ¶ίt¶

proV  to  άp¶iro  (round  to  infinity).   (Υpάrc¶i  bέbaia  kai  h  apokopή  (truncation)  h

opoίa  ¶jarmόz¶tai  stiV  duo  p¶riptώs¶iV,  isoapόstashV  ή  mh.)   Τo  lάqoV  pou

prokύpt¶i  apό  thn  prosέggish  ¶nόV  ariqmoύ  apό  ton  plhsiέst¶ro  ariqmό  tou

sunόlou F lέg¶tai lάqoV stroggύl¶ushV (round-off error).

Εn  gέn¶i,  όtan  kάnoum¶  ariqmhtikή  kinhtήV  upodiastolήV  d¶n  iscύoun  to

pros¶tairistikό kai ¶pim¶ristikό axίwma thV prόsq¶shV kai tou pollaplasiasmoύ.

Έtsi,  to  apotέl¶sma  miaV  prάxhV  ¶xartάtai:  a)  apό  thn  s¶irά  m¶  thn  opoίa

¶kt¶loύm¶  tiV  prάx¶iV  kai  b)  apό  ton  trόpo  stroggύl¶ushV  pou  ¶jarmόzoum¶.

Αutό jaίn¶tai sthn sunέc¶ia tou parad¶ίgmatόV maV.
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Πarάd¶igma 1—Σunέc¶ia.  Έstw όti sto sύnolo m¶ ta 33 stoic¶ίa pou orίsam¶

qέloum¶  na  upologίsoum¶  to  άqroisma  5ÅÅÅÅ4 + 3ÅÅÅÅ8 + 3ÅÅÅÅ8 ,  όpou  oi  ariqmoί  5ÅÅÅÅ4 kai
3ÅÅÅÅ8 anήkoun  sto  sύnolo  F  kai  parίstantai  antίstoica  apό  ta  dianύsmata  {1,  -2,

5} kai  {1,  -4,  6}.   Τo  άqroisma  mpor¶ί  na  upologisq¶ί  ¶ίt¶  san  H 5ÅÅÅÅ4 + 3ÅÅÅÅ8 L + 3ÅÅÅÅ8  ¶ίt¶

san  5ÅÅÅÅ4 + H 3ÅÅÅÅ8 + 3ÅÅÅÅ8 L .   ΌpwV  blέpoum¶  όmwV  parakάtw,  to  apotέl¶sma  ¶ίnai  to  ίdio

mόnon όtan o kanόnaV stroggύl¶ushV ¶ίnai proV to άrtio d¶kadikό mέroV (round to

even mantissa).   Οi  prάx¶iV  mporoύn  na  gίnoun  m¶  to  cέri,  allά  protimoύm¶  na  tiV

kάnoum¶ m¶ to Mathematica pou έc¶i to ¶idikό prόgramma-prosomoiwtή:

Needs["NumericalMath`ComputerArithmetic`"]

Αjoύ  jortώsoum¶  to  prόgramma,  kaqorίzoum¶  tiV  paramέtrouV  ώst¶  na  έcoum¶

to  sύnolo  F  m¶  ta  33  stoic¶ίa.   Ο  kanόnaV  stroggύl¶ushV  ¶ίnai  proV  to  άrtio

d¶kadikό mέroV (round to even mantissa).

SetArithmetic[3, 2, ExponentRange -> {-2, 2}]

83, 2, RoundingRule → RoundToEven,
ExponentRange → 8−2, 2<, MixedMode → False, IdealDivide → False<

ΚάnontaV tiV prάx¶iV prokύpt¶i to ίdio apotέl¶sma:

{Print["(5/4  +  3/8)  +  3/8  µ∂  στρογγύλ∂υση
προς  το  άρτιο  δ.µ.  =  ",
Normal[ComputerNumber[5/4+3/8]+ComputerNumber[
3/8]]],

Print["5/4  +  (3/8  +  3/8)  µ∂  στρογγύλ∂υση
προς  το  άρτιο  δ.µ.  =  ",
Normal[ComputerNumber[5/4]+ComputerNumber[3/8+
3/8]]]};

H5ê4 + 3ê8L + 3ê8 µ∂ στρογγύλ∂υση προς το άρτιο δ.µ. = 2

5ê4 + H3ê8 + 3ê8L µ∂ στρογγύλ∂υση προς το άρτιο δ.µ. = 2

Αllάzoum¶ tώra ton kanόna stroggύl¶ushV kai ton kάnoum¶ apokopή (truncation):
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SetArithmetic[3,  2,  ExponentRange  ->  {-2,  2},
RoundingRule -> Truncation]

83, 2, RoundingRule → Truncation,
ExponentRange → 8−2, 2<, MixedMode → False, IdealDivide → False<

ΚάnontaV tiV prάx¶iV blέpoum¶ όti to apotέl¶sma d¶n ¶ίnai to ίdio: 

{Print["(5/4  +  3/8)  +  3/8  µ∂  αποκοπή  =  ",
Normal[ComputerNumber[5/4+3/8]+ComputerNumber[
3/8]]],

Print["5/4  +  (3/8  +  3/8)  µ∂  αποκοπή  =  ",
Normal[ComputerNumber[5/4]+ComputerNumber[3/8+
3/8]]]};

H5ê4 + 3ê8L + 3ê8 µ∂ αποκοπή =
7
4

5ê4 + H3ê8 + 3ê8L µ∂ αποκοπή = 2

Βlέpoum¶  loipόn  pwV  to  kύrio  mέlhma  sthn  Αriqmhtikή  Αnάlush  ¶ίnai  na

prosέcoum¶  thn  s¶irά  twn  prάx¶wn  kai  to  sjάlma  stroggύl¶ushV—antί  na

¶stiάzoum¶  thn  prosocή  maV  ston  ¶kάstot¶  algόriqmo.   Κl¶ίnoum¶  to  qέma  m¶

έna akόma parάd¶igma pou tonίz¶i ta lάqh stroggύl¶ushV.

Πarάd¶igma  2.   H sunάrthsh  ‰x ln H1 + ‰-xL  ¶ίnai  maqhmatikά  kalά  orismέnh  kai

to  όriό  thV  ¶ίnai  1  όtan  to  x  Ø  ¶.   Αriqmhtikά  όmwV  h  sunάrthsh  autή

sump¶rijέr¶tai polύ άschma, όpwV jaίn¶tai apό thn grajikή parάstasή thV: 
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Plot@Ex Log@1 + E−xD, 8x, 0, 40<, PlotRange → All,
AxesOrigin → 80, 0<, AxesLabel → 8x, " xlnH1+ −xL"<D;

10 20 30 40
x

0.5

1

1.5

xlnH1+ −xL

Βlέpoum¶  dhladή  pώV  antί  na  auxάn¶i  staq¶rά  proV  to  1  gia  auxάnous¶V  timέV

tou  x,  gia  x  º  30  parousiάz¶tai  έnaV  "qόruboV"  m¶  apotέl¶sma  na  έcoum¶

apόklish  apό  thn  pragmatikή  timή  1, kai  gia  x  ¥  36.7368 h  timή  thV  sunάrthshV

gίn¶tai  0.   ΚάnontaV  "zoum"  sthn  p¶riocή  ¶ndiajέrontoV  blέpoum¶  pwV  prin  apό

thn  ptώsh  sto  0 upάrc¶i  mia  susthmatikή  domή  apό  lwrίd¶V  "tίgrh" (oi  kάq¶t¶V

grammέV pou sundέoun tiV lwrίd¶V m¶trάn¶ to ύyoV tou άlmatoV).

Plot@Ex Log@1 + E−xD, 8x, 33, 37<, PlotRange → All,
AxesOrigin → 833, 0<, AxesLabel → 8x, " xlnH1+ −xL"<D;

34 35 36 37
x

0.5

1

1.5

2

xlnH1+ −xL
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Οi  lwrίd¶V  autέV  kai  to  shm¶ίo  pou  h  sunάrthsh  pέjt¶i  sto  0  ¶ίnai  sunέp¶i¶V

tou e tou upologistή (machine epsilon) kai mporoύn plήrwV na probl¶jtoύn.  Τo e

tou  upologistή  ¶ίnai  to  mikrόt¶ro  e  gia  to  opoίo  1  +  e  ∫  1  kai  m¶trά¶i  ton

mikrόt¶ro  ariqmό  pou  d¶n  qa  ¶xajanisq¶ί  ¶x  aitίaV  thV  stroggύl¶ushV.   (ΣtiV

askήs¶iV  dίnoum¶  έna  prόgramma  upologismoύ  tou  e  tou  upologistή.)   Έtsi  o

ariqmόV  eÅÅÅÅ2  ¶ίnai  o  m¶galύt¶roV  ariqmόV  pou  sump¶rijέr¶tai  san  0  όtan

prost¶q¶ί sto 1.  Όtan loipό h sunάrthsh pέjt¶i sto 0, sump¶raίnoum¶ pwV ‰-x

= eÅÅÅÅ2 ή όti x = -lnH eÅÅÅÅ2 L .  Πrάgmati, 

−LogA $MachineEpsilon

2
E

36.7368

Μia  aplή  tropopoίhsh  thV  sunάrthshV  maV  dίn¶i  έna  polύ  crήsimo  ¶rgal¶ίo

prosdiorismoύ  thV  akrίb¶iaV  upologismώn  t.   ∆hladή  an  sc¶diάsoum¶  thn

sunάrthsh 2x ln H1 + 2-xL , blέpoum¶ pwV h ptώsh sto mhdέn gίn¶tai sthn timή x =

53, pou shmaίn¶i pwV έcoum¶ akrίb¶ia 52 d.y.  

Plot@2x Log@1 + 2−xD, 8x, 0, 60<, PlotRange → All,
AxesOrigin → 80, 0<, AxesLabel → 8x, "2xlnH1+2−xL"<D;

10 20 30 40 50 60
x

0.5

1

1.5

2
2xlnH1+2−xL

Πrάgmati, auto ¶pib¶baiώn¶tai paίrnontaV apό to Mathematica thn timή $Machine-

Epsilon s¶ duadikή morjή H2-52 ).
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BaseForm@$MachineEpsilon, 2D

1.2 ×2−52
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Πarάrthma Γ:  Θ¶m¶liώd¶iV έnnoi¶V thV Άlg¶braV

Σto parάrthma autό parousiάzoum¶ tiV q¶m¶liώd¶iV έnnoi¶V thV Άlg¶braV pou qa

cr¶iastoύm¶  sto  biblίo  autό.   Σugk¶krimέna,  qa  orίsoum¶  tiV  omάd¶V,  touV

daktύliouV, kai touV daktulίouV  poluwnύmwn kai ¶p¶ktάs¶iV swmάtwn.  ΌpwV ¶ίnai jusikό

h  parousίash  qa  ¶ίnai  sύntomh  kai  cwrίV  apod¶ίx¶iV  allά  qa  p¶rilambάn¶i

parad¶ίgmata.  Εkt¶nή kai άristh kάluyh twn diajόrwn q¶mάtwn brίsk¶tai sthn

bibliograjίa.

ΣumbolismόV:   Θa  crhsimopoiήsoum¶  ton  ¶xήV  sumbolismό  gia  m¶rikά  koinά

sύnola ariqmώn:

1.     =  {0,  ±1,  ±2,  ±3,  …}  dhlώn¶i  touV  ak¶raίouV  (integer  numbers),  apό  thn

Γ¶rmanikή lέxh Zahlen.

2.     =  { aÅÅÅÅb ,  a,  b  œ  ,  b  ∫  0}  dhlώn¶i  touV   rhtoύV  h  klasmatikoύV  ariqmoύV

(rational numbers).

3.     =  {όla  ta  d¶kadikά  anaptύgmata  ≤d1 d2 …dn.d1 d2 …}  dhlώn¶i  touV

pragmatikoύV ariqmoύV (real numbers). 

4.     =  {a  +  bi  »  a,  b  œ  ,  i2  =  -1}  dhlώn¶i  touV  migadikoύV  ariqmoύV  (complex

numbers).

5.  >0 , >0  kai  >0  dhlώnoun  ta  q¶tikά  (mh  mhd¶nikά) stoic¶ίa  twn  sunόlwn   ,

  kai   antίstoica.

6.   + ,  ä  dhlώnoun  to  sύnolo    ¶jodiasmέno  mόno  m¶  thn  prόsq¶sh  ή  ton

pollaplasiasmό  antίstoica  (o  ίdioV  sumbolismόV  iscύ¶i  kai  gia  ta  άlla

sύnola).

7.   î{0}  (ή  alliώV    -  {0}),  î{0},  î{0},  î{0}  dhlώnoun  ta  mh  mhd¶nikά

stoic¶ίa twn sunόlwn  ,  ,   kai  antίstoica.

8.   /n  (ή  alliώV  n )  =  {0
êê

,  1
êê

,  2
êê

,  …n - 1
êêêêêêê

}  "n  œ  >0  (=  >0 )  dhlώn¶i  touV

ak¶raίouV  modulo  n  (ή  ak¶raίouV  mod  n).   (Γia  ton  sumbolismό  /n  blέp¶

daktύlio  phlίkwn.)  Κάq¶  έna  apό ta  stoic¶ίa  tou  ¶ίnai  thV  morjήV aêê  όpou  aêê  = {a +

kn » k œ } = {a, a ± n, a ± 2n, a ± 3n,…} kai onomάz¶tai tάxh upoloίpwn (residue

class) ή tάxh isodunamίaV (congruency class).
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Σc¶tikά  m¶  touV  ak¶raίouV  ,  iscύ¶i  h  arcή  thV  kalήV  diάtaxhV  (well  ordering

principle)  bάs¶i  thV  opoίaV  an  A  ¶ίnai  έna  mh  k¶nό  uposύnolo  tou  >0 ,  upάrc¶i

kάpoio ¶lάcisto stoic¶ίo (minimal element) m œ A έtsi ώst¶ m § a "a œ A. 

Όson  ajorά  touV  ak¶raίouV  mod  n,  "aêê ,b
êê

 œ  n  h  prόsq¶sh  kai  o

pollaplasiasmόV orίzontai wV ¶xήV:

aêê + b
êê

 = a + b
êêêêêêêêê

  kai  aêê  · b
êê

 = a ÿ b
êêêêêê

.

Αutό shmaίn¶i pwV gia na broύm¶ to άqroisma (ή to ginόm¶no) dύo stoic¶ίwn aêê , b
êê

œ   ê n  paίrnoum¶  έnan  opoiondήpot¶  akέraio  a,  antiprόswpo  thV  tάxhV  a,êêê  kai

έnan  opoiondήpot¶  akέraio  b,  antiprόswpo  thV  tάxhV  b
êê

,  prosqέtoum¶

(pollaplasiάzoum¶)  touV  akέraiouV  a  kai  b  όpwV  xέroum¶  sto   ,  kai  paίrnoum¶

thn tάxh isodunamίaV pou p¶riέc¶i to apotέl¶sma.  Οi prάx¶iV ¶ίnai an¶xάrtht¶V

apό  touV  antiprosώpouV  pou  ¶pilέgoum¶.   (Η  diadikasίa  autή  ¶ίnai  gnwstή  apό

tiV  prάx¶iV  klasmatikώn  ariqmώn,  όpou  ¶pίshV  dialέgoum¶  antiprόswpo.   Γia

parάd¶igma 1ÅÅÅÅ2 = 2ÅÅÅÅ4 = 3ÅÅÅÅ6 = ∫)

Πarάd¶igma:

Έstw n = 12.  Τo sύnolo 12  apot¶l¶ίtai apό 12 tάx¶iV upoloίpwn (argόt¶ra qa

paral¶ίpoum¶ thn grammή pάnw apό touV ariqmoύV)

{0
êê

, 1
êê

, 2
êê

,… 11
êêêê

}

pou  ¶ίnai  ta  12 upόloipa  pou  ¶ίnai  dunatόn  na  prokύyoun  apό  thn  diaίr¶sh  ¶nόV

ak¶raίou  m¶  12.   Κάq¶  tάxh  apot¶l¶ίtai  apό  άp¶iro  ariqmό  ak¶raίwn.   Έtsi,  h

tάxh  3
êê

 apot¶l¶ίtai  apό  όlouV  touV  akέraiouV  (isodύnamouV  ή  isoϋpόloipouV

proV  to  3  mod  12)  pou  ajίnoun  upόloipo  3  όtan  diair¶qoύn  m¶  to  12.

Οpoiosdήpot¶  akέraioV  isodύnamoV  proV  to  3 (όpwV  gia  parάd¶igma  …-21, -9, 3,

15, 27, …) mpor¶ί na q¶wrhq¶ί antiprόswpoV thV tάxhV.

Έstw  loipόn  tώra  όti  aêê  =  5êê,   b
êê

 =  8êê  kai  qέloum¶  na  upologίsoum¶  aêê  +  b
êê

.

Πaίrnoum¶ san antiprosώpouV ta 5 kai 8 kai έcoum¶  aêê  + b
êê

 = 5êê  + 8
êê

 = 13
êêêê

 = 1
êê

 diόti

to  13  kai  to  1  anήkoun  sthn  ίdia  tάxh  upoloίpwn  mod  12.   Αn  paίrnam¶  gia

antiprόswpo thV tάxhV aêê  to 17 kai gia antiprόswpo thV tάxhV b
êê

 to -28 qa ¶ίcam¶
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aêê  + b
êê

 = H17 - 28Lêêêêêêêêêêêêêê
 = -11

êêêêêê
 = 1

êê
, όpwV kai prohgoύm¶na.  Τo ginόm¶no twn dύo tάx¶wn

¶ίnai  aêê  ·  b
êê

 =  5êê  ·  8
êê

 =  40
êêêê

 =  4
êê

,  ¶pίshV  an¶xάrthto  apό  thn  ¶pilogή  twn

antiprosώpwn.

Μίa  ap¶ikόnish  (sunάrthsh)  f  :  A  Ø  B  m¶taxύ  dύo  sunόlwn  A  kai  B  ¶ίnai

monosήmanth  kai ¶ntόV  (injective ή  one-to-one) an f(a1 ) = f(a2 ) sun¶pάg¶tai  a1  =

a2  "a1,a2  œ A.  Η ap¶ikόnish f ¶ίnai monosήmanth kai ¶pί (surjective ή onto) an "b

œ  B,  $a  œ  A  έtsi  ώst¶  f(a)  =  b.   (Εp¶idή  h  sunάrthsh  ap¶ikonίz¶tai  sto  p¶dίo

timώn thV prέp¶i na orίsoum¶ to codomain gia na doύm¶ an ¶ίnai monosήmanth kai

¶pί.)   ΤέloV  h  ap¶ikόnish  f  ¶ίnai  amjimonosήmanth  (bijective)  an  ¶ίnai

monosήmanth ¶ntόV kai ¶pί.  

Αn S ¶ίnai έna sύnolo kai g, f ¶ίnai dύo sunartήs¶iV (ap¶ikonίs¶iV) apό to S sto

S tόt¶ h sύnq¶sh (composition) twn sunartήs¶wn ¶ίnai h ap¶ikόnish g ë f : S Ø S

bάs¶i thV opoίaV S œ s Ø g(f(s)) œ S.

∆oqέntwn dύo sunόlwn A kai B to ginόm¶nό touV ¶ίnai to sύnolo A ä B = {(a, b) » a
œ A, b œ B}.

Μίa  duadikή  scέsh  ~  sto  sύnolo  A (dhladή  έna  uposύnolo  tou  A ä  A) ¶ίnai  mia

scέsh isodunamίaV an ¶ίnai:  

ä autopaqήV (reflexive), dhladή a ~ a, "a œ A,  

ä summ¶trikή (symmetric), dhladή a ~ b, sun¶pάg¶tai b ~ a "a,b œ A, kai   

ä m¶tabatikή (transitive), dhladή a ~ b kai b ~ c sun¶pάg¶tai a ~ c "a,b,c œ A
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ü Γ1:  Οmάd¶V

Η omάda ¶ίnai mίa alg¶brikή domή m¶ mίa prάxh.

ΟrismόV:  

a.  Μia duadikή prάxh (binary operation) *  sto sύnolo G ¶ίnai mia sunάrthsh *:

G ä G Ø G.  Γia kάq¶ z¶ύgoV a, b œ G grάjoum¶ a*b antί na grάjoum¶ *(a, b).

b.  Μia duadikή prάxh ¶ίnai pros¶tairistikή (associative) an "a,b,c œ G iscύ¶i a*

(b*c) =  (a*b)*c.

g.  Αn * ¶ίnai  mia duadikή prάxh s¶ έna sύnolo G lέm¶ pwV ta stoic¶ίa a, b œ G

m¶tatίq¶ntai  an  a*b  =  b*a.   Λέm¶  pwV  h  prάxh  *  kai  to  sύnolo  G  ¶ίnai

m¶taq¶tikά an "a,b œ G iscύ¶i a*b = b*a.

Πarad¶ίgmata:

1.  Οi sunήq¶iV duadikέV prάx¶iV thV prόsq¶shV (+) kai tou pollaplasiasmoύ (µ)

¶ίnai m¶taq¶tikέV sto .  Τo ίdio iscύ¶i kai sta sύnola ,  ή .

2.   Η  sunήqhV  duadikή  prάxh  thV  ajaίr¶shV  (-)  d¶n  ¶ίnai  m¶taq¶tikή  sto  sύnolo

.   Εpiplέon,  sto  sύnolo  twn  q¶tikώn  ak¶raίwn  >0  (kaqώV  ¶pίshV  kai  sta

sύnola >0 , kai >0 ) h ajaίr¶sh d¶n ¶ίnai kan duadikή prάxh diόti gia a, b œ >0

m¶ a < b, a - b – >0 , dhladή d¶n upάrc¶i h ap¶ikόnish -: >0  ä >0  Ø >0 .

ΟrismόV:  

a.   Οmάda  (group)  ¶ίnai  έna  diat¶gmέno  z¶ύgoV  (G,  *)  όpou  G  ¶ίnai  έna  mh  k¶nό

sύnolo mazί m¶ mia duadikή prάxh *: G ä G Ø G pou ikanopoi¶ί tiV ¶xήV idiόtht¶V:

ä Πros¶tairistkόthta (Associativity):  "a,b,c œ G iscύ¶i a*(b*c) =  (a*b)*c, 

ä Τautόthta (Identity):  $e œ G έtsi ώst¶ a*e = e*a = a  "a œ G.  (Η idiόthta autή

¶xasjalίz¶i  pwV  to  sύnolo  G  d¶n  ¶ίnai  k¶nό.)   Τo  e  onomάz¶tai  tautotikό

stoic¶ίo (identity) tou G kai pollέV jorέV qa to paristάnoum¶ kai m¶ 1,  

ä  Αntίstrojo  (Inverse):   "a  œ  G  $a-1 œ  G  έtsi  ώst¶  a*a-1  =  a-1 *a  =  e.   Τo

stoic¶ίo a-1  onomάz¶tai antίstrojo tou a .

b.  Η omάda (G, *) lέg¶tai ab¶lianή (abelian) ή m¶taq¶tikή (commutative) an "a,b

œ G iscύ¶i a*b = b*a.
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Σhm¶ίwsh:  

Πarakάtw,  gia  "a,b  œ  G  antί  na  grάjoum¶  a*b  qa  grάjoum¶  aplά  ab  kai  gia

tautotikό stoic¶ίo thV omάdaV qa q¶wroύm¶ to 1.

Πarad¶ίgmata:

1.  Τa sύnola + , + , +  kai +  ¶ίnai prosq¶tikέV  omάd¶V (additive groups) m¶ e

= 0 kai "a   a-1  = -a .  

2.   Τa  sύnola  ä î{0},  ä î{0},  ä î{0},  >0
ä ,  >0

ä  ¶ίnai  pollaplasiastikέV

omάd¶V  (multiplicative  group)  m¶  e  = 1 kai  "a    a-1  = 1ÅÅÅÅa .   Πrosέxt¶  όmwV  pwV  ä î
{0} d¶n ¶ίnai omάda wV proV ton pollaplasiasmό diόti to 3, gia parάd¶igma, d¶n

έc¶i antίstrojo sto ä î{0}.

ΟrismόV: 

Η tάxh kάq¶ omάdaV G ¶ίnai to plήqoV twn stoic¶ίwn thV kai sumbolίz¶tai m¶ »G»
ή  #G (plhqikόV  ariqmόV  (cardinality)  tou  G).   Γia  tucόn  g  œ  G orίzoum¶  wV  tάxh

(order) tou stoic¶ίou g ton mikrόt¶ro q¶tikό akέraio m (an upάrc¶i) ώst¶ gm  = 1.

Ο sumbolismόV ¶ίnai ord(g) = m, kai lέm¶ όti to g ¶ίnai tάxhV m.  Αn d¶n upάrc¶i

tέtoio m, tόt¶ lέm¶ pwV h tάxh tou g ¶ίnai άp¶irh.  

Πarad¶ίgmata:

1.   Έna  stoic¶ίo  miaV  omάdaV  έc¶i  tάxh  1  ¶άn  kai  mόno  ¶άn  ¶ίnai  to  tautotikό

stoic¶ίo.  

2.   ΣtiV  prosq¶tikέV  omάd¶V  + ,  + ,  +  kai  +  kάq¶  mh  mhd¶nikό  (mh  tautotikό)

stoic¶ίo έc¶i άp¶irh tάxh.  

3.  ΣtiV  pollaplasiastikέV  omάd¶V  ä î{0} kai  ä î{0} to  stoic¶ίo  -1 έc¶i  tάxh  2

kai όla ta άlla mh tautotikά stoic¶ίa έcoun άp¶irh tάxh.

ΟrismόV: 

Έstw mίa omάda G.  Τo uposύnolo  H tou G ¶ίnai  mίa upoomάda  (subgroup) thV G

an  to H  ¶ίnai  mh  k¶nό  kai  kl¶istό wV  proV  tiV  prάx¶iV tou  pollaplasiasmoύ kai

thV antistrojήV, dhladή an "a,b œ H iscύ¶i ab œ H kai a-1  œ H.  Αn H ¶ίnai mίa

upoomάda thV G grάjoum¶ H Œ G.
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Πarad¶ίgmata:

1.  +  Œ +  kai +  Œ + .

2.  Τo sύnolo twn άrtiwn ak¶raίwn ¶ίnai upoomάda thV + .  

3.  Κάq¶ omάda G έc¶i dύo upoomάd¶V: H = G kai H = {1}.  

Κritήrio ΥpoomάdaV:  

Γia  na  apod¶ίxoum¶  όti  έna  uposύnolo  H  miaV  omάdaV  G  ¶ίnai  upoomάda  ark¶ί  na

d¶ίxoum¶ pwV H ¶ίnai mh k¶nό, kai "x,y œ H, xy-1  œ H.

Έna  uposύnolo  S  tou  G  "parάg¶i"  (generates)  thn  XS\  Œ  G  pou  apot¶l¶ίtai  apό

όla ta p¶p¶rasmέna ginόm¶na stoic¶ίwn tou S kai ta antίstrojά touV.  XS\ ¶ίnai

h  mikrόt¶rh  upoomάda  tou  G  pou  p¶riέc¶i  to  sύnolo  S.   Αn  S  =  8g1 ,  g2 ,  …,  gs }

¶ίnai p¶p¶rasmέno tόt¶ grάjoum¶ kai X g1 , g2 , …, gs \ antί X{ g1 , g2 , …, gs }\.  

ΟrismόV: 

Αn upάrc¶i έna stoic¶ίo g œ G pou parάg¶i όlh thn omάda G = X g\ tόt¶ h omάda G

lέg¶tai kuklikή (cyclic) kai to stoic¶ίo g lέg¶tai g¶nnήtria (generator) thV G.

Τώra  mporoύm¶  isodύnama  na  poύm¶  pwV  ord(g)  =  m,  an  h  tάxh  thV  kuklikήV

upoomάdaV  pou  parάg¶i  to  g  ¶ίnai  m.   Αutό  shmaίn¶i  gm  =  1  όpwV  orίsam¶

prohgoύm¶na.

Πarad¶ίgmata:

1.  Αn  G  ¶ίnai  h  prosq¶tikή  omάda  12
+  = {0

êê
,  1

êê
,  2

êê
,… 11

êêêê
} tόt¶  to  sύnolo  S = {3

êê
,

8
êê

} parάg¶i thn omάda G.  Γia parάd¶igma 1 = 9 + 4 mod 12 όpou 9 = 3 + 3 + 3 mod

12 kai  4 = 8 + 8 mod 12, k.o.k.   Τo  G  όmwV  parάg¶tai  kai  apό  to  S = {1
êê

}, m¶  mίa

mόno g¶nnήtria.  ΕpίshV kάq¶ έna apό ta stoic¶ίa 5êê , 7êê  kai 11
êêêê

 parάg¶i thn 12
+ .

2.  Η prosq¶tikή omάda +  d¶n έc¶i p¶p¶rasmέno sύnolo g¶nnhtriώn.

3.  Οi rίz¶V thV monάdaV tάxhV n apot¶loύn mίa pollaplasiastikή omάda.  Γia n =

8 έcoum¶ thn ¶xήV omάda
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Map@ComplexExpand, Solve@x8 − 1 0D, 3D

98x → −1<, 8x → − <, 8x → <, 8x → 1<,

9x → −
1 +
è!!!2

=, 9x →
1 +
è!!!2

=, 9x →
1 −
è!!!2

=, 9x → −
1 −
è!!!2

==

ΤiV rίz¶V autέV tiV paristάnoum¶ kai wV wk  = ‰2 p Â kê8 , k = 0, 1, …,7,

TableAComplexExpandAωk =
2 π k

8 E, 8k, 0, 7<E

91, 1 +
è!!!2

, , −
1 −
è!!!2

, −1, −
1 +
è!!!2

, − , 1 −
è!!!2

=

kai blέpoum¶ pwV h rίza w1  ¶ίnai g¶nnήtria thV kuklikήV omάdaV (brήt¶ tiV άll¶V).

Table@ComplexExpand@ω1
kD, 8k, 0, 7<D

91,
1 +
è!!!2

, , −
1 −
è!!!2

, −1, −
1 +
è!!!2

, − ,
1 −
è!!!2

=

ΟrismόV: 

Τo  sύnolo  twn  n!  diatάx¶wn  (permutations)  twn  stoic¶ίwn  {1,  2,  …, n},  n œ  >1 ,

apot¶l¶ί  thn  summ¶trikή  omάda  Sn  (symmetric  group)  m¶  prάxh  thn  sύnq¶sh

sunartήs¶wn.   Εn  gέn¶i,  mίa  diάtaxh  ¶nόV  sunόlou  A  ¶ίnai  mia  amjimonosήmanth

ap¶ikόnish apό to A sto A.

Πarad¶ίgma:

ΑV  ¶x¶tάsoum¶  thn  summ¶trikή  omάda  S3  pou  p¶riέc¶i  έxi  (3!)  stoic¶ίa,  tiV  έxi

diatάx¶iV  twn  stoic¶ίwn  {1,  2,  3}.   Γia  na  p¶rigrάyoum¶  thn  omάda  dialέgoum¶

dύo  sugk¶krimέn¶V  diatάx¶iV  s  =  {2,  3,  1}  (kuklikή  anadiάtaxh)  kai  t  =  {2,  1,  3}

(anadiάtaxh  twn  dύo  prώtwn) pou  tiV  paristάnoum¶  m¶  morjή  pinάkwn  diάtaxhV

(permutation matrix)

σ =
i

k

jjjjjjj
0 1 0
0 0 1
1 0 0

y

{

zzzzzzz; τ =
i

k

jjjjjjj
0 1 0
1 0 0
0 0 1

y

{

zzzzzzz;
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Ο  pίnakaV  diάtaxhV  P  ¶ίnai  έnaV  pίnakaV  m¶  thn  idiόthta  όti  an

pollaplasiάsoum¶ m¶ autόn apό ta arist¶rά έnan άllo pίnaka M, ¶pέrc¶tai mia

anadiάtaxh stiV s¶irέV tou M.  Έtsi gia parάd¶igma έcoum¶

σ.81, 2, 3<

82, 3, 1<

τ.81, 2, 3<

82, 1, 3<

Σthn  p¶rίptwsh  autή  h  sύnq¶sh  sunartήs¶wn  antistoic¶ί  ston

pollaplasiasmόV  pinάkwn.   Μ¶  thn  boήq¶ia  twn  s  kai  t  oi  έxi  diatάx¶iV  twn

stoic¶ίwn {1, 2, 3} ¶ίnai 

{1, s, s2 , t, st, s2 t} = {si t j  » 0 § i § 2, 0 § j § 1}

όpou  1 = {1, 2, 3} Ø  
i

k

jjjjjjj
1 0 0
0 1 0
0 0 1

y

{

zzzzzzz .   Εύkola  ¶pibaiώnontai  oi  scέs¶iV  s3  = 1, t2  = 1

kai ts = s2 t

MatrixPower@σ, 3D IdentityMatrix@3D

True

MatrixPower@τ, 2D == IdentityMatrix@3D

True

τ.σ MatrixPower@σ, 2D.τ

True

Πrosέxt¶  pwV  h  trίth  scέsh  ts  =  s2 t  crhsimopoi¶ίtai  s¶  mia  έkjrash  gia  na

jέroum¶ to t d¶xiά tou s kai m¶tά oi  dύo prώt¶V m¶iώnoun touV ¶kqέt¶V.
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ΟrismόV: 

Γia  kάq¶  upoomάda  Η  Œ  G  kai  kάq¶  g  œ  G  orίzoum¶  wV  to  arist¶rό  (ή  d¶xί)

sύmploko (coset) thV Η sthn G to ¶xήV sύnolo 

gΗ = {gh » h œ Η}  (ή  Ηg = {hg » h œ Η}).

Τa sύmploka ¶ίnai tάx¶iV isodunamίaV wV proV thn scέsh isodunamίaV 

"a,b œ G  a ª b  ¶άn  b = ah  gia kάpoio h œ Η.

ΌpwV  ¶ίnai  gnwstό  apό  thn  bibliogrjίa,  oi  scέs¶iV  isodunamίaV  (equivalence

relations) cwrίzoun (partition) ta stoic¶ίa tou sunόlou s¶ tάx¶iV isodunamίaV kai

έtsi ta sύmploka cwrίzoun thn omάda s¶ tάx¶iV isodunamίaV.

Ο  sumbolismόV  aΗ  upodhlώn¶i  έna  sugk¶krimέno  uposύnolo  thV  omάdaV  G.   Τo

sύmploko  aΗ  ¶ίnai  to  monadikό  pou  p¶riέc¶i  to  a kai  έtsi  aΗ  =  bΗ  an  kai  mόnon

¶άn a = b.  ΠrojanώV kάq¶ sύmploko  p¶riέc¶i tόsa stoic¶ίa όsa kai h upoomάda

Η.

Πarάd¶igma:

ΑV m¶ίnoum¶ sthn summ¶trikή omάda S3  pou p¶riέc¶i ta έxi (3!) stoic¶ίa, S3  = {1,

s,  s2 ,  t,  st,  s2 t}  =  {si t j  »  0  §  i  §  2,  0  §  j  §  1}.   Τo  stoic¶ίo  st  έc¶i  tάxh  2,

dhladή HstL2  = 1, kai ¶pomέnwV parάg¶i thn kuklikή hmiomάda Η = {1, st} tάxhV 2,

dhladή #Η = 2.

MatrixPower@σ.τ, 2D == IdentityMatrix@3D

True

Γia  na  broύm¶  ta  arist¶rά  sύmploka  thV  hmiomάdaV  Η  sthn  S3  dokimάzoum¶  kai

ta έxi upoyήjia sύmploka  1Η = {1, st}, sΗ = {s, s2 t}, s2Η = {s2 , s3 t}, tΗ =

{t, tst}, stΗ = {st, stst}, s2 tΗ = {s2 t, s2 tst}.

Τa sύmploka autά όmwV prέp¶i na ta jέroum¶ sthn morjή {1, s, s2 , t, st, s2 t} =

{si t j  » 0 § i § 2, 0 § j § 1} crhsimopoiώntaV tiV scέs¶iV s3  = 1, t2  = 1 kai ts =
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s2 t  kai  na  diagrάyoum¶  ta  ¶panalambanόm¶na.   Τa  dύo  prώta  d¶n  mporoύn  na

tropopoihqoύn.  Έtsi έcoum¶ ta prώta

2 arist¶rά sύmploka thV Η: 

1Η = {1, st}, sΗ = {s, s2 t},

Τo trίto (piqanό) sύmploko ¶ίnai s2Η = {s2 , s3 t}.  ΌmwV s3 t = t (bάs¶i thV s3  =

1)  kai  έtsi  s2Η  =  {s2 ,  t}  to  opoίo  prosqέtoum¶  sthn  lίsta  twn  sύmplokwn

¶p¶idή ¶ίnai diajor¶tikό apό ta prohgoύm¶na

3 arist¶rά sύmploka thV Η: 

1Η = {1, st}, sΗ = {s, s2 t}, s2Η = {s2 , t}

Τo  tέtarto  (piqanό)  sύmploko  ¶ίnai  tΗ  =  {t,  tst}  =  (¶p¶idή  ts  =  s2 t)  =  {t,

s2 t2 } = (¶p¶idή t2  = 1) = {t, s2 } = s2Η pou upάrc¶i ήdh sthn lίsta.

Τo pέmpto (piqanό) sύmploko ¶ίnai stΗ = {st, stst} = (¶p¶idή ts = s2 t) = {st,

s3 t2 }  =  (¶p¶idή  s3  =  1  kai  t2  =  1)  =  {st,  1}  =  1Η  to  opoίo  έcoum¶  ήdh

sump¶rilάb¶i sthn lίsta.

Τo  έkto  (piqanό)  sύmploko  ¶ίnai  s2 tΗ  =  {s2 t,  s2 tst}  =  (¶p¶idή  ts  =  s2 t)  =

{s2 t,  s2 s2 t t}  =  (¶p¶idή  s3  =  1)  =  {s2 t,  st2 }  =  {s2 t,  s}  =  sΗ  pou  ¶ίnai  ήdh

sthn lίsta.

Άra  ta  arist¶rά  sύmploka  thV  Η  sthn  S3  pou  cwrίzoun  thn  S3  s¶  3  tάx¶iV

isodunamίaV ¶ίnai:

3 arist¶rά sύmploka thV Η: 

1Η = stΗ = {1, st}, sΗ = s2 tΗ = {s, s2 t}, s2Η = tΗ = {s2 , t}

Πrosocή!   Τa  arist¶rά  sύmploka  d¶n  ¶ίnai  kat'  anάgkh  ta  ίdia  m¶  ta  d¶xiά

sύmploka.  Έtsi ta d¶xiά sύmploka thV upoomάdaV Η = {1, st} sthn S3  ¶ίnai 

3 d¶xiά sύmploka thV Η: 

Η = Ηst = {1, st}, Ηs = Ηt = {s, t}, Ηs2  = Ηs2 t  = {s2 , s2 t}
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kai  cwrίzoun  thn  s¶  diajor¶tikέV  tάx¶iV  isodunamίaV.   Εxaίr¶sh  apot¶loύn  oi

kanonikέV  (normal)  upoomάd¶V  gia  tiV  opoί¶V  gΗ  =  Ηg  "g  œ  G.  (dhladή  kάq¶

arist¶rό sύmploko ¶ίnai ¶pίshV kai d¶xί sύmploko).

ΟrismόV:

Τo sύnolo twn arist¶rώn sύmplokwn miaV upoomάdaV Η thV G sumbolίz¶tai m¶ G

: Η.  Ο plhqikόV ariqmόV tou sunόlou autoύ lέg¶tai d¶ίkthV (index) thV Η sthn G

kai sumbolίz¶tai m¶ »G : Η» ή #(G : Η).

Έtsi  sto  parάd¶igmά  maV  o  d¶ίkthV  ¶ίnai  3.   Αn  h  omάda  G  p¶riέc¶i  άp¶ira

stoic¶ίa, o d¶ίkthV mpor¶ί na ¶ίnai ¶pίshV άp¶iroV.

Εp¶idή h omάda G ¶ίnai h έnwsh όlwn twn sύmplokwn thV upoomάdaV Η kai ¶p¶idή

ta sύmploka d¶n έcoun koinά stoic¶ίa έcoum¶ ton tύpo 

»G» = »Η»·»G : Η»   ή   #G = #Η·#(G : Η)

Σto  prohgoύm¶no  parάd¶igmά  maV  έcoum¶  6  =  2·3.   Έna  apό  ta  ¶pakόlouqa  ¶ίnai

kai to p¶rίjhmo

Θ¶ώrhma tou Lagrange:  Αn G ¶ίnai mia p¶p¶rasmέnh omάda, kai Η mia upoomάda

thV  G,  tόt¶  h  tάxh  thV  Η  diair¶ί  thn  tάxh  thV  G kai  o  ariqmόV  twn  sύmplokwn  (o

d¶ίkthV) thV Η sthn G ¶ίnai 

»G : Η» = »G»ÅÅÅÅÅÅÅÅ»Η »

Μia polύ shmantikή sunέp¶ia tou q¶wrήmatoV tou Lagrange ¶ίnai όti h tάxh ¶nόV

stoic¶ίou g œ G diair¶ί thn tάxh thV omάdaV kai sugk¶krimέna g»G»  = 1 "g œ G.

ΟrismόV:

Έstw όti G kai Η ¶ίnai dύo pollaplasiastikέV omάd¶V.  Η ap¶ikόnish j : G Ø Η

lέg¶tai  omoiomorjismόV  omάdwn  (group  homomorphism)  an   "g1 ,g2  œ  G  iscύ¶i

j(g1 g2 ) = j(g1 )j(g2 ).
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Πrosέxt¶  pwV  to  ginόm¶no  g1 g2  sta  arist¶rά  ¶kt¶l¶ίtai  sthn  omάda  G  ¶nώ  to

ginόm¶no j(g1 )j(g2 ) sta d¶xiά ¶kt¶l¶ίtai sthn omάda Η.  ∆hladή, mίa ap¶ikόnish

j  ¶ίnai   omoimorjismόV  omάdwn  an  d¶n  allάz¶i  tiV  domέV  twn  omάdwn  sta  p¶dίa

orismoύ thV, G kai Η (domain kai codomain). 

ΈnaV  amjimonosήmantoV  omoiomorjismόV  omάdwn  j  :  G Ø  Η  lέg¶tai  isomorjismόV

(group  isomorphism)  m¶taxύ  twn  omάdwn  G  kai  Η.   Οi  omάd¶V  lέgontai

isomorjikέV  kai  sumbolίzontai  m¶ G @  Η.  Μ¶ aplά lόgia  oi  isomorjikέV omάd¶V

G  kai  Η  ¶ίnai  h  ίdia  omάda  mόno  pou  ta  stoic¶ίa  kai  oi  prάx¶iV  grάjontai

diajor¶tikά  sto  G kai  sto  Η.   (Αutό  dikaiolog¶ί  thn  apόjasή  maV  na  q¶wroύm¶

όti  h  prάxh  s¶  όl¶V  tiV  omάd¶V  ¶ίnai  ·,  diόti  allάzontaV  to  sύmbolo  thV  prάxhV

d¶n allάz¶i o tύpoV isomorjismoύ.)  ΈnaV omoiomorjismόV omάdwn c : G Ø Η ¶ίnai

isomorjismόV  ¶άn  kai  mόnon ¶άn  upάrc¶i  έnaV  omoiomorjismόV  omάdwn  y :  Η Ø G

έtsi  ώst¶  c  ë  y  = 1Η ,  to  tautotikό  stoic¶ίo  tou  Η  kai  y  ë  c  = 1G ,  to  tautotikό

stoic¶ίo tou G kai όpou ë ¶ίnai h sύnq¶sh sunartήs¶wn.

Πarάd¶igma:

Θ¶wroύm¶  thn  prosq¶tikή  omάda  + ,  thn  pollaplasiastikή  omάda  >0
ä  kai  thn

¶kq¶tikή  ap¶ikόnish  exp :  +  Ø  >0
ä ,  pou  orίz¶tai  wV  exp(x)  =  ‰x .   Η  ap¶ikόnish

exp  ¶ίnai  isomorjismόV  diόti  έc¶i  thn  antίstrojh  sunάrthsh  log‰  kai  diathr¶ί

tiV prάx¶iV twn omάdwn ajoύ ‰x+y  = ‰x ‰y .  

ΟrismόV:

Εάn  j :  G Ø Η ¶ίnai  omoiomorjismόV  omάdwn tόt¶ o purήnaV  (kernel) tou j, ¶ίnai

to sύnolo

ker(j) = {g œ G » j(g) = 1Η } Œ G,

pou  ¶ίnai  kanonikή  upoomάda  thV  G  kai  1Η  ¶ίnai  to  tautotikό  stoic¶ίo  thV  Η.

(Μia  upoomάda  N  miaV  omάdaV  G  ¶ίnai  kanonikή  ¶άn  kai  mόnon  ¶άn  N  ¶ίnai  o

purήnaV kάpoiou omoiomorjismoύ.)  Η ¶ikόna (image) tou j ¶ίnai to sύnolo 

j(G) = {j(g) » g œ G} Œ Η,
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upoomάda thV Η.  Ο omoiomorjismόV j ¶ίnai monosήmantoV kai ¶ntόV ¶άn kai mόnon ¶άn

ker(j) = {1G }, h tautotikή upoomάda thV G.

Εp¶idή  K  =  ker(j)  ¶ίnai  kanonikή  upoomάda  thV  G  mporoύm¶  na  schmatίsoum¶  to

sύnolo  G  :  K  twn  sύmplokwn  thV  K  sthn  G.   Τo  sύnolo  G  :  K  ¶ίnai  ¶pίshV  omάda

pou  lέg¶tai  omάda  phlίkwn  (quotient  group  ή  factor  group)  thV  G  modulo  K  kai

sumbolίz¶tai  m¶  G/K.   Η  (kalά  orismέnh)  prάxh  thV  omάdaV  autήV  orίz¶tai  apό

HgKL(g* K) = (gg* )K, "g,g*  œ G.

Πarάd¶igma:

ΑV  ¶panέlqoum¶  sthn  summ¶trikή  omάda  S3  m¶  ta  έxi  stoic¶ίa,  {1,  s,  s2 ,  t,  st,

s2 t} m¶ tiV scέs¶iV s3  = 1, t2  = 1 kai ts = s2 t, kai thn kuklikή hmiomάda thV Η =

{1, st}.  Η  omάda phlίkwn thV S3  modulo Η ¶ίnai S3 /Η = {1Η, sΗ, s2Η}.  Πrosέxt¶

pwV (sΗ)·(s2Η) = ss2Η = s3Η =1Η.

Τo  (prώto) q¶ώrhma  omoiomorjismoύ  omάdwn  dhlώn¶i pwV   G/ker(j) @  j(G) apό

to opoίo sun¶pάg¶tai pwV »G : ker(j)» = »j(G)» ή alliώV »G» = »ker(j)»·»j(G)».

Αn G kai Η ¶ίnai  dύo  omάd¶V, mia nέa  omάda G ä Η, to ginόm¶nό  touV  (direct prod-

uct)  schmatίz¶tai  qέtontaV  G  ä  Η  =  {(g,  h)  »  g  œ  G,  h  œ  H}  kai  orίzontaV  ton

pollaplasiasmό wV (g1 , h1 )·(g2 , h2 ) = (g1 g2 , h1 h2 ) "g1 ,g2  œ G kai "h1 ,h2  œ Η.
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ü Γ2:  ∆aktύlioi

Ο daktύlioV ¶ίnai mίa alg¶brikή domή m¶ dύo prάx¶iV.

ΟrismόV: 

1.  ΈnaV daktύlioV (ring) ¶ίnai έna sύnolo R m¶ dύo duadikέV prάx¶iV +, · : R ä R Ø

R m¶ tiV ¶xήV idiόtht¶V  

ä R m¶ +, ¶ίnai ab¶lianή (m¶taq¶tikή) omάda m¶ tautotikό stoic¶ίo 0,  

ä h prάxh · ¶ίnai pros¶tairistikή,  

ä  iscύ¶i  h  ¶pim¶ristikή  idiόthta  (distributive  law):  "a,b,c  œ  R  a·(b + c)  =  (a·b)  +

(a·c) kai (a + b)·c = (a·c) + (b·c).  

2.  Ο daktύlioV R ¶ίnai m¶taq¶tikόV an h prάxh · ¶ίnai m¶taq¶tikή.  

3.   Λέm¶  όti  o  daktύlioV  R  έc¶i  tautotikό  stoic¶ίo  1  wV  proV  ton

pollaplasiasmό, an upάrc¶i έna stoic¶ίo 1 œ R ώst¶ 1·a = a·1 = a, "a œ R.

Σhm¶ίwsh:  ΕktόV kai an anajέroum¶ to antίq¶to, oi daktύlioi m¶ touV opoίouV qa

ascolhqoύm¶ qa ¶ίnai m¶taq¶tikoί m¶ 1. 

Πarad¶ίgmata:

1.  Γnwstά  parad¶ίgmata  m¶taq¶tikώn  daktulίwn  m¶  tautotikό  stoic¶ίo  ¶ίnai  ,

,  ,    m¶  tiV  sunήq¶iV  prάx¶iV  prόsq¶shV  kai  pollaplasiasmoύ,  kai  "n  œ  >0

to sύnolo /n m¶ prόsq¶sh kai pollaplasiasmό modulo n.

2.   Κlassikό  parάd¶igma  mh  m¶taq¶tikoύ  daktulίou  m¶  tautotikό  stoic¶ίo  ¶ίnai

to sύnolo Mn () ή nän , twn nän pinάkwn m¶ stoic¶ίa pragmatikoύV ariqmoύV kai

prάx¶iV thn prόsq¶sh kai pollaplasiasmό pinάkwn.  

3.   Πarάd¶igma   m¶taq¶tikoύ  daktulίou  cwrίV  tautotikό  stoic¶ίo  ¶ίnai  o

daktύlioV 2 twn artίwn ak¶raίwn m¶ prόsq¶sh kai pollaplasiasmό ak¶raίwn.  

4.   ΤέloV  mia  shmantikή  tάxh  daktulίwn  ¶ίnai  oi  daktύlioi  sunartήs¶wn.   Έstw  

X  έna mh k¶nό sύnolo kai A έnaV daktύlioV.  Τo sύnolo R twn sunartήs¶wn  f : X

Ø A apot¶l¶ί daktύlio m¶ tiV sunήq¶iV prάx¶iV prόsq¶shV kai pollaplasiasmoύ

sunartήs¶wn  s¶  shm¶ίo  x:  (f  +  g)(x)  =  f(x)  +  g(x)  kai  (fg)(x)  =  f(x)g(x).   Κάq¶

axίwma  twn  daktulίwn  sto  R  έp¶tai  apό  to  antίstoico  axiώma  sto  A.   Ο

daktύlioV R ¶ίnai m¶taq¶tikόV ¶άn kai mόnon ¶άn o A ¶ίnai m¶taq¶tikόV kai o R έc¶i
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tautotikό stoic¶ίo 1 (thn staq¶rά sunάrthsh 1 sto X) ¶άn kai mόnon ¶άn o A έc¶i

1.

Εna  parάd¶igma  sunόlou  pou  d¶n  ¶ίnai  daktύlioV  ¶ίnai  to  î{6}  (ή    -  {6})  m¶

prόsq¶sh  kai  pollaplasiasmό  ak¶raίwn.   Η  aitίa  ¶ίnai  pwV  gia  "a,b  œ  î{6}

d¶n ¶ίmast¶ sίgouroi pwV a + b œ î{6}.  Γia parάd¶igma 4 + 2 = 6.  Σ¶ autέV tiV

p¶riptώs¶iV  lέm¶  pwV  to  sύnolo  î{6}  d¶n  ¶ίnai  kl¶istό  (closed)  wV  proV  thn

prόsq¶sh.   (Τo  ίdio  sumbaίn¶i  kai  m¶  ton  pollaplasiasmό.)  Αutό  shmaίn¶i  pwV

to î{6} ¶ίnai uposύnolo tou m¶galutέrou sunόlou  mέsa sto opoίo oi prάx¶iV

autέV ¶ίnai kalά orismέn¶V. 

ΟrismόV: 

ΈnaV  daktύlioV  R  m¶  tautotikό  stoic¶ίo  1,  όpou  1  ∫  0,  lέg¶tai  daktύlioV

diaίr¶shV  (division ring) an "a œ R, a ∫ 0, $b œ R έtsi ώst¶ ab = ba = 1 (b ¶ίnai

to pollaplasiastikό antίstrojo  tou a).  ΈnaV m¶taq¶tikόV daktύlioV diaίr¶shV

lέg¶tai sώma (field).

Πarad¶ίgmata:

Γnwstά  parad¶ίgmata  swmάtwn  ¶ίnai  ta  sύnola  (m¶  άp¶iro   plήqoV  stoic¶ίwn)

, ,  m¶ tiV gnwstέV prάx¶iV prόsq¶shV kai pollaplasiasmoύ.  Ιscύ¶i  Œ 

Œ .  

Ο  ariqmόV  twn  stoic¶ίwn  s¶  έna  sώma  (ή  daktύlio)  lέg¶tai  h  tάxh  tou  (order).

Τa sώmata sto prohgoύm¶no parάd¶igma έcoun άp¶irh tάxh.  Υpάrcoun όmwV kai

sώmata m¶ p¶p¶rasmέnh tάxh.  Αnάm¶sa s¶ autά ¶ίnai ta sώmata p , όpou p ¶ίnai

prώtoV.  Η ύparxh antistrόjou gia kάq¶ mh mhd¶nikό stoic¶ίo a œ p , 0 § a < p,

apod¶iknύ¶tai  m¶  thn  boήq¶ia  tou  ¶p¶ktamέnou  Εukl¶ίd¶iou  algόriqmou  (extended

Euclidean  algorithm,  suzήthsh  p¶rί  autoύ  sta  ¶pόm¶na)  pou  upologίz¶i  s,  t  œ  

έtsi ώst¶ 1 = sa + tp ª sa mod p.
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Αxίz¶i  na  tonίsoum¶  pwV  έnaV  daktύlioV  R  m¶  pollaplasiasmό  d¶n  ¶ίnai

opwsdήpot¶  omάda.   Κai  toύto  diόti  to  pollaplasiastikό  antίstrojo  ίswV  na

mhn upάrc¶i gia m¶rikά apό ta stoic¶ίa tou R.  Αntίq¶ta, έna sώma R ¶ίnai omάda

tόso m¶ thn prόsq¶sh όso kai m¶ ton pollaplasiasmό.

ΟrismόV: 

Έstw R daktύlioV. 

1.   Έna  mh  mhd¶nikό  stoic¶ίo  a  œ  R  lέg¶tai  mhd¶nodiairέthV  (zero  divisor)  an

upάrc¶i  mh  mhd¶nikό  stoic¶ίo  b  œ  R  έtsi  ώst¶  ab  =  0  ή  ba  =  0.   (Τo  0  ¶ίnai

mhd¶nodiairέthV kάq¶ daktulίou.)

2.   Υpoqέtoum¶  pwV  to  R  έc¶i  έna  tautotikό  stoic¶ίo  1 ∫  0.   Έna  stoic¶ίo  u  œ  R

lέg¶tai  monάda  (unit)  sto  R  an  upάrc¶i  kάpoio  v  œ  R  έtsi  ώst¶  uv  =  vu  =  1

(dhladή  v  =  u-1 ).   Τo  sύnolo  twn  monάdwn  sto  R  sumbolίz¶tai  m¶  Rä ,  kai  ¶ίnai

omάda  wV  proV  ton  pollaplasiasmό.   (Οi  monάd¶V  ¶ίnai  ¶k¶ίna  ta  stoic¶ίa  pou

έcoun norm 1.)

3.   Μporoύm¶  tώra  na  poύm¶  pwV  sώma  ¶ίnai  έnaV  m¶taq¶tikόV  daktύlioV  F  m¶

tautotikό  stoic¶ίo  1  ∫  0  ston  opoίo  kάq¶  mh  mhd¶nikό  stoic¶ίo  ¶ίnai  monάda,

dhladή  Fä  =  Fî{0}.   (Τo  sώma  ¶ίnai  h  "mikrόt¶rh"  maqhmatikή  domή  mέsa  sthn

opoίa mporoύm¶ na ¶kt¶lέsoum¶ +, -, ä kai π m¶ mh mhd¶nikά stoic¶ίa.)

Άskhsh:  

Μ¶  thn  ¶iV  άtopo  apagwgή  apod¶ίxt¶  pwV  έnaV  mhd¶nodiairέthV  potέ  d¶n  mpor¶ί

na ¶ίnai monάda.

Πarad¶ίgmata:

1.  Ο daktύlioV  twn ak¶raίwn d¶n έc¶i mhd¶nodiairέt¶V kai oi monoi akέraioi pou

¶ίnai monάd¶V ¶ίnai ±1, dhladή ä  = {+1, -1}.  

2.   Γia  n  ¥  2  sto  sύnolo  /n  ta  stoic¶ίa  uêê  gia  ta  opoίa  u  kai  n  ¶ίnai  prώtoi

m¶taxύ  touV  ¶ίnai  monάd¶V.   Έtsi  gia  ton  /6  =  {0
êê

,  1
êê

,  2
êê

,  3
êê

,  4
êê

,  5êê}  oi  monάd¶V

¶ίnai  H ê6 Lä  =  {1
êê

,  5êê}.   Τa  upόloipa  stoic¶ίa  tou  ¶ίnai  mhd¶nodiairέt¶V  diόti

2
êê

·3
êê

 = 6
êê

 = 0
êê

 kai 3
êê

·4
êê

 = 12
êêêê

 = 0
êê

.
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Οi  daktύlioi  pou  έcoun  ta  ίdia  carakthristikά  m¶  touV  ak¶raίouV  έcoun

x¶cwristή onomasίa:

ΟrismόV: 

ΈnaV  m¶taq¶tikόV  daktύlioV  m¶  tautotikό  stoic¶ίo  1  ∫  0  lέg¶tai  akέraia

p¶riocή (integral domain) an d¶n έc¶i mhd¶nodiairέt¶V.  

Η  apousίa  mhd¶nodiair¶tώn  apό  έnan  daktύlio  R  "¶n¶rgopoi¶ί"  katά  kάpoion

trόpo  thn  idiόthta  thV  apoloijήV  (cancellation).   Έtsi,  an  a,  b,  c  œ  R,  R  akέraia

p¶riocή kai ab = ac tόt¶ ή a = 0, ή b = c (¶p¶idή ab = ac fl a(b - c) = 0 kai R ¶ίnai

akέraia p¶riocή).  

Θ¶ώrhma: 

Κάq¶ p¶p¶rasmέnh ak¶raίa p¶riocή R ¶ίnai sώma (finite field).  

Αpόd¶ixh:   Έstw  {r1 ,  r2 ,  …,  rn }  ta  mh  mhd¶nikά  stoic¶ίa  tou  R.   Γia  tucόn  mh

mhd¶nikό a œ R q¶wroύm¶ to {ar1 , ar2 , …, arn }.  Εp¶idή o R ¶ίnai ak¶raίa p¶riocή

kάq¶  ari  ∫  0.   Εpiplέon,  ari  ∫  ar j  gia  i  ∫  j,  alliώV  qa  ¶ίcam¶  ri  =  r j  lόgw  thV

apaloijήV  pou  iscύ¶i.   Άra  h  ap¶ikόnish  R œ  r Ø a r  œ  R  ¶ίnai  monosήmanth  kai

¶pί.   Σun¶pώV  upάrc¶i  kάpoio  rk  œ  R  ώst¶  ark  =  1  pou  shmaίn¶i  pwV  to  a  ¶ίnai

monάda. //

Πarάd¶igma:

Θ¶wroύm¶ ta sύnola   /p, όpou p prώtoV  ariqmόV, kai έstw to /5 = {0
êê

, 1
êê

, 2
êê

,

3
êê

, 4
êê

}.  Αutό ¶ίnai έna p¶p¶rasmέno sώma giatί όla ta mh mhd¶nikά stoic¶ίa tou

έcoun antίstrojo (brήt¶ touV).

ΟrismόV: 

ΩV  carakthristikή  (characteristic)  char(F)  ¶nόV  sώmatoV  F  (ή  ¶nόV  daktulίou)

orίz¶tai  o  ¶lάcistoV  ariqmόV  jorώn  pou  prέp¶i  na  prost¶q¶ί  to  tautotikό

stoic¶ίo ston ¶autό tou gia na prokύy¶i 0. 
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Πarάd¶igma:

Η  carakthristikή  tou  sώmatoV  /p,  όpou  p  prώtoV  ariqmόV,  ¶ίnai  p,  ¶nώ  h

carakthristikή thV ak¶raίaV p¶riocήV  kai twn swmάtwn ,  kai  ¶ίnai 0.

ΟrismόV: 

ΈnaV  upodaktύlioV  (subring) tou  daktulίou  R  ¶ίnai  mia  upoomάda  tou  R  kl¶istή  wV

proV ton pollaplasiasmό.

Πarάd¶igma:

Ο  daktύlioV    ¶ίnai  upodaktύlioV  tou    kai  o    ¶ίnai  upodaktύlioV  tou  .   (Η

idiόthta "¶ίnai upodaktύlioV" ¶ίnai m¶tabatikή.)  

Σ¶ analogίa m¶ to kritήrio gia upoomάd¶V, έcoum¶ 

Κritήrio Υpodaktulίou:  

Γia  na  apod¶ίxoum¶  όti  έna  uposύnolo  ¶nόV  daktulidίou  R  ¶ίnai  upodaktύlioV

ark¶ί  na  d¶ίxoum¶  pwV  ¶ίnai  mh  k¶nό,  kai  kl¶istό  wV  proV  thn  ajaίr¶sh  kai  ton

pollaplasiasmό.

ΟrismόV: 

a.   ΈnaV  omoiomorjismόV  daktulίwn  (ring  homomorphism)  ή  aplά

omoiomorjismόV apό ton daktύlio R ston daktύlio S ¶ίnai mia ap¶ikόnish j : R Ø

S έtsi  ώst¶ j(r1  + r2 ) = j(r1 ) + j(r2 ), j(r1 r2 ) = j(r1 )j(r2 ) "r1 ,r2  œ R, j(0R ) = 0S

kai j(1R ) = 1S .  

b.  Ο purήnaV  (kernel) tou omoiomorjismoύ daktulίwn j, ¶ίnai to sύnolo ker(j) =

{r  œ  R  »  j(r)  =  0S },  upodaktύlioV  tou  R  (dhladή  o  purήnaV  tou  j  q¶wr¶ίtai

omoiomorjismόV  prosq¶tikώn  omάdwn).   Ο  purήnaV  ¶ίnai  kl¶istόV  wV  proV  ton

pollaplasiasmό m¶ stoic¶ίa tou R.   

g.   Η  ¶ikόna  (image)  tou  omoiomorjismoύ  daktulίwn  j  ¶ίnai  to  sύnolo   im(j)  =

j(R) = {j(r) » r œ R}, upodaktύlioV tou S.

d.   ΈnaV  amjimonosήmantoV  omoiomorjismόV  daktulίwn  lέg¶tai  isomorjismόV

(ring  isomorphism)  ¶nώ  oi  daktύlioi  R  kai  S  isomorjikoί:  R  @  S.   Οi  isomorjikoί
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daktύlioi,  όpwV  kai  oi  isomorjikέV  omάd¶V,  q¶wroύntai  όti  ¶ίnai  ousiastikά  h  ίdia

domή.

Πarad¶ίgmata:

1.  Η ap¶ikόnish j :  Ø /2 pou orίz¶tai stέlnontaV έnan άrtio akέraio sto 0

kai έnan p¶rittό sto 1 ¶ίnai έnaV omoiomorjismόV daktulίwn.  Η ap¶ikόnish ¶ίnai

prosq¶tikή  kai  pollaplasiastikή  diόti  to  άqroisma  /  ginόm¶no  dύo  p¶rittώn

ak¶raίwn  ¶ίnai  p¶rittό,  ¶nώ  to  άqroisma  /  ginόm¶no  dύo  άrtiwn  ak¶raίwn  ¶ίnai

άrtio (to ginόm¶no άrtiou ¶pi p¶rittό ¶ίnai ¶pίshV άrtio).  Ο purήnaV thV j ¶ίnai h

tάxh isodunamίaV 0
êê

, to sύnolo twn άrtiwn ak¶raίwn, ¶nώ h 

tάxh  isodunamίaV  1
êê

 ¶ίnai  to  sύnolo  twn  p¶rittώn  ak¶raίwn.   Σto  Mathematica  o

omoiomorjismόV j ¶ίnai:

Clear@ϕD; ϕ@x_IntegerD := Mod@x, 2D

2.  Οi  ap¶ikonίs¶iV  jn  :    Ø    gia  n œ    orizόm¶n¶V  apό  jn (x)  = nx d¶n  ¶ίnai  ¶n

gέn¶i  omoiomorjismoί  daktulίwn  diόti  jn (xy)  =  nxy  ¶nώ  jn (x)jn (y)  =  nxny  =  n2 xy.

Οi jn (x) ¶ίnai omoiomorjismoί daktulίwn mόnon όtan n2  = n , pou shmaίn¶i pwV n  =

0,  1.   ΌmwV,  stiV  prosq¶tikέV  omάd¶V  "n  œ    oi  jn (x)  ¶ίnai  omoiomorjismoί

omάdwn.   ΣtouV daktύliouV loipόn prέp¶i kai oi dύo prάx¶iV na diathroύntai.

ΟpwV  anajέram¶  sthn  suzήthsh  p¶rί  omάdwn,   an  j  :  G  Ø  Η  ¶ίnai  έnaV

omoiomorjismόV  omάdwn  tόt¶  mporoύm¶  na  schmatίsoum¶  thn  omάda  phlίkwn  G/K

twn sύmplokwn thV K sthn G, όpou K = ker(j) kanonikή upoomάda, kai ¶ίdam¶ pwV

G/ker(j)  @  j(G).   Αnάlogo  apotέl¶sma  iscύ¶i  kai  gia  omoiomorjismό  daktulίwn,

όpou  ton  rόlo  thV  kanonikήV  upoomάdaV  paίz¶i  to  id¶ώd¶V  (ideal)  pou  orίzoum¶

parakάtw.
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Έstw έnaV omoiomorjismόV daktulίwn j : R Ø S m¶ purήna I.  Εp¶idή oi daktύlioi

R  kai  S  ¶ίnai  ab¶lianέV  omάd¶V  wV  proV  thn  prόsq¶sh,  h  ap¶ikόnish  j  ¶ίnai

omoiomorjismόV  omάdwn.   Αn  loipόn  R  œ  r,  j(r)  =  a  œ  S  tόt¶  h  tάxh  isodunamίaV

tou  a  wV  proV  j  ¶ίnai  to  sύmploko  r  + I.   ΑutέV  oi  tax¶iV  isodunamίaV  έcoun  thn

domή  ¶nόV  daktulίou  isomorjikoύ  proV  thn  ¶ikόna  thV  j  m¶  prάx¶iV  pou  orίzontai

wV ¶xήV:

(r + I) + (s + I) = (r + s) + I

(r + I) ä (s + I) = (rs) + I

Τo  sύnolo  autώn  twn  sύmplokwn  ¶ίnai  έnaV  daktύlioV  kai  lέg¶tai  o  daktύlioV

phlίkwn (quotient ring ή factor ring) tou R modulo I kai sumbolίz¶tai m¶ R/I, όpou I

= ker(j).

ΟrismόV: 

Τo  uposύnolo  I  tou  m¶taq¶tikoύ  daktulίou  R  onomάz¶tai  id¶ώd¶V  (ideal),  cwrίV

ton  prosdiorismό  arist¶rό  ή  d¶xiό  (lόgw  thV  m¶taq¶tikόthtaV  tou  R),  an

ikanopoi¶ί tiV sunqήk¶V: 

ä "a,b œ I   a + b œ I  

ä "a œ I, r œ R   ar œ I.

Πarάd¶igma:  

Γia kάq¶ n œ , to sύnolo n = {nr, r œ } ¶ίnai έna id¶ώd¶V tou  kai autά ¶ίnai

ta  mόna  id¶ώdh  tou  ¶p¶idή  ¶ίnai  kai  oi  mόn¶V  upoomάd¶V  tou  .  Ο antίstoicoV

daktύlioV phlίkwn ¶ίnai /n (pou ¶xhg¶ί kai ton sumbolismό twn ak¶raίwn modulo

n).   Γia  n  =  6,  6  =  {6r,  r  œ  }  =  {…,  -12,  -6,  0,  6,  12,  …} kai  ta  stoic¶ίa  tou

/6 ¶ίnai ta sύmploka {0
êê

, 1
êê

, …, 5êê}.  Γia na prosqέsoum¶ (pollaplasiάsoum¶)

ston  daktύlio  phlίkwn  aplά  dialέgoum¶  dύo  tucaίouV  antiprosώpouV  twn

sύmplokwn,  touV  prosqέtoum¶  (pollaplasiάzoum¶)  stouV  ak¶raίouV    kai  gia

apάnthsh paίrnoum¶ to sύmploko sto opoίo anήk¶i to άqroisma (ginόm¶no).  Έtsi

3
êê

 + 4
êê

 = 7êê  kai ¶p¶idή 7êê  = 1
êê

 grάjoum¶ 3
êê

 + 4
êê

 = 1
êê

 ή 3 + 4 ª 1 mod 6.  Όmoia 3
êê

·4
êê

 = 12
êêêê

= 0
êê

 ή 3·4 ª 0 mod 6.
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Η  ap¶ikόnish    Ø  /n  ¶ίnai  omoiomorjismόV  daktulίwn  kai  onomάz¶tai

upόloipo mod n (reduction mod n). 

ΟrismόV:  

Γ¶nikά όtan έna id¶ώd¶V parάg¶tai apo ta stoic¶ίa a1 ,…, as  grάjoum¶ Xa1 ,…, as \
= a1 R + ∫ + as R = {a1 r1  + ∫ + as rs  » r1 , …, rs  œ R} kai lέm¶ όti ta stoic¶ίa autά

¶ίnai  mia  bάsh  (basis)  tou  id¶ώdouV   Πolloί  suggraj¶ίV  crhsimopoioύn  ton

sumbolismό (a1 ,…, as ).  Εidikή p¶rίptwsh ¶ίnai to sύnolo Xa\ = aR = {ar  » r  œ R}

pou onomάz¶tai kύrio  id¶ώd¶V (principal ideal) kai ¶ίnai to antίstoico twn kuklikώn

upoomάdwn miaV omάdaV.  Έna stoic¶ίo b œ R anήk¶i sto id¶ώd¶V Xa\ ¶άn kai mόnon

¶άn b = ar  gia kάpoio r  œ R, dhladή ¶άn kai mόnon ¶άn to b ¶ίnai pollaplάsio tou

a (ή to a diair¶ί to b sto R).  ΕpίshV b œ Xa\ ¶άn kai mόnon ¶άn Xb\ Œ Xa\.  

Πarάd¶igma:  

Γia  kάq¶  n  sto    έcoum¶  n  =  n  =  Xn\  =  X-n\,  όla  kύria  id¶ώdh  tou  .   ∆¶n

upάrcoun  άlla  id¶ώdh  sto  .   Γia  q¶tikoύV  ak¶raίouV  m  kai  n,  Xn\  = n  Œ  m  =

(m)  ¶άn  kai  mόnon  ¶άn  to  m  diair¶ί  to  n  ston  .   Εpiplέon,  to  id¶ώd¶V  pou

parάg¶tai  apό  dύo  mh  mhd¶nikoύV  ak¶raίouV  m  kai  n  ¶ίnai  to  kύrio  id¶ώd¶V  pou

parάg¶tai apό ton mέgisto koinό diairέth touV d: Xm, n\ = Xd\.  ∆ύo ariqmoί ¶ίnai

prώtoi m¶taxύ touV an Xm, n\ = X1\.
Πrosέxt¶  pwV  o  palaiόt¶roV  sumbolismόV  gia  ta  id¶ώdh  (m,  n)  =  (d)

tautίz¶tai  m¶  ton  palaiόt¶ro  sumbolismό  gia  ton  mέgisto  koinό  diairέth  (m,  n)

twn m, n.  Σ¶ antίq¶sh, o sύgcronoV  sumbolismόV gia ton mέgisto koinό diairέth

¶ίnai gcd(m, n).    

Έstw  όti  I  Œ  R  ¶ίnai  έna  id¶ώd¶V,  kai  r,  s  œ  R.   Αn  r  -  s  œ  I  lέm¶  pwV  ta   r  kai  s

¶ίnai  isodύnama  modulo  I  (congruent  modulo I)  kai  grάjoum¶  r  ª  s  mod I.   Έtsi

gia R = , kai I = 6, έcoum¶ 9 ª 3 mod 6 ή aploύst¶ra 9 ª 3 mod 6.  Αn a, b œ

,  grάjoum¶  a  »^  b  ("to  a  diair¶ί  to  b")  an  $r  œ    ώst¶  ar  =  b,  alliώV  a  I  b.

(Μ¶rikoί suggraj¶ίV sumbolίzoun to "a diair¶ί to b" m¶ a î b.)

Γia r œ R, to sύnolo r mod I = r + I = {r + a » a œ I} Œ R ¶ίnai h tάxh upoloίpwn

modulo  I  (residue  class  modulo  I)  ή  to  sύmploko  tou  id¶ώdouV  I.   Πrosocή  sthn
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diajorά  m¶taxύ  thV  scέshV  isodunamίaV  modulo  I,  όpwV  9  ª  3  mod  6,  pou  to

"mod" anήk¶i  sto  ª,  kai  thV  tάxhV  upoloίpwn  modulo I,  όpwV  3  mod 6.   Έcoum¶

tiV ¶xήV scέs¶iV isodunamίaV: 

r mod I = s mod I ñ r - s œ I ñ r ª s mod I

"r, s œ R.  Τo sύnolo  R/I = {r mod I » r œ R} όlwn twn tάx¶wn upoloίpwn modulo I

¶ίnai pάli daktύlioV, m¶ prάx¶iV (r mod I) + (s mod I) = (r + s) mod I kai (r mod I)·(s

mod I)  =  (rs)  mod I,  kai  onomάz¶tai  daktύlioV  tάxhV  upoloίpwn  tou  R  modulo  I

(residue class ring).

Ο  kanonikόV  omoiomorjismόV  daktulίwn  (canonical  ring  homomorphism) j  :  R  Ø

R/I ap¶ikonίz¶i "r œ R sthn tάxh upoloίpwn r mod I.  Γia R = , kai I = 6 h tάxh

upoloίpwn gίn¶tai R/I = /6 = {0 mod 6, 1 mod 6, …, 5 mod 6} kai j(9) = 9

mod 6 = 3 mod 6.  Πio aplά qa grάjoum¶ /6 = {0, 1, …, 5} = 6 .

ΌpwV  kai  stiV  omάd¶V,  upάrc¶i  kai  stouV  daktulίouV  to  q¶ώrhma

omoiomorjismoύ.  Αn R kai S ¶ίnai daktύlioi, j : R Ø S ¶ίnai omoiomorjismόV kai I

=  ker(j)  =  {r  œ  R  »  j(r)  =  0S }  Œ  R o  purήnaV  tou  j,  tόt¶  to  I  ¶ίnai  id¶ώd¶V  kai

R/ker(j) @  im(j) όpou  im(j) = j(R) = {j(r) » r œ R} Œ S ¶ίnai h ¶ikόna tou j.

Γia ton daktύlio twn ak¶raίwn έcoum¶ akόma dύo ¶ndiajέrous¶V idiόtht¶V.

ä ∆iaίr¶sh:  "a, b œ , b ∫ 0, $!q,r œ  (monadikά!) ώst¶ a = qb + r kai 0 § r < »b».  
ä  Πaragontopoίhsh  (unique  factorization):   Κάq¶  akέraioV  m¶galύt¶roV  apό  to  1

έc¶i mia (basikά) monadikή paragontopoίhsh s¶ ginόm¶no prώtwn ariqmώn.

Οi  idiόtht¶V  autέV  ¶p¶kt¶ίnontai  kai  s¶  άllouV  daktύliouV.   ΑrcίzontaV  m¶  thn

diaίr¶sh,  blέpoum¶  pwV  cr¶iάz¶tai  mia  sunάrthsh  pou  na  paίz¶i  ton  rόlo  thV

apόluthV timήV stouV ak¶raίouV, dhladή na "m¶trά¶i m¶gέqh ston R".  

ΟrismόV:  

Μia  akέraia  p¶riocή  R  lέg¶tai  Εukl¶ίd¶ia  p¶riocή  (Euclidean  domain)  an

upάrc¶i  mia  Εukl¶ίd¶ia  sunάrthsh  (Euclidean function) ή  sunάrthsh  m¶gέqouV

(size  function)  s  :   Rî{0}  Ø  ¥0  apό  ta  mh  mhd¶nikά  stoic¶ίa  tou  R  stouV  mh
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arnhtikoύV  ak¶raίouV,  έtsi  ώst¶  "a,b  œ  R,  b  ∫  0,  $q,r  œ  R  (όci  kat'  anάgkh

monadikά) ώst¶ a = qb + r kai ¶ίt¶ r = 0 ¶ίt¶ s(r) < s(b).  Τo q lέg¶tai phlίko kai

to  r  upόloipo.   (Αnάloga  m¶  thn  p¶rίstash  h  Εukl¶ίdia  sunάrthsh  s  qa

parίstatai kai m¶ diajor¶tikά grάmmata, όpwV m¶ to grάmma n parakάtw.)

Πarad¶ίgmata:  

1.  Κάq¶  sώma  ¶ίnai  Εukl¶ίd¶ia  p¶riocή  m¶ Εukl¶ίd¶ia  sunάrthsh  pou  ikanopoi¶ί

s(a) = 0, gia όla ta a.  Αutό iscύ¶i ¶p¶idή "a,b, b ∫ 0, έcoum¶ a = qb + 0, m¶ q =

ab-1 .  

2.  Οi akέraioi  ¶ίnai Εukl¶ίd¶ia p¶riocή m¶ s(a) = »a», thn gnwstή apόluth timή.

Η monadikόthta  tou  phlίkou kai  upoloίpou  ¶xasjalίz¶tai  apό thn έkjrash  0 §  r

< »b».  
Αn  b>0,  to  a  d¶n  ¶ίnai  pollaplάsio  tou  b  kai  apaitoύm¶  aplά  r  <  b,  tόt¶

upάrcoun  pάnta  2  ¶pilogέV  gia  ta  q,  r:  5  =  3·2  -  1  kai  5  =  2·2  +  1.   (Τa  phlίka

diajέroun katά 1 kai ta upόloipa katά b = 2.)

Αn  b<0,  to  a  d¶n  ¶ίnai  pollaplάsio  tou  b  kai  apaitoύm¶  aplά  r  < b,  tόt¶

upάrcoun  άp¶ira  q,  r,  όpwV  jaίn¶tai  diairώntaV  to  5  m¶  to  -2.   Σthn  p¶rίptwsh

autή έcoum¶ r < -2 opόt¶ 5 = (-4)·(-2) - 3 allά kai 5 = (-5)·(-2) - 5 kai 5 = (-6)·(-2) -

7, kok.

ΈnaV  mέgistoV  koinόV  diairέthV  ή  mkd,  (greatest  common  divisor  or  gcd)  dύo

stoic¶ίwn a, b s¶ mia akέraia p¶riocή R ¶ίnai έna stoic¶ίo c œ R tέtoio ώst¶ c » a
kai  c  » b  kai  kάq¶  άlloV  koinόV  diairέthV  twn  a,  b  diair¶ί  to  c.   ΌpwV  έcoum¶ d¶i  o

sumbolismόV  ¶ίnai  c  = (a,  b)  ή  c  = gcd(a,  b).   ∆ύo  stoic¶ίa  a,  b œ  R ¶ίnai  prώta

m¶taxύ  touV  (relatively  prime)  an  gcd(a,  b)  =  1  kai  sumbolίzontai  a  ¦  b.   Οi

mέgistoi koinoί diairέt¶V d¶n ¶ίnai monadikoί.  ΣtouV akέraiouV, ±2 ¶ίnai mkd twn 6

kai  8.   ΌpwV  qa  doύm¶,  o  Εukl¶ίd¶ioV  algόriqmoV  kai  o  Κin¶zikόV  algόriqmoV

upoloίpwn  doul¶ύoun  mέsa  s¶  Εukl¶ίd¶i¶V  p¶riocέV  pou  p¶riέcontai  stiV

akέrai¶V p¶riocέV. 
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Αxίz¶i  na  shm¶iwq¶ί  pwV  s¶  mia  Εukl¶ίd¶ia  p¶riocή  kάq¶  id¶ώd¶V  I  ¶ίnai  kύrio

id¶ώd¶V,  dhladή  I  =  Xd\,  όpou  d  ¶ίnai  έna  mh  mhd¶nikό  stoic¶ίo  tou  I  m¶  thn

mikrόt¶rh timή thV Εukl¶ίd¶iaV sunάrthshV.

Σthn  sunέc¶ia,  όson  ajorά  thn  paragontopoίhsh  cr¶iazόmast¶  akόma  m¶rikέV

έnnoi¶V gia thn akέraia p¶riocή R—¶ktόV apό thn monάda pou έcoum¶ ήdh orίs¶i.  

Έna  stoic¶ίo  a œ  R  lέg¶tai  ¶tairikό  (associate)  tou  stoic¶ίou  b œ  R,  an  upάrc¶i

mia  monάda  u  έtsi  ώst¶  a = ub kai  sumbolίz¶tai  m¶   a ~  b.   Η  scέsh  autή  ¶ίnai

scέsh isodunamίaV.  Γia parάd¶igma, sto  m¶ monάd¶V {+1, -1} ta stoic¶ίa +2 kai

-2 ¶ίnai ¶tairikά.  Αn orίsoum¶ mia norm n : R Ø , tόt¶ gia ta ¶tairikά stoic¶ίa a

~  b  iscύ¶i: n(a) = n(b),  dhladή  ta  ¶tairikά  stoic¶ίa  έcoun  thn  ίdia  norm.  Σto  ,

m¶  n(·) = »·», thn apόluth timή, έcoum¶ »+2» = »-2».

ΟrismόV:  

Έna  mh  mhd¶nikό  stoic¶ίo  p  miaV  akέraiaV  p¶riocήV  R,  lέg¶tai

paragontopoiήsimo  (reducible)  an  upάrcoun  mh  monάd¶V  a,  b œ  R έtsi  ώst¶  p  =

ab  alliώV  to  lέg¶tai  mh  paragontopoiήsimo  (irreducible).   Έna  mh  mhd¶nikό

stoic¶ίo  p  œ  R,  p  diάjoro  thV  monάdaV,  lέg¶tai  prώto  (prime)  an  p  »  (ab)

sun¶pάg¶tai  p  »  a  ή  p  »  b  "a,b  œ  R.   Η  akέraia  p¶riocή  R  lέg¶tai  p¶riocή

monadikήV  paragontopoίhshV  (unique  factorization  domain,  ufd)  an  kάq¶  mh

mhd¶nikό stoic¶ίo kai diάjoro  thV monάdaV mpor¶ί na grajt¶ί san to ginόm¶no mh

paragontopoiήsimwn  stoic¶ίwn  katά  έnan  kai  monadikό  trόpo,  ¶ktόV  apό  thn

s¶irά twn stoic¶ίwn kai ton pollaplasiasmό touV m¶ monάd¶V.

Πarάd¶igma:  

Τo  R  =   ¶ίnai  mia  p¶riocή  monadikήV  paragontopoίhshV  kai  30 = 2·3·5  = 3·5·2  =

(-2)·3·(-5).

Πrosocή:  

Μέgistoi  koinoί  diairέt¶V  (mkd)  d¶n  upάrcoun  kat'  anάgkh  s¶  όlouV  touV

daktύliouV.   Πάnta  όmwV  upάrcoun  s¶  p¶riocέV  monadikήV  paragontopoίhshV.

ΟmoίwV  oi  έnnoi¶V  "prώto"  kai  "mh  paragontopoiήsimo"  d¶n  ¶ίnai  kat'  anάgkh
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isodύnam¶V  gia  kάq¶  daktύlio.   Σ¶  akέrai¶V  p¶riocέV  ta  prώta  stoic¶ίa  ¶ίnai

pάnta  mh paragontopoiήsima to antίstrojo  όmwV iscύ¶i  mόno gia  daktύliouV  m¶

mkd,  όpwV  oi  p¶riocέV  monadikήV  paragontopoίhshV.   Χrήsima  parad¶ίgmata

parέcontai apό touV daktύliouV alg¶brikώn ak¶raίwn.

ΟrismόV:  

Έna  stoic¶ίo  a  œ    lέg¶tai  alg¶brikόV  akέraioV  (algebraic  integer)  an  ¶ίnai  h

rίza ¶nόV poluwnύmou m¶ sunt¶l¶stέV apό ton  kai monadiaίo kύrio sunt¶l¶stή.  

Οi alg¶brikoί akέraioi ¶ίnai g¶nik¶ύs¶iV twn sunήqwn ak¶raίwn  pou ¶ίnai rίz¶V

prwtobάqmiwn  poluwnύmwn  m¶  sunt¶l¶stέV  apό  to    kai  parέcoun  crήsima

parad¶ίgmata.

Θ¶wroύm¶  ta  “jantastikά  t¶tragwnikά”  sώmata  (imaginary  quadratic  fields)

(è!!!!d )  =    +  è!!!!d  =  {b  +  cè!!!!d  »  b,c  œ  }  Œ  ,  dhladή  ta  sώmata  twn  rhtώn

ariqmώn  mazί  m¶  to  è!!!!d ,  όpou  d  œ    ¶ίnai  arnhtikόV  kai  έc¶i  mόnon  aploύV

parάgont¶V  (squarefree).   Τόt¶  R = d ,  o  daktύlioV  twn  alg¶brikώn  ak¶raίwn

sto (è!!!!d ), isoύtai m¶

d  = [è!!!!d ] =  + è!!!!d    gia d  ª 2, 3 mod 4  

ή

d  = [ 1+
è!!!!dÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 ] =  +  1+

è!!!!dÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2    gia d  ª 1 mod 4 

Ο  daktύlioV  twn  migadikώn  ak¶raίwn  (Gaussian  integers)  R  =  [i]  ¶ίnai  ¶idikή

p¶rίptwsh m¶ d = -1.  Σton daktύlio autό έcoum¶ thn norm n : R Ø  pou orίz¶tai

m¶ n(a) = aaêê = »a»2  = b2  + c2 , όpou aêê  ¶ίnai o suzugήV migadikόV tou a = b + ci, m¶ b,

c œ R.

Ο Gauss apέd¶ix¶ pwV o daktύlioV d  ¶ίnai  p¶riocή monadikήV paragontopoίhshV

gia  d  = -1, -2, -3, -7, -11, -19, -43, -67, -163, kai  upέq¶s¶  pwV  d¶n  upάrcoun  άll¶V

timέV.  Η upόq¶sh ap¶d¶ίcqh 150 crόnia argόt¶ra. 
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ΕpίshV  ¶ίnai  gnwstό pwV  mόno  gia  tiV timέV d = -1, -2, -3, -7, -11, o daktύlioV  d

¶ίnai  Εukl¶ίd¶ia  p¶riocή.   ∆hladή  o  daktύlioV  -19  ¶ίnai  p¶riocή  monadikήV

paragontopoίhshV allά d¶n ¶ίnai Εukl¶ίd¶ia p¶riocή. 

Πarάd¶igma (klassikό 1863, tou Dirichlet):  

Ο  daktύlioV  twn  alg¶brikώn  ak¶raίwn  -5  d¶n  ¶ίnai  p¶riocή  monadikήV

paragontopoίhshV.  Σ¶ autόn ton daktύlio έcoum¶

(1 + è!!!!!!!
-5 )·(1 - è!!!!!!!

-5 ) = 6 = 2·3  

dhladή  έcoum¶  dύo  diajor¶tikέV  paragontopoiήs¶iV  tou  6,  όpou  ta  stoic¶ίa  1  ±
è!!!!!!!

-5 , 2 kai  3 ¶ίnai  mh  paragontopoiήsima  (irreducible)  kai  ta  1 ± è!!!!!!!
-5  d¶n  ¶ίnai

¶tairikά m¶ ta 2 ή 3.  

Αpόd¶ixh:  Έstw όti to stoic¶ίo 1 + è!!!!!!!
-5  = bc, gia kάpoia b, c œ R.  Τόt¶ apό thn

pollaplasiastikόthta  thV  norm  έcoum¶  6  =  n(1  +  è!!!!!!!
-5 )  =  n(b)n(c).   Οi  monάd¶V

tou  -5  ¶ίnai  ta  stoic¶ίa  ¶k¶ίna  m¶  norm  1,  dhladή  +1,  -1  œ  -5 .   Αllά  n(a  +

b
è!!!!!!!

-5 ) = a2  + 5b2  pou ¶ίnai isodύnamo m¶ 0, 1, ή 4 mod 5 "a,b œ .  Έtsi n(b) d¶n

mpor¶ί  potέ  na  isoύtai  m¶  2  ή  3  kai  έtsi  ή  to  b  ή  to  c  ¶ίnai  monάdan  kai  to  1  +
è!!!!!!!

-5  d¶n paragontopoi¶ίtai.

Γia na d¶ίxoum¶ pwV ta 1 ± è!!!!!!!
-5  d¶n ¶ίnai ¶tairikά m¶ ta 2 ή 3 parathroύm¶ pwV

oi  norm  n(2)  = 4 kai  n(3) = 9 ¶ίnai  diajor¶tikέV  apό  thn  norm  n(1 + è!!!!!!!
-5 ) = 6 kai

όpwV xέroum¶ ta ¶tairikά stoic¶ίa έcoun thn ίdia norm. //

Τo  parapάnw  parάd¶igma  d¶ίcn¶i  pwV  ta  mh  paragontopoiήsima  stoic¶ίa  d¶n

¶ίnai  kat'  anάgkh  prώta s¶ όl¶V tiV p¶riocέV.  Σton daktύlio -5  to 2 diair¶ί to

(1  + è!!!!!!!
-5 )·(1  -  è!!!!!!!

-5 ),  allά  d¶n  ¶ίnai  prώto  stoic¶ίo  ¶p¶idή  d¶n  diair¶ί  kanέnan

parάgonta.  Εpiplέon ta stoic¶ίa 6 kai 2 + 2è!!!!!!!
-5  d¶n έcoun mkd.

ΣunoyίzontaV έcoum¶ thn ¶xήV diάtaxh gnήsiaV p¶ri¶ktikόthtaV daktulίwn:

sώmata  Õ  Εukl¶ίd¶i¶V  p¶riocέV  Õ  p¶riocέV  monadikήV  paragontopoίhshV  Õ

akέrai¶V p¶riocέV Õ m¶taq¶tikoί daktύlioi Õ daktύlioi,
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όpou  kάq¶  sύnolo  gnhsίwV  p¶riέc¶tai  sto  ¶pόm¶nό tou.   Εpiplέon  iscύoun  kai  oi

¶xήV isodunamί¶V gia mίa ak¶raίa p¶riocή R:  

a.  R ¶ίnai p¶riocή monadikήV paragontopoίhshV.  

b.   Κάq¶  mh  mhd¶nikό  kai  mh  monadiaίo  stoic¶ίo  sto  R  mpor¶ί  na  grajt¶ί  san

ginόm¶no prώtwn (prime) stoic¶ίwn.  

g.   Κάq¶  mh  mhd¶nikό  kai  mh  monadiaίo  stoic¶ίo  sto  R  mpor¶ί  na  grajt¶ί  san

ginόm¶no  mh  paragontopoiήsimwn  (irreducible)  stoic¶ίwn  kai  kάq¶  mh

paragontopoiήsimo stoic¶ίo sto R ¶ίnai prώto.  

d.  Κάq¶ dύo mh mhd¶nikά stoic¶ίa sto R έcoun mkd sto R.  
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ü Γ3:  ∆aktύlioi poluwnύmwn kai ¶p¶ktάs¶iV swmάtwn

Έstw  oti  R  ¶ίnai  έnaV  m¶taq¶tikόV  daktύlioV  m¶  tautotikό  stoic¶ίo.   Ο

daktύlioV  twn  poluwnύmwn  miaV  m¶tablhtήV  m¶  sunt¶l¶stέV  apό  to  R  (ring  of

polynomials over R) ¶ίnai  to  sύnolo  S  twn  dianusmάtwn  a  = {a0 ,  a1 ,  …}, ai  œ   R,

όpou  mόnon  έnaV  p¶p¶rasmέnoV  ariqmόV  apό  ta  ai  ¶ίnai  diάjora  tou  mhd¶nόV.   Η

prόsq¶sh  kai  o  pollaplasiasmόV  poluwnύmwn  orίz¶tai  antίstoica  wV  {a0 ,  a1 ,

…}+{b0 , b1 , …} = {a0  + b0 , a1  + b1 , …} kai {a0 , a1 , …}·{b0 , b1 , …} = {c0 , c1 , …},

όpou cn  = ⁄i=0
n ai bn-i .  

Ο baqmόV, deg(a), ¶nόV mh mhd¶nikoύ poluwnύmou a, ¶ίnai o m¶galύt¶roV akέraioV

n έtsi ώst¶ an  ∫ 0, kai an  = lc(a) ¶ίnai o kύrioV sunt¶l¶stήV tou (leading coeffi-

cient).  Αn lc(a) = 1, tόt¶ lέm¶ pwV to poluώnumo έc¶i monadiaίo kύrio sunt¶l¶stή

(¶ίnai  monic).   Τo  poluώnumo  {a0 ,  a1 ,  …} parίstatai  wV  an xn  + an-1 xn-1  + ∫  +

a0 ,  όpou  ak  =  0  gia  όla  k  >  n,  όpou  h  m¶tablhtή  x  crhsimopoi¶ίtai  aplά  gia  na

dhlώn¶i  thn  qέsh  twn  sunt¶l¶stώn.   Τo  sύnolo  S  parίstatai  wV  R[x]  kai  ¶ίnai

¶pίshV  m¶taq¶tikόV  daktύlioV  (όpwV  prokύpt¶i  apό  ton  orismό  tou

pollaplasiasmoύ)  m¶  tautotikό  stoic¶ίo  ¶k¶ίno  tou  R.   Πrosέxt¶  pwV  o

daktύlioV R ¶mjanίz¶tai ston R[x] san ta staq¶rά poluώnuma (baqmoύ 0).

Ο  daktύlioV  apό  ton  opoίo  paίrnoum¶  touV  sunt¶l¶stέV  paίz¶i  shmantikόtato

rόlo sthn sump¶rijorά twn poluwnύmwn. 

Πarάd¶igma:

ΑV  q¶wrήsoum¶  ton  daktύlio  poluwnύmwn  /2[x],  dhladή  ta  poluώnuma  m¶

m¶tablhtή  x  kai  sunt¶l¶stέV  ston  daktύlio  /2.   Σton  daktύlio  autό  to

poluώnumo x2  + 1 ¶ίnai paragontopoiήsimo giatί ¶ίnai tέl¶io t¶trάgwno: (x + 1)2

= x2  + 2x + 1 = x2  + 1.  ΌmwV ston daktύlio poluwnύmwn [x] to x2  + 1 d¶n ¶ίnai

paragontopoiήsimo.

Ο  daktύlioV  twn  dunamos¶irώn  orίz¶tai  katά  ton  ίdio  trόpo  allά  cwrίV  ton

p¶riorismό "έnaV p¶p¶rasmέnoV ariqmόV apό ta ai  ¶ίnai diάjora tou mhd¶nόV" kai

sumbolίz¶tai wV R[[x]].
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Τa  poluώnuma  R[x][y]  m¶  dύo  m¶tablhtέV  (bivariate  polynomials)  mpor¶ί  na

q¶wrhqoύn  όti  ¶ίnai  poluώnuma  thV  miaV  m¶tablhtήV  y m¶  sunt¶l¶stέV  apό  R[x].

Αntίstoica,  mpor¶ί  na  q¶wrhqoύn  όti  ¶ίnai  poluώnuma  thV  miaV  m¶tablhtήV  x m¶

sunt¶l¶stέV  apό  R[y].   Έtsi  sumbolίzontai  wV  R[x,y]  kάnontaV  ¶mjanή  thn

summ¶trίa autή.  Πoluώnuma m¶ p¶rissόt¶r¶V m¶tablhtέV (multivariate polynomi-

als) sumbolίzontai wV  R[x1 ,…,xn ].

Ο  baqmόV  ¶nόV  poluώnumou  a ∫  0, m¶  pollέV  m¶tablhtέV, wV  proV  thn  m¶tablhtή

xi  sumbolίz¶tai wV degxi
(a).  Ο olikόV baqmόV tou όrou x1

d1 ∫xn
dn  ¶ίnai d1  + ∫ + dn

kai o olikόV baqmόV tou a ¶ίnai o mέgistoV olikόV baqmόV twn όrwn tou.  

Αn  R  ¶ίnai  έnaV  m¶taq¶tikόV  daktύlioV  ή  mia  akέraia  p¶riocή,  tόt¶  to  ίdio  ¶ίnai

kai  R[x]  kai  oi  monάd¶V  tou  R[x]  ¶ίnai  autέV  tou  R.   Τo  p¶rίjhmo  q¶ώrhma  tou

ΓkάouV (Gauss) maV lέ¶i pwV an R ¶ίnai mia p¶riocή monadikήV paragontopoίhshV,

tόt¶  to  ίdio  ¶ίnai  kai  R[x].   Όtan  όmwV  R  ¶ίnai  mia  Εukl¶ίdia  p¶riocή,  R[x]  d¶n

¶ίnai Εukl¶ίdia p¶riocή.  

Πarάd¶igma:

ΌpwV xέroum¶  ¶ίnai Εukl¶ίdia p¶riocή, allά έcoum¶ ¶pίshV d¶i pwV d¶n mporoύm¶

na  diairέsoum¶  m¶  upόloipo  to  x3  - 7x  + 7 m¶ to 3x2  - 7 sto  [x].  Σun¶pώV,  [x]

d¶n  ¶ίnai  Εukl¶ίdia  p¶riocή.   Γ¶nikά  ston  R[x],  όpou  R  Εukl¶ίdia  p¶riocή,  h

diaίr¶sh ¶ίnai ¶jiktή mόnon όtan o kύrioV sunt¶l¶stήV tou diairέth ¶ίnai monάda

sto R (ή όtan R ¶ίnai sώma).

Ιscύoun  oi  ¶xήV  idiόtht¶V  gia  poluώnuma  m¶  sunt¶l¶stέV  apό  thn  akέraia

p¶riocή R m¶ 1:

ä "c œ R: έcoum¶ a(c) = 0 ¶άn kai mόnon ¶άn (x - c) » a.  

ä an a ∫ 0, tόt¶ a έc¶i to polύ deg(a) rίz¶V sto R.

Η  d¶ύt¶rh  idiόthta  d¶n  iscύ¶i  s¶  όlouV  touV  daktύliouV.   Έtsi  gia  parάd¶igma

to poluώnumo prώtou baqmoύ a = x œ /4[x] έc¶i dύo rίz¶V 0 kai 4.

Γia tucόn m œ , o kanonikόV omoiomorjismόV daktulίwn (canonical ring homomor-

phism) j  :    Ø /m  mpor¶ί  na  ¶jarmosq¶ί  s¶  kάq¶  έnan  apό  touV  sunt¶l¶stέV
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¶nόV  poluwnύmou.   Αutό  sun¶pάg¶tai  ton  antίstoico  omoiomorjismό  j  :  [x]  Ø

/m[x]  pou  sumbolίz¶tai  ¶pίshV  m¶  j.   Ο  purήnaV  autoύ  tou  omoiomorjismoύ

¶ίnai  ker(j)  =  m[x],  to  id¶ώd¶V  twn  poluwnύmwn  m¶  όlouV  touV  sunt¶l¶stέV

pollaplάsia tou m.

Γia  ta  poluώnuma  upάrc¶i  kai  o  omoiomorjismόV  diatίmhshV  ή  ¶ktίmhshV

(evaluation  homomorphism)  ¶  :  R[x]  Ø  R,  pou  gia  kάq¶  staq¶rό  stoic¶ίo  tou

daktulίou,  c  œ  R  kai  R[x]  œ  f  maV  dίn¶i:  ¶(f)  =  f(c)  œ  R,  thn  diatίmhsh  sto  c  (thn

timή tou f sto c).  Ο purήnaV  autoύ tou omoiomorjismoύ ¶ίnai ker(¶) = {R[x] œ f »
f(c)  = 0}.   Τo  sύnolo  autό  όmwV,  bάs¶i  twn  idiotήtwn  pou  proanajέram¶,  ¶ίnai  to

id¶ώd¶V Xx - c\, kai έtsi ker(¶) = Xx - c\.  Αpό to q¶ώrhma omoiomorjismoύ  daktulίwn

έcoum¶ R[x]/ker(¶) @ im(¶).  Εdώ όmwV gia thn ¶ikόna thV ¶ iscύ¶i im(¶) = R diόti h

¶  ¶ίnai  monosήmanth  kai  ¶pί  ajoύ  gia  kάq¶  r  œ  R  to  staq¶rό  poluώnumo  f(x)  = r

paίrn¶i thn timή r m¶ diatίmhsh sto c.  Άra R[x]/Xx - c\ @ R.

Ο omoiomorjismόV diatίmhshV ¶ίnai ¶idikή p¶rίptwsh (gia m = x - c) tou kanonikoύ

omoiomorjismoύ  R[x]  Ø  R[x]/Xm\,  gia  "m  œ  R[x].   Σthn  g¶nikή  p¶rίptwsh,  an  m

¶ίnai  mh staq¶rό  poluώnumo m¶ kύrio  sunt¶l¶stή  1, tόt¶ ta poluώnuma f œ R[x]

baqmoύ  mikrόt¶rou  tou  deg(m)  apot¶loύn  έna  sύsthma  antiprosώpwn  gia  to

id¶ώd¶V  Xm\.   Οi  antiprόswpoi  autoί  apot¶loύn  ton  daktύlio  phlίkwn  R[x]/Xm\  m¶

prόsq¶sh kai pollaplasiasmό modulo m.

Οi  omoiomorjismoί  ¶ίnai  m¶taq¶tikoί  m¶  tiV  poluwnumikέV  ¶kjrάs¶iV.   ∆hladή,

g¶nikά an R kai S ¶ίnai daktύlioi, j : R Ø S ¶ίnai omoiomorjismόV daktulίwn kai f œ

R[x1 , …,xn ] ¶ίnai έna poluώnumo pollώn m¶tablhtώn tόt¶ gia ta stoic¶ίa c1 , …,

cn  œ R iscύ¶i 

j(f(c1 , …,cn )) = j(f)(j(c1 ), …,j(cn )).

 Πarάd¶igma:  

Έstw  j  :    Ø  /6  o  omoiomorjismόV  daktulίwn  kai  f(x,  y)  =  15x  +  28y  h

poluwnumikή  έkjrash.   Τόt¶  f(2,  3) = 114, kai  j(f(2,  3))  = 0.   Τo  ίdio  apotέl¶sma

όmwV paίrnoum¶ kai ¶rgazόm¶noi m¶ to d¶xί skέloV thV ¶xίswshV j(f)(j(2), j(3)) =

3j(2) + 4j(3) = 6 + 12 = 18 = 0 ston /6.
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Σto  Mathematica  o  omoiomorjismόV  j  kai  h  poluwnumikή  έkjrash  f  ¶ίnai

(antίstoica):

Clear@ϕ, fD; ϕ@x_IntegerD := Mod@x, 6D; f@x_, y_D := 15 x + 28 y;

Η έkjrash j(f(c1 , …,cn )) upologίz¶tai wV:

ϕ@ f@x, yDD ê. 8x → 8, y → 10<

4

¶nώ h έkjrash j(f)(j(c1 ), …,j(cn )) upologίz¶tai wV:

ϕ@f@x, yDD ê. 8x → ϕ@8D, y → ϕ@10D<

4

Τo  apotέl¶sma  ¶ίnai  to  ίdio  kai  stiV  dύo  p¶riptώs¶iV  kai  maV  lέ¶i  pwV  oi

omoiomorjismoί  ¶ίnai  m¶taq¶tikoί  kai  m¶  tiV  tάx¶iV  isodunamίaV.   ∆hladή,  g¶nikά

an  I  ¶ίnai  έna  id¶ώd¶V  tou  R,  j  :  R  Ø  S  ¶ίnai  omoiomorjismόV  daktulίwn  kai  f  œ

R[x1 ,  …, xn ]  ¶ίnai  έna  poluώnumo  pollώn  m¶tablhtώn  tόt¶  gia  ta  stoic¶ίa  c1 ,

…, cn , c1
êêê ,…, cn

êêê  œ R pou ikanopoioύn tiV scέs¶iV ci  ª ci
êêê  mod I gia 0 § i § n iscύ¶i:

f(c1 ,  …, cn )  ª  f(c1
êêê ,  …,  cn

êêê)  mod  I.   Αutό  apot¶l¶ί  kai  thn  bάsh  thV  ariqmhtikήV

upoloίpwn (modular arithmetic) pou qa ¶x¶tάsoum¶ argόt¶ra.

ΟrismόV: 

Αn R ¶ίnai  akέraia  p¶riocή tόt¶ F  = { aÅÅÅÅb » a,b œ R, b ∫  0} ¶ίnai  to sώma phlίkwn

(field of fractions ή quotient field) tou R.  

Πarάrthma Γ:  Σώmata

ΑlkibiάdhV Γ. ΑkrίtaV 67 ΤΜΗΥΤ∆, ΠΘ



Πarad¶ίgmata:

1.  Αn R ¶ίnai sώma, tόt¶ to sώma phlίkwn tou ¶ίnai to ίdio to R.  

2.  Οi  akέraioi   ¶ίnai  mia  akέraia  p¶riocή thV  opoίaV to  sώma phlίkwn  ¶ίnai ,

oi klasmatikoί ariqmoί.  

3.   Ο  upodaktύlioV  2  tou    d¶n  έc¶i  tautotikό  stoic¶ίo  (oύt¶  kai

mhd¶nodiairέt¶V).   Τo  sώma  phlίkwn  tou  ¶ίnai  ¶pίshV  .  (Πrosέxt¶  pwV

“¶mjanίsthk¶” to tautotikό stoic¶ίo.)

4.   ΌpwV  έcoum¶  d¶i  an  R  ¶ίnai  akέraia  p¶riocή,  to  ίdio  ¶ίnai  kai  o  daktύlioV

poluwnύmwn  R[x].   Τo  sώma  phlίkwn  tou  R[x]  ¶ίnai  to  sώma  twn  klasmatikώn

sunartήs¶wn wV proV x.  Τa stoic¶ίa autoύ tou sώmatoV ¶ίnai thV morjήV pHxLÅÅÅÅÅÅÅÅÅÅqHxL ,

όpou  p(x)  kai  q(x)  ¶ίnai  poluώnuma  m¶  sunt¶l¶stέV  apό  to  R  kai  q(x)  ¶ίnai  mh

mhd¶nikό  poluώnumo.   Τa  poluώnuma  p(x)  kai  q(x)  mpor¶ί  na  ¶ίnai  staq¶rά

poluώnuma  kai  έtsi  to  sώma  twn  klasmatikώn  sunartήs¶wn  p¶riέc¶i  to  sώma

phlίkwn  tou  R,  dhladή  to  sύnolo  F  =  { aÅÅÅÅb »  a,b  œ  R,  b  ∫  0}.   ∆hladή  to  sώma

phlίkwn  tou  R[x]  ¶ίnai  to  ίdio  m¶  to  sώma  phlίkwn  tou  F[x]  kai  sumbolίz¶tai  m¶

F(x).  Σun¶pώV, an R =  tόt¶ F = , to sώma phlίkwn tou [x] ¶ίnai to ίdio m¶ to

sώma phlίkwn tou [x] kai sumbolίz¶tai m¶ (x).

ΟrismόV:   

Αn  έna  sώma  F  p¶riέc¶tai  s¶  kάpoio  άllo  sώma  E tόt¶  lέm¶  pwV  to  E  ¶ίnai  to

sώma  ¶pέktashV  (extension  field)  tou  F  kai  pwV  to  F  ¶ίnai  uposώma  (subfield)

tou E.  Τo sώma F onomάz¶tai kai bάsh (base field) thV ¶pέktashV.

Πarάd¶igma:

Τo  ¶ίnai sώma ¶pέktashV tou , kai to  ¶ίnai sώma ¶pέktashV tou .

ΟrismόV: 

Έna stoic¶ίo a œ E lέm¶ pwV ¶ίnai alg¶brikό (algebraic) sto F an to a ¶ίnai rίza

¶nόV  mh  mhd¶nikoύ  poluwnύmou  f(x)  œ  F[x]  (ή  an  to  dianusmatikό  p¶dίo  pou

parάg¶tai  apό  1,  a,  a2 ,  …  ¶ίnai  p¶p¶rasmέnhV  diάstashV).   Σtoic¶ίa  pou  d¶n

¶ίnai alg¶brikά  lέgontai up¶rbatikά  (transcendental).   Αn όla  ta stoic¶ίa  tou E
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¶ίnai  alg¶brikά  sto  F,  tόt¶  lέm¶  pwV  to  E  ¶ίnai  alg¶brikή  ¶pέktash  (algebraic

extension). 

Πarad¶ίgmata:

1.  Όla ta stoic¶ίa ¶nόV sώmatoV F ¶ίnai alg¶brikά sto F.  Τo stoic¶ίo Â = è!!!!!!!
-1

œ  ¶ίnai alg¶brikό sta  kai  (rίza tou f(x) = x2  + 1).  

2.  Τa stoic¶ίa p kai ‰ ¶ίnai up¶rbatikά sto .  

3.  Τo  ¶ίnai alg¶brikή ¶pέktash tou  allά όci tou .

ΟrismόV: 

Αn  to  E  ¶ίnai  sώma  ¶pέktashV  tou  F,  tόt¶  o  baqmόV  ή  d¶ίkthV  thV  ¶pέktashV

(degree ή  index) [E : F], ¶ίnai  h diάstash  tou E san  dianusmatikόV cώroV sto F.

∆hladή [E : F] = dimF (E).  Η ¶pέktash ¶ίnai p¶p¶rasmέnh  (finite) an [E : F] ¶ίnai

p¶p¶rasmέnoV,  alliώV  ¶ίnai  άp¶irh  (infinite)—gia  up¶rbatikά  stoic¶ίa.

Π¶p¶rasmέn¶V  ¶p¶ktάs¶iV  ¶ίnai  pάntot¶  alg¶brikέV.   Γia  tiV  p¶p¶rasmέn¶V

¶p¶ktάs¶iV  F Œ E Œ K, iscύ¶i: [K : F] = [K : E]·[E : F].

Αn  a  œ  E  ¶ίnai  alg¶brikό  sto  F,  tόt¶  to  sύnolo  I  = {f(x)  œ  F[x] »  f(a)  = 0} όlwn

twn  poluwnύmwn  m¶  sunt¶l¶stέV  apό  to  F  pou  έcoun  to  a  san  rίza  ¶ίnai  έna

id¶ώd¶V  sto  F[x].   Εp¶idή  F  ¶ίnai  sώma  έp¶tai  pwV  F[x] ¶ίnai  Εukl¶ίdia  p¶riocή.

Εm¶ίV  όmwV  xέroum¶  pwV  stiV  Εukl¶ίdi¶V  p¶riocέV  kάq¶  id¶ώd¶V  ¶ίnai  kύrio.   Αutό

sun¶pάg¶tai  pwV  upάrc¶i  έna  poluώnumo  ma  m¶  monadiaίo  kύrio  sunt¶l¶stή  kai

m¶  ton  mikrόt¶ro  dunatό  ¶kqέth  ώst¶  I  =  Xma \.   Τo  poluώnumo  ma  lέg¶tai  to

¶lάcisto poluώnumo (minimal polynomial) tou a kai ¶ίnai mh paragontopoiήsimo

(diόti alliώV qa upήrc¶ poluώnumo mikrόt¶rou baqmoύ m¶ riza to a).

Αjoύ  to  ma  parάg¶i  to  id¶ώd¶V  I  έp¶tai  pwV  kάq¶  poluώnumo  pou  έc¶i  rίza  to  a

diair¶ίtai  apό  to  ma ,  pou  ¶ίnai  kai  to  monadikό  poluώnumo  m¶  monadiaίo

sunt¶l¶stή  pou  έc¶i  autή  thn  idiόthta.   Ο  baqmόV  tou  ma  ¶ίnai  deg(ma )  kai  an

F(a) Œ E ¶ίnai to mikrόt¶ro sώma pou p¶riέc¶i to F kai to a, tόt¶ deg(ma ) = [F(a)

: F].  
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Πarάd¶igma:

Αn F = , E = , a = Â tόt¶ ma  = mÂ  = x2  + 1, (Â) =  kai deg(mÂ ) = 2 = [ : ].

Μporoύm¶  na  katask¶uάsoum¶  mia  alg¶brikή  ¶pέktash  E  tou  sώmatoV  F

paίrnontaV E = F[x]/X f \ gia kάpoio mh paragontopoiήsimo poluώnumo f .  

Θ¶ώrhma (katask¶uastikό): 

Έstw  to  mh  paragontopoiήsimo  poluώnumo  baqmoύ  n,  f  œ  F[x],  F  sώma,  kai

q¶wroύm¶ to sώma phlίkwn E = F[x]/X f \.  Αn a = x mod f  œ E (dhladή to a ¶ίnai

rίza tou f) tόt¶ ta stoic¶ίa 

1, a, a2 , …, an-1

ή isodύnama

1 mod f , x mod f , x2  mod f , …, xn-1  mod f

¶ίnai  mia  bάsh  tou  (dianusmatikoύ  cώrou)  E  kai  [E  :  F]  =  n.   Άra  to  sώma  E,  h

alg¶brikή ¶pέktash tou sώmatoV F, ¶ίnai to sύnolo poluwnύmwn baqmoύ <  n

E = {c0  + c1 a + c2 a2  + ∫ + cn-1 an-1  » c0 , c1 , …, cn-1  œ F}

Αpόd¶ixh: 

Έstw a(x) œ F[x] tucόn polunώmio.  Εp¶idή F[x] ¶ίnai Εukl¶ίdia p¶riocή mporoύm¶

na diairέsoum¶ to a(x) m¶ to f(x):

a(x) = f(x)q(x) + r(x),    q(x), r(x) œ F[x], deg(r(x)) < n.

Τo f(x)q(x) ¶ίnai sto id¶ώd¶V X f \ kai άra a(x) ª r(x) mod f .  Αutό d¶ίcn¶i pwV kάq¶

tάxh  upoloίpwn  (isodunamίaV)  tou  F[x]/X f \  parίstatai  apό  έna  poluώnumo

baqmoύ <  n.  ΕpomέnwV ta stoic¶ίa 1, a, a2 , …, an-1  kalύptoun ton dianusmatikό

cώro E.  
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Θa d¶ίxoum¶ m¶ thn ¶iV άtopo apagwgή pwV ta stoic¶ίa 1, a, a2 , …, an-1  ¶ίnai kai

grammikώV  an¶xάrthta,  dhladή  apot¶loύn  bάsh  tou  cώrou.   ΑV  upoqέsoum¶  to

antίq¶to.  Τόt¶ upάrc¶i grammikόV sundiasmόV

 b0  + b1 a + b2 a2  + ∫ + bn-1 an-1  = 0

sto E m¶  b0 , b1 , …, bn-1  œ F, kai m¶rikά apό auta ∫ 0.  Αutό shmaίn¶i pwV

 b0  + b1 a + b2 a2  + ∫ + bn-1 an-1  ª 0 mod f

ή όti to f(x) diair¶ί to  b0  + b1 a + b2 a2  + ∫ + bn-1 an-1  sto F[x].  Αutό όmwV ¶ίnai

adύnato diόti to poluώnumo b0  + b1 a + b2 a2  + ∫ + bn-1 an-1  ¶ίnai baqmoύ § n - 1

¶nώ  to  f(x)  baqmoύ  n.   Άra  ta  stoic¶ίa  1,  a,  a2 ,  …,  an-1  ¶ίnai  bάsh  tou

dianusmatikoύ cώrou E kai [E : F] = n. //

Πarάd¶igma:

Αkolouqoύm¶  thn  katask¶uή  tou  q¶wrήmatoV  sthn  ¶idikή  p¶rίptwsh  pou  F  =  

kai f(x) = x2  + 1.  Τόt¶ to sώma E = [x]/Xx2 + 1\ ¶ίnai mia ¶pέktash tou  baqmoύ

2,  mέsa  sthn  opoίa  brίsk¶tai  mia  rίza  tou  x2 + 1.   Τa  stoic¶ίa  tou  sώmatoV

¶pέktashV tou  ¶ίnai thV morjήV a + ba m¶ a,b œ .  Η prόsq¶sh orίz¶tai wV

(a + ba) + (c + da) = (a + c) + (b + d)a.

Γia ton pollaplasiasmό crhsimopoioύm¶ to g¶gonόV όti x2  + 1 = 0, ή to όti a2  =

-1 sto E.  (ΑlliώV, to -1 ¶ίnai to upόloipo όtan to x2  diair¶ίtai m¶ to x2  + 1 ston

[x].)  Τόt¶

                  (a + ba)·(c + da)  =  ac + (ad + bc)a + bda2

=  ac + (ad + bc)a + bd(-1)

=  (ac - bd) + (ad + bc)a 

Αutoί ¶ίnai kai oi tύpoi prόsq¶shV kai pollaplasiasmoύ sto .  Μ¶ άlla lόgia

h ap¶ikόnish 
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j : [x]/Xx2 + 1\ Ø 

a + bx Ø a + bÂ

¶ίnai  έnaV  omoiomorjismόV,  kai  ¶pidή  ¶ίnai  amjimonosήmantoV  ¶ίnai

isomorjismόV.   ΕpomέnwV  qa  mporoύsam¶  na  ¶ίcam¶  orίs¶i  ton    m¶  ton

isomorjismό autό, kai bάs¶i tou q¶wrήmatoV  ¶ίnai sώma.

ΟrismόV: 

Έna  sώma  E  pou  ¶ίnai  alg¶brikή  ¶pέktash  tou  sώmatoV  F  lέg¶tai  sώma

diάspashV  (splitting  field)  ¶nόV  mh  mhd¶nikoύ  poluwnύmou  f  œ  F[x]  an  to  f

diaspάtai  s¶  ginόm¶no  grammikώn  paragόntwn  sto  E,  allά  d¶n  diaspάtai  s¶

kanέna  gnήsio  uposώma  tou  E.   Έna  sώma  F  lέg¶tai  alg¶brikά  kl¶istό

(algebraically closed) an  kai  mόno  an  kάq¶ mh staq¶rό poluώnumo f œ F[x] έc¶i  mia

rίza  sto  F—opόt¶  to  f  έc¶i  deg(f)  rίz¶V,  m¶trώntaV  pollaplόtht¶V.   (Τo    έc¶i

autήn thn idiόthta.)  
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Αskήs¶iV 

1:  Έstw  όti  XFn \  ¶ίnai  h  akolouqίa  twn  ariqmώn  Fibonacci  pou  orίz¶tai  apό  tiV

arcikέV  timέV  F0  =  0,  F1  =  1,  kai  thn  scέsh  Fn  =  Fn-1  +  Fn-2 .   ∆¶ίxt¶  όti  kάq¶

q¶tikόV akέraioV a mpor¶ί na grajt¶ί san 

a = ⁄n=2
m an Fn  m¶ an œ {0, 1}.

 όpou o d¶ίkthV n arcίz¶i apό to 2. 

a.  Π¶rigrάyt¶ έnan algόriqmo pou na brίsk¶i thn monadikή autή parάstash tou

ak¶raίou  a.   (Κάq¶  monadikό  sύsthma  parάstashV  ¶ίnai  έna  sύsthma  ariqmώn.

Έtsi  ¶dώ  έcoum¶  to  sύsthma  ariqmώn  Fibonacci.)   Γia  parάd¶igma  o  ariqmόV  20

sto  sύsthma  Fibonacci  ¶ίnai:  20  =  80, 1, 0, 1, 0, 1<F  pou  isodunam¶ί  m¶  0 F2 +

1 F3 + 0 F4 + 1 F5 + 0 F6 + 1 F7 = 2 + 5 + 13. 

b.   Τo  sύsthma  ariqmώn  Fibonacci  moiάz¶i  polύ  m¶  to  duadikό  sύsthma.   Η  mόnh

diajorά  ¶ίnai  pwV  sto  prώto  d¶n  upάrcoun  potέ  dύo  g¶itonikά  "1".   Εxhg¶ίst¶

giatί sumbaίn¶i autό.

2:  Σc¶diάst¶  έnan  algόriqmo  (όmoio  m¶  ton  algόriqmo  prόsq¶shV  ak¶raίwn)  gia

thn  ajaίr¶sh  dύo  ak¶raίwn  pollaplήV  akrίb¶iaV  a  kai  b  tou  ίdiou  prosήmou  kai

m¶ »a» > »b».  Γia ton skopό autό kaqorίst¶ mia ¶ntolή tou ¶p¶x¶rgastή (anάlogh

m¶  autήn  pou  orίsam¶  gia  thn  prόsq¶sh)  pou  ¶kt¶l¶ί  ajaίr¶sh  dύo  ak¶raίwn

ariqmώn  aplήV  akrib¶ίaV.   ΕpίshV  crhshmopoiήst¶  thn  shmaίa  tou  kratoύm¶nou

gia na katalάb¶t¶ an to apotέl¶sma ¶ίnai arnhtikό ή όci.

3:  Χrhsimopoiήst¶  thn  glώssa  programmatismoύ  C  kai  thn  biblioqήkh  GMP

(apό  thn  di¶ύqunsh  http://www.swox.com/gmp)  gia  na  programmatίs¶t¶  ton

algόriqmo prόsq¶shV ak¶raίwn pollaplήV akrib¶ίaV (#include <stdio.h>, #include

"gmp.h").

4: a.  ∆oqέntoV  ¶nόV ak¶raίou a pwV qa  br¶ίt¶ ta yhjίa tou wV proV thn bάsh b;

Υp¶nqύmish:  Σthn  prόsq¶sh  ak¶raίwn  pollaplήV  akrib¶ίaV  crhsimopoiήsam¶
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apό  to  Mathematica  thn  sunάrthsh  IntegerDigits[]  gia  na  broύm¶  ta  yhjίa  tou

ak¶raίou  a  wV  proV  thn  bάsh  b,  kai  thn  sunάrthsh  FromDigits[]  gia  thn

antίstrojh prάxh. 

b.   Χrhsimopoiήst¶  thn  sunάrthsh  Fold[]  tou  Mathematica  gia  na  brήt¶  ton

akέraio a όtan dίnontai ta yhjίa tou wV proV mίa bάsh b.  (Τhn sunάrthsh autή

thn crhsimopoiήsam¶ sthn prόsq¶sh poluwnύmwn, gia anάlogo skopό.)

5: Σton p¶rigrajή twn algorίqmwn gia ton pollaplasiasmό kai thn diaίr¶sh dύo

poluwnύmwn  cr¶iazόmast¶  έnan  άllo  algόriqmo  pou  pollaplasiάz¶i  έna

poluώnumo  b  m¶  touV  ak¶raίouV  ai  ή  qi  aplήV  ή  pollaplήV  akrib¶ίaV.

Π¶rigrάyt¶ έnan tέtoio algόriqmo kai upologίst¶ to kόstoV upologismoύ tou.

6:  Σton  p¶rigrajή  tou  algorίqmou  gia  ton  pollaplasiasmό  dύo  ak¶raίwn

pollaplήV  akrib¶ίaV  cr¶iazόmast¶  έnan  άllo  algόriqmo  gia  ton

pollaplasiasmό  tou  ak¶raίou  pollaplήV  akrib¶ίaV  b  ¶pί  ton  akέraio  aplήV

akrib¶ίaV ai .  Ο d¶ύt¶roV autόV pollaplasiasmόV gίn¶tai m¶ thn boήq¶ia ¶idikήV

¶ntolήV  pollaplasiasmoύ  ak¶raίwn  aplήV  akrib¶ίaV.   Π¶rigrάyt¶  έnan  tέtoio

algόriqmo  kai  apod¶ίxt¶  όti  crhsimopoi¶ί  l(a)  pollaplasiasmoύV  aplήV

akrib¶ίaV kai άll¶V tόs¶V prosqέs¶iV aplήV akrib¶ίaV.

7:  Αpod¶ίxt¶  όti  an  pollaplasiάsoum¶  touV  q¶tikoύV  ak¶raίouV  a  =  ⁄0§i§n ai b i

kai b  = ⁄0§i§n-1 bi b i  m¶ ton akέraio k = e bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅbn-1+1 u  tόt¶ to pio shmantikό yhjίo tou kb ,

έstw to bn-1
k , ikanopoi¶ί thn anisόthta bn-1

k  ¥ bÅÅÅÅÅ2 .

8: ΠoiέV sunartήs¶iV auxάnontai grhgorόt¶ra:

a.  nHln nL  ή Hln nLn ;

b.  (n!)! ή ((n-1)!)!Hn - 1L!n! ;

9:  Πollaplasiάst¶  (ln  n  +  g  +  Ο( 1ÅÅÅÅn ))  ¶pί  (n  +  Ο(è!!!n ))  kai  ¶kjrάst¶  to

apotέl¶sma m¶ ton Ο-sumbolismό.

10: Σthn άskhsh autή  oi sunartήs¶iV FindInstance[] ή  Resolve[] tou Mathematica

(έkdosh ¥ 5.0) mporoύn na janoύn crήsim¶V.  

a.   Πarίstatai  o  d¶kadikόV  ariqmόV  0.1  akribώV  ston  upologistή  saV;   Αn  όci

1:  Βasikoί Αlgόriqmoi

ΑlkibiάdhV Γ. ΑkrίtaV 74 ΤΜΗΥΤ∆, ΠΘ



poiόV ¶ίnai o plhsiέst¶roV ariqmόV kinhtήV upodiastolήV; 

b.  ΠwV parίstantai oi ariqmoί 1ÅÅÅÅ2 , 2ÅÅÅÅ3  kai 3ÅÅÅÅ5 ston upologistή saV;  

11: Τo parakάtw prόgramma upologίz¶i to e tou upologistή ston opoίo grάjthk¶

to biblίo autό

eps = 1; eps = 0.5 eps; epsp1 = eps + 1;
While@epsp1 − 1 > 0, eps = 0.5 eps; epsp1 = eps + 1D; eps = epsê0.5

2.22045×10−16

eps == $MachineEpsilon

True

Αn ston brόgco antikatastήsoum¶ to t¶st "epsp1-1>0" m¶ to t¶st "epsp1>1" to

apotέl¶sma diajέr¶i katά orismέn¶V dunάm¶iV tou 2.  

eps = 1; eps = 0.5 eps; epsp1 = eps + 1;
While@epsp1 > 1, eps = 0.5 eps; epsp1 = eps + 1D; eps = epsê0.5

2.84217×10−14

Αn kai h diajorά autή d¶n dhmiourg¶ί problήmata, ¶ίnai ¶nd¶iktikό thV adunamίaV

tou  Mathematica  na  sugkrίn¶i  ston  d¶domέno  upologistή  dύo  ariqmoύV  pou

diajέroun  ¶lάcista  m¶taxύ  touV—m¶  apotέl¶sma  na  kataj¶ύgoum¶  s¶

ajaίr¶sh.   ΠώV  sump¶rijέr¶tai  to  Mathematica  (ή  opoiodήpot¶  άllo  sύsthma

diaqέt¶t¶) ston upologistή saV;
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Κ¶jάlaio  2:   Ο  klassikόV  kai  ¶p¶ktamέnoV  Εukl¶ίd¶ioV

algόriqmoV

ΌpwV  έcoum¶  d¶i,  s¶  pollέV  p¶riptώs¶iV,  oi  akέraioi  kai  ta  poluώnuma  m¶

sunt¶l¶stέV  apό  έna  sώma  sump¶rijέrontai  katά  ton  ίdio  trόpo.   Σucnά  oi

algόriqmoi ¶ίnai όmoioi kai mpor¶ί kan¶ίV na br¶i mia g¶nίk¶ush twn dύo p¶riocώn.

Τόt¶  ark¶ί  na  sc¶diάsoum¶  έnan  algόriqmo  gia  thn  g¶nikή  p¶rίptwsh  kai  na

lύsoum¶  kai  ta  dύo  problήmata  sύmjwna  m¶  to  rhtό:  “m'  έnan  smpάro  duo

trigώnia”.   Σthn  p¶rίptwsή  maV  h  Εukl¶ίd¶ia  p¶riocή  paίz¶i  ton  rόlo  thV

omprέlaV  pou  kalύpt¶i  tiV  domikέV  omoiόtht¶V  ston  upologismό  ¶nόV  mέgistou

koinoύ  diairέth,  ή  mkd,  (greatest  common  divisor  or  gcd)  m¶taxύ  dύo  ak¶raίwn  kai

dύo poluwnύmwn.

ΌpwV  gnwrίzoum¶,  o  (klassikόV)  Εukl¶ίd¶ioV  algόriqmoV  gia  thn  ¶ύr¶sh  tou

mέgistou  koinoύ  diairέth,  ή  mkd,  dύo  ak¶raίwn  612  kai  342  p¶rilambάn¶i  ta  ¶xήV

bήmata:

612 = 1·342 + 270,

342 = 1·270 + 72

270 = 3·72 + 54,

  72 = 1·54 + 18,

  54 = 3·18 + 0,

kai  18  ¶ίnai  o  mkd  twn  612  kai  342.   Μia  apό  tiV  pio  shmantikέV  ¶jarmogέV  tou

¶ίnai  stouV  klasmatikoύV  ariqmoύV  όpou  prέp¶i  na  aplopoioύm¶  to  342ÅÅÅÅÅÅÅÅÅ612  s¶  19ÅÅÅÅÅÅÅ34

gia  na  kratάm¶  touV  ariqmoύV  όso  gίn¶tai  mikrόt¶rouV.   Ο  ariqmόV  L  twn

diairέs¶wn  (L  =  5  sthn  prok¶imέnh  p¶rίptwsh)  lέg¶tai  to  Εukl¶ίd¶io  mήkoV

(Euclidean length) tou z¶ύgouV {612, 342}.

Ο  parapάnw  algόriqmoV  mpor¶ί  na  prosarmosq¶ί  kai  na  crhshmopoihq¶ί  gia  thn

¶ύr¶sh ¶nόV mέgistou koinoύ diairέth dύo poluwnύmwn.  
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Σta ¶pόm¶na qa parousiάsoum¶ ton Εukl¶ίd¶io algόriqmo sthn g¶nikή tou morjή,

sthn  Εukl¶ίd¶ia  p¶riocή  R,  kalύptontaV  sugcrόnwV  touV  ak¶raίouV  kai  ta

poluώnuma.   Έtsi  o  daktύlioV  R  mpor¶ί  na  ¶ίnai  ή  o  daktύlioV  twn  ak¶raίwn  (m¶

sunάrthsh  m¶gέqouV  thn  apόluth  timή)  ή  o  daktύlioV  twn  poluwnύmwn  m¶

sunt¶l¶stέV apό to R (m¶ sunάrthsh m¶gέqouV ton baqmό tou poluwnύmou).  

Σto  Mathematica  h  sunάrthsh  GCD[n1 ,  n2 ,  …],  maV  dίn¶i  ton  mέgisto  koinό

diairέth  twn  ak¶raίwn  ni  ¶nώ  h  sunάrthsh  PolynomialGCD[poly1 ,  poly2 ,  …] maV

dίn¶i  ton  mέgisto  koinό  diairέth  twn  poluwnύmwn  polyi .   Έtsi  gia  to  parάd¶igmά

maV έcoum¶:

GCD@612, 342D

18
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2.1  Ο klassikόV Εukl¶ίd¶ioV algόriqmoV

Αrcikά ¶panalambάnoum¶ m¶rikoύV orismoύV kai diάjor¶V gnwstέV έnnoi¶V.

ΟrismόV:  

Μia  akέraia  p¶riocή  R  lέg¶tai  Εukl¶ίd¶ia  p¶riocή  (Euclidean domain) an  upάrc¶i

mia  Εukl¶ίd¶ia  sunάrthsh  (Euclidean  function)  ή  sunάrthsh  m¶gέqouV  (size

function) s :  Rî{0} Ø ¥0  apό ta mh mhd¶nikά stoic¶ίa tou R stouV mh arnhtikoύV

ak¶raίouV, έtsi ώst¶ "a,b œ R, b ∫ 0, $q,r œ R (όci kat' anάgkh monadikά) ώst¶ a

= qb + r kai ¶ίt¶ r = 0 ¶ίt¶ s(r) < s(b).  Τo q = quo(a, b) lέg¶tai phlίko  (quotient)

kai to r = rem(a, b) upόloipo (remainder).  

Πrosέxt¶  pwV  an  orίsoum¶  s(0)  =  -1,  (ή  s(0)  =  m¶  opoiondήpot¶  άllo  arnhtikό

ariqmό)  tόt¶  mporoύm¶  na  poύm¶  aplά  όti  s(r)  <  s(b)  cwrίV  na  x¶cwrίzoum¶  thn

p¶rίptwsh  r  =  0.  ΕpίshV,  anάloga  m¶  thn  p¶rίstash  h  Εukl¶ίd¶ia  sunάrthsh  s

qa parίstatai kai m¶ diajor¶tikά grάmmata.  

Σto  parάrthma  p¶rί  daktulίwn  tou  prώtou  k¶jalaίou  έcoum¶  parousiάs¶i

orismέna  parad¶ίgmata  m¶  diajor¶tikέV  sunartήs¶iV  m¶gέqouV.   Αkolouqoύn

m¶rikά akόma parad¶ίgmata.  Βlέp¶ kai tiV askήs¶iV.

Πarad¶ίgmata:

1.   Ο  daktύlioV  twn  migadikώn  ak¶raίwn  (Gaussian  integers)  R  =  [i]  m¶  sunάrthsh

m¶gέqouV (norm) n : R Ø  pou orίz¶tai m¶ n(a) = aaêê = »a»2  = b2  + c2 , όpou aêê  ¶ίnai o

suzugήV migadikόV tou a = b + ci, m¶ i = è!!!!!!!
-1  kai b, c œ R.  

2.  Ο daktύlioV R = F[x], όpou F ¶ίnai sώma m¶ sunάrthsh m¶gέqouV ton baqmό tou

poluwnύmou  d(a)  =  deg(a).   ΩV  baqmόV  tou  mhd¶nikoύ  poluwnύmou  orίz¶tai

opoiosdήpot¶  arnhtikόV  ariqmόV.   ΌpwV  έcoum¶  d¶ί,  όtan  lc(b)  tou  b  ¶ίnai  mia

monάda  (unit)  ston  R,  to  phlίko  kai  to  upόloipo  upologίzontai  monosήmanta

(apod¶ίxt¶ to).
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ΟrismόV:  

Έstw  mίa  Εukl¶ίd¶ia  p¶riocή  R  kai  a,b,c  œ  R.   Τόt¶  to  c  ¶ίnai  έnaV  mέgistoV

koinόV diairέthV ή mkd (greatest common divisor or gcd) twn a kai b an:

a.  c » a kai c » b, kai

b.  an d » a kai d » b, tόt¶ d » c, "d œ R.

Κatά  ton  ίdio  trόpo  to  c  ¶ίnai  έna  ¶lάcisto  koinό  pollaplάsio  (ή  ¶kp)  (least

common multiple or lcm) twn a kai b an:

a.  a » c kai b » c, kai

b.  an a » d kai b » d, tόt¶ c » d, "d œ R.

ΤέloV,  έna  stoic¶ίo  u  œ  R lέg¶tai  monάda  (unit)  sto  R an  upάrc¶i  kάpoio  v  œ  R

έtsi ώst¶ uv = vu = 1 (dhladή v = u-1 ), ¶nώ έna stoic¶ίo a œ R lέg¶tai ¶tairikό

(associate)  tou  stoic¶ίou  b œ  R,  an  upάrc¶i  mia  monάda  u  έtsi  ώst¶  a = ub.   Μ¶

ton sumbolismό  a ~ b upodhlώnoum¶ ¶tairikά stoic¶ίa.  

Πarad¶ίgmata  tόso  gia  monάd¶V  όso  kai  gia  ¶tairikά  stoic¶ίa  ¶nόV  daktulίou  R

upάrcoun sto parάrthma p¶rί daktulίwn tou prώtou k¶jalaίou

Σan parάd¶igma twn orismώn pou mόliV anajέram¶, blέpoum¶ pwV to 2 ¶ίnai έnaV

mkd  twn  4 kai  6, ¶nώ  to  12 ¶ίnai  έna  ¶kp  twn  4 kai  6 ston  Εukl¶ίd¶io daktύlio  .

Πrosέxt¶ pwV oύt¶ o mkd oύt¶ to ¶kp ¶ίnai monadikά.  Όloi oi mkd twn a,b œ R ¶ίnai

ta ¶tairikά m¶taxύ touV stoic¶ίa kai to ίdio iscύ¶i kai gia όla ta ¶kp.  

Οi monάd¶V ston daktύlio  ¶ίnai 1 kai -1, kai ¶pomέnwV oi mkd twn 4 kai 6 ¶ίnai 2

kai  -2.   Σton  ,  m¶  ton   sumbolismό  gcd(a,  b)  orίz¶tai  o  monadikόV  mh  arnhtikόV

mέgistoV  koinόV  diairέthV  twn  a  kai  b.   ΟmoίwV  m¶  to  lcm(a,  b)  orίz¶tai  to

monadikό  mh  arnhtikό  ¶lάcisto  koinό  pollaplάsio  twn  a  kai  b  kai  ¶ίnai  gnwstό

pwV  lcm(a,  b)  =  »ab»ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  (blέp¶  kai  tiV  askήs¶iV).   Έtsi,  gia  a  œ  ,  a  <  0,  έcoum¶

gcd(a,  0)  =  gcd(a,  a)  =  »a»,  ¶nώ  gcd(a,  1)  =  1  "a  œ  .   ∆ύo  akέraioi  ariqmoί  a,  b

lέgontai  prώtoi  m¶taxύ  touV  (coprime  or  relatively  prime)  an  gcd(a,  b)  =  1  kai

sumbolίzontai m¶ a ¦ b.  Τo Mathematica sumjwn¶ί plήrwV m¶ autά pou lέm¶:
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GCD@−2, 0D == GCD@−2, −2D == 2

True

LCM@4, −6D LCM@−4, −6D 12

True

Μέgistoi  koinoί  diairέt¶V  kai  ¶lάcista  koinά  pollaplάsia  d¶n  upάrcoun  s¶

όlouV an¶xartήtwV touV daktulίouV.  Σan parάd¶igma anajέroum¶ touV daktύliouV

twn  alg¶brikώn  ak¶raίwn   -19 ,   -43 ,   -67 ,  ή   -163 .    Γia  tiV  Εukl¶ίd¶i¶V

p¶riocέV όmwV upάrc¶i pάnta έnaV mkd kai sun¶pώV kai έna ¶kp.

Θ¶ώrhma (idiόtht¶V tou mkd ak¶raίwn):

Γia a, b, c œ , iscύoun oi ¶xήV idiόtht¶V gia ton mέgisto koinό diairέth:

a.  Αn a kai b d¶n ¶ίnai kai ta dύo mhdέn, tόt¶ upάrcoun akέraioi x kai y έtsi ώst¶

gcd(a, b) = xa + yb.

b.  gcd(a, b) = »a»  ó  a » b.

g.  gcd(a, b) = gcd(b, a)  (m¶taq¶tikή).

d.  gcd(a, gcd(b, c)) = gcd(gcd(a, b), c)  (pros¶tairistikή).

¶.  gcd(c·a, c·b) = »c»·gcd(a, b)  (¶pim¶ristikή).

Γia thn apόd¶ixh thV prώthV idiόthtaV gίn¶tai crήsh thV arcήV thV kalήV diάtaxhV

kai  thV  ¶iV  άtopon  apagwgήV  (blέp¶  kai  thn  bibliograjίa).   (Γia  0  <  a  §  b  oi

sunt¶l¶stέV  x,  y  mporoύn  na  upologisqoύn  kai  m¶  thn  s¶irά  Farey,  Fb .)   Η

apόd¶ixh twn άllwn idiotήtwn ajήn¶tai san άskhsh.  

Ο  algόriqmoV  pou  akolouq¶ί  upologίz¶i  mέgistouV  koinoύV  diairέt¶V  s¶  tucaί¶V

Εukl¶ίd¶i¶V p¶riocέV.  Ο daktύlioV R mpor¶ί na ¶ίnai ή o daktύlioV twn ak¶raίwn

ή o daktύlioV twn poluwnύmwn m¶ sunt¶l¶stέV apό to R.

ΑlgόriqmoV: Ο klassikόV Εukl¶ίd¶ioV algόriqmoV (ΕΑ)

ΕίsodoV:  a , b  œ R, όpou R ¶ίnai Εukl¶ίd¶ia p¶riocή m¶ sunάrthsh m¶gέqouV s.

ΈxodoV:  ΈnaV mέgistoV koinόV diairέthV twn a , b .

2.1  ΚlassikόV Εukl¶ίd¶ioV

ΑlkibiάdhV Γ. ΑkrίtaV 81 ΤΜΗΥΤ∆, ΠΘ



===========   

1.  a0ô a,  a1ô b.

2.  while a1  ∫ 0 do {a0 , a1 }ô {a1 , rem(a0 , a1 )}.

3.  return a0 .

===========

Αkolouq¶ί  o  algόriqmoV  autόV  programmatismέnoV  sto  Mathematica  gia  thn

p¶rίptwsh  R  =  .   Πrosέxt¶  pwV  gia  touV  q¶tikoύV  ak¶raίouV  a  kai  b  h  mόnh

allagή pou cr¶iάz¶tai ¶ίnai h antikatάstash tou rem apό to Mod[].  

gcdPosInt@a_ ê; a ∈ Integers && a ≥ 0,
b_ ê; b ∈ Integers && b ≥ 0D := Module@
8a0 = a, a1 = b<,
While@a1 ≠ 0, 8a0, a1< = 8a1, Mod@a0, a1D<D; a0

D

Έtsi brίskoum¶ pwV o mkd twn 612 kai 342 ¶ίnai 18

gcdPosInt@612, 342D

18

kai  to  apotέl¶sma  ¶ίnai  to  ίdio  m¶  autό  pou  upologίsam¶  sthn  ¶isagwgή  tou

k¶jalaίou autoύ.

Αxίz¶i na shm¶iwq¶ί pwV to prόshmo tou Mod[a, b] ¶ίnai to ίdio m¶ to prόshmo tou

b.   Έtsi  gia  ton  upologismό  tou  mkd  dύo  q¶tikώn  ak¶raίwn  έcoum¶  mίa  akolouqίa

q¶tikώn upoloίpwn.  ΣtiV askήs¶iV  ¶x¶tάzoum¶ thn p¶rίptwsh όpou ¶pitrέp¶tai na

kάnoum¶  diaίr¶sh  m¶  arnhtikό  upόloipo  kaqώV  ¶pίshV  kai  έnan  duadikό  algόriqmo

gia thn ¶ύr¶sh tou mkd dύo ak¶raίwn.

Μpor¶ί  kan¶ίV  na  d¶ί  ta  upόloipa  pou  upologίzontai  katά  th  diάrk¶ia

upologismoύ tou mkd crhshmopoiώntaV thn sunάrthsh Trace[].

Trace@gcdPosInt@612, 342D, Mod@a_, b_DD êê Flatten

8Mod@612, 342D, Mod@342, 270D, Mod@270, 72D, Mod@72, 54D, Mod@54, 18D<
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Σthn  g¶nikή  p¶rίptwsh  όmwV,  oi  akέraioi  a  kai  b  mpor¶ί  na  ¶ίnai  kai  arnhtikoί.

Έtsi  έnaV  trόpoV  gia  na  broύm¶ ton monadikό mh arnhtikό mέgisto  koinό diairέth

twn a kai b ¶ίnai na pάroum¶ thn apόluto timή tou apot¶lέsmatoV.  (Τhn apόluto

timή  maV  dίn¶i  h  sunάrthsh  Abs[]  tou  Mathematica.)   Αutό  maV  odhg¶ί  sthn

kanonikή  morjή  (normal  form)  ¶nόV  ak¶raίou  a  pou  orίz¶tai  wV  normal(a)  =  »a».
ΠrojanώV a ~ normal(a) sto R = . 

To prόgramma gia όlouV touV ak¶raίouV g¶nikά ¶ίnai:     

gcdInteger@a_ ê; a ∈ Integers, b_ ê; b ∈ IntegersD := Module@
8a0 = a, a1 = b<,
While@a1 ≠ 0, 8a0, a1< = 8a1, Mod@a0, a1D<D; Abs@a0D

D

gcdInteger@612, −342D

18

Αxίz¶i na shm¶iwq¶ί pwV mporoύm¶ na pάroum¶ thn apόluth timή (kanonikή morjή)

¶ίt¶ mόno tou t¶likoύ upoloίpou pou ¶ίnai kai o mkd ¶ίt¶ όlwn twn upoloίpwn (pou

qa  ¶jarmόsoum¶  sto  tmήma  2.2).   Γia  thn  aploύst¶ush  tou  klassikoύ

Εukl¶ίd¶iou  algorίqmou,  kanonikopoioύm¶  kai  sta  ¶pόm¶na  mόno  to  t¶l¶utaίo

upόloipo.

Γia  na  ¶p¶kt¶ίnoum¶  thn  έnnoia  thV  kanonikήV  morjήV  s¶  opoiadήpot¶  Εukl¶ίd¶ia

p¶riocή R, up¶nqumίzoum¶ pwV "a œ R, a ~ normal(a) ñ $monάda u œ R έtsi ώst¶ a =

u·normal(a).   Είnai  logikό  loipόn  autήn  thn  monάda  na  thn  apokaloύm¶  ton  kύrio

sunt¶l¶stή  (leading  coefficient)  lc(a)  tou  a  kai  na  orίzoum¶  thn  kanonikή  morjή

tou  a  wV  normal(a) = aÅÅÅÅÅÅÅÅÅÅÅlcHaL ,  m¶ lc(a) ∫  0.  ∆hladή,  to a  ¶ίnai  s¶ kanonikή  morjή  (ή

kanonikopoihmέno)  an  lc(a)  =  1.   Οrίzoum¶  lc(0)  =  1  opόt¶  normal(0)  =  0.   Σthn

p¶rίptwsh twn ak¶raίwn ¶ίnai lc(a) = sign(a) kai normal(a) = aÅÅÅÅÅÅÅÅÅÅÅlcHaL  = »a».  Σto Mathe-

matica  h  kanonikή  morjή  twn  ak¶raίwn,  ¶ktόV  apό  thn  sunάrthsh  Abs[], orίz¶tai

kai wV:   
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normal@0D = 0; normal@a_IntegerD :=
a

Sign@aD

normal@−7D == normal@7D 7

True

Γia tiV kanonikέV morjέV s¶ opoiadήpot¶ Εukl¶ίd¶ia p¶riocή R cr¶iazόmast¶ tiV

¶xήV dύo idiόtht¶V:

ä   dύo  stoic¶ίa  tou  R  ¶coun  thn  ίdia  kanonikή  morjή  ¶άn  kai  mόnon  ¶άn  ¶ίnai

¶tairikά, kai

ä  h kanonikή morjή ¶nόV ginomέnou ¶ίnai to ginόm¶no twn kanonikώn morjώn.

ΑV  doύm¶  tώra  thn  p¶rίptwsh  pou  h  Εukl¶ίd¶ia  p¶riocή  ¶ίnai  o  daktύlioV

poluwnύmwn  R  =  [x].   Εp¶idή    ¶ίnai  sώma,  kάq¶  mh  mhd¶nikόV  rhtόV  ariqmόV

¶ίnai monάda sto , m¶ sunέp¶ia "u œ , u ∫ 0 kai "a œ R έcoum¶ u·a ~ a sto R =

[x].  Αn loipόn qέloum¶ na upologίsoum¶ gcd(a, b), m¶ a, b œ R pwV qa dialέxoum¶

ton  antiprόswpo  anάm¶sa  s¶  όla  ta  pollaplasia  tou  a;   ΌpwV  kai  sthn

p¶rίptwsh  twn  ak¶raίwn,  mia  logikή  ¶pilogή  ¶ίnai  na  pάroum¶  to  poluώnumo  m¶

monadiaίo  kύrio  sunt¶l¶stή  (monic  poluώnumo).   Έtsi  an  o  kύrioV  sunt¶l¶stήV

tou  a  ¶ίnai  lc(a)  œ  î{0}  orίzoum¶  san  thn  kanonikή  morjή  (normal  form)  tou

poluwnύmou  to  poluώnumo  normal(a)  =  aÅÅÅÅÅÅÅÅÅÅÅlcHaL .   ΠrojanώV  a  ~  normal(a)  sto  R  =

[x].

Αkolouq¶ί  o  klassikόV  Εukl¶ίd¶ioV  algόriqmoV   programmatismέnoV  sto  Mathe-

matica gia thn p¶rίptwsh R = [x].  Πrosέxt¶ thn antikatάstash tou rem apό to

PolynomialRemainder[] kai thn kanonikopoίhsh tou apot¶lέsmatoV sto tέloV.   

gcdPoly@a_, b_D := Module@
8a0 = a, a1 = b<,
While@! Developer`ZeroQ@a1D, 8a0, a1< =

8a1, PolynomialRemainder@a0, a1, First@Variables@8a, b<DDD<D;
Expand@a0êLast@CoefficientList@Together@a0D,

First@Variables@8a, b<DDDDD
D
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Έtsi brίskoum¶ pwV o mkd twn poluwnύmwn x3  - 7x + 7 kai 3x2  - 7 ¶ίnai 1

gcdPoly@x3 − 7 x + 7, 3 x2 − 7D

1

kai to apotέl¶sma ¶ίnai to ίdio m¶ autό pou upologίzoum¶ m¶ to Mathematica. 

PolynomialGCD@x3 − 7 x + 7, 3 x2 − 7D

1

ΌpwV  kai  prin,  mpor¶ί  kan¶ίV  na  d¶ί  ta  upόloipa  pou  upologίzontai  katά  th

diάrk¶ia upologismoύ tou mkd crhshmopoiώntaV thn sunάrthsh Trace[].

Trace@gcdPoly@x^3 − 7 x + 7, 3 x^2 − 7D,
PolynomialRemainder@a_, b_, xDD êê Flatten

9PolynomialRemainder@7 − 7 x + x3, −7 + 3 x2, xD,

PolynomialRemainderA−7 + 3 x2, 7 −
14 x

3
, xE,

PolynomialRemainderA7 −
14 x

3
, −

1
4

, xE=

Σunoyίzoum¶  lέgontaV  pwV  s¶  mίa  Εukl¶ίd¶ia  p¶riocή  R,  "a,b œ  R,  orίzoum¶  san

gcd(a, b) to monadikό kanonikopoihmέno ¶tairikό stoic¶ίo όlwn twn mkd twn a kai b

(an  upάrc¶i).   Αntίstoica  orίzoum¶  san  lcm(a,  b)  to  monadikό  kanonikopoihmέno

¶tairikό  stoic¶ίo  όlwn  twn  ¶kp  twn  a  kai  b.   Έtsi  gcd(a,  b)  >  0  gia  R  =  ,  kai

gcd(a, b) ¶ίnai έna poluώnumo m¶ monadiaίo kύrio sunt¶l¶stή (monic poluώnumo)

gia  R  =  [x],  an  έna  toulάciston  apό  ta  a,  b  ¶ίnai  mh  mhd¶nikό.   Κai  stiV  dύo

p¶riptώs¶iV, gcd(0, 0) = 0.
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2.2  Ο ¶p¶ktamέnoV Εukl¶ίd¶ioV algόriqmoV

Σ¶ pollέV ¶jarmogέV ¶ίnai aparaίthto na ¶kjrάsoum¶ ton gcd(a, b) san grammikή

sunάrthsh  twn  a  kai  b,  dhladή  gcd(a,  b)  = sa  + tb  (blέp¶  Θ¶ώrhma  idiotήtwn  tou

mkd).  Οi sunt¶l¶stέV s, t onomάzontai sunt¶l¶stέV Bézout.  ΈnaV trόpoV gia na

broύm¶  touV  sunt¶l¶stέV  s,  t  ¶ίnai  prώta  na  ¶jarmόsoum¶  ton  klassikό

Εukl¶ίd¶io  algόriqmo  kai  m¶tά  na  “pάm¶  proV  ta  pίsw”.   ΠhgaίnontaV  pίsw  sto

parάd¶igma gia thn ¶ύr¶sh tou mkd twn ak¶raίwn 612 kai 342 έcoum¶: 

18 = 72 - 1·54 = 72 - 1·(270 - 3·72)

     = 4·72 - 270 = 4·(342 - 1·270) - 270

     = 4·342 - 5·270 = 4·342 - 5·(612 - 1·342)

     = 9·342 - 5·612, 

kai s = -5 ¶nώ t = 9.  ΈnaV άlloV trόpoV ¶ύr¶shV twn sunt¶l¶stώn s, t (m¶ pollέV

¶jarmogέV)  ¶ίnai  o  ¶p¶ktamέnoV  Εukl¶ίd¶ioV  algόriqmoV.   Οi  sunt¶l¶stέV

Bézout  s,  t  upologίzontai  tώra  ¶kjrάzontaV  wV  si a  +  ti b  kάq¶  upόloipo  ai  pou

upologίz¶tai  sthn  ¶ktέl¶sh  tou  klassikoύ  Εukl¶ίd¶iou  algόriqmou.   Αutό

apot¶l¶ί  kai  thn  k¶ntrikή  idέa  tou  algorίqmou.   ∆hladή  gia  touV  akέraiouV  a  =

612, b = 342 έcoum¶ tiV ¶xήV akolouqί¶V:

           a0  = a                a0  = s0 a + t0 b                                                        

a1  = b                a1  = s1 a + t1 b

a2  = a0  - a1 q1 a2  = s2 a + t2 b

a3  = a1  - a2 q2 a3  = s3 a + t3 b

ª ª

           ai  = ai-2  - ai-1 qi-1 ai  = si a + ti b

ª ª

           ak  = ak-2  - ak-1 qk-1 ak  = sk a + tk b 

          0  = ak-1  - ak qk              0  = sk+1 a + tk+1 b 
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Εpanalambάnoum¶  pwV  o  k  lέg¶tai  to  Εukl¶ίd¶io  mήkoV  tou  z¶ύgouV  {a,  b}.  Σthn

arist¶rή  stήlh  ¶ίnai  oi  diarέs¶iV,  όpwV  kai  prin,  mόno  pou  tώra  lύnoum¶  wV

proV  ta  upόloipa.   Σthn  d¶xiά  stήlh  kάq¶  upόloipo  ¶kjrάz¶tai  san  si a  + ti b kai

skopόV maV ¶ίnai na broύm¶ έnan trόpo upologismoύ autώn twn sunt¶l¶stώn si ,

ti  (h  k¶ntrikή  idέa  tou  algorίqmou).   ΠrojanώV,  gia  touV  ak¶raίouV  a = 612, b =

342, oi arcikέV timέV twn sunt¶l¶stώn ¶ίnai s0  = 1, t0  = 0, s1  = 0, t1  = 1.  Θέloum¶

na broύm¶ tiV timέV twn upόloipwn si , ti  gia 2 § i § k.  

Γia  na  doύm¶  pwV  qa  upologίzoum¶  tiV  timέV  twn  si ,  ti  gia  2  §  i  §  k,  sthn

p¶rίptwsh  twn  q¶tikώn  ak¶raίwn  (pou  isoύntai  m¶  tiV  kanonikέV  touV  morjέV)

kάnoum¶  to  ¶xήV:  ¶xisώnoum¶,  sto  bήma  i,  tiV  timέV  tou  upoloίpou  ai  pou

paίrnoum¶  apό  thn  d¶xiά  kai  thn  arist¶rή  stήlh.   Έtsi  έcoum¶  thn  basikή

scέsh tou ¶p¶ktamέnou Εukl¶ίd¶iou algόriqmou

ai  = si a + ti b = ai-2  - ai-1 qi-1  = (si-2 a + ti-2 b) - (si-1 a + ti-1 b)qi-1  = (si-2  - si-1 qi-1 )a

+ (ti-2  - ti-1 qi-1 )b.  

Η  scέsh  autή  maV  upod¶iknύ¶i  όti:  ajoύ  broύm¶  to  phlίko  quo(ai-2 ,  ai-1 )  oi

sunt¶l¶stέV si , ti  upologίzontai όpwV kai to upόloipo ai : 

qi-1  = quo(ai-2 , ai-1 )

ai  = ai-2  - ai-1 qi-1

si  = si-2  - si-1 qi-1

ti  = ti-2  - ti-1 qi-1

Πrosέxt¶ pwV o kύrioV sunt¶l¶stήV, twn q¶tikώn ak¶raίwn ¶ίnai lc(·) = sign(·) = 1

kai  έtsi  h  kanonikή  morjή  touV  d¶n  allάz¶i.  ΌmwV  sthn  g¶nikή  p¶rίptwsh  twn

ak¶raίwn  kai  poluwnύmwn  h  basikή  scέsh  tou  ¶p¶ktamέnou  Εukl¶ίd¶iou

algόriqmou kanonikopoi¶ίtai  kai antί gia ai  = si a + ti b = … έcoum¶ lc(ai )ai  = si a

+ ti b = …

Σun¶pώV,  oi  parapάnw  tύpoi  upologismoύ  twn  ai ,  si ,  ti  prosarmόzontai  anάloga

kai maV dίnoun tiV kanonikopoihmέn¶V morjέV: 
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qi-1  = quo(ai-2 , ai-1 )

ai  = lc(ai-2  - ai-1 qi-1 )

ai  = Hai-2 - ai-1  qi-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅai

si  = Hsi-2 - si-1  qi-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅai

ti  = Hti-2 - ti-1  qi-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅai

∆hladή,  gia  na  pάroum¶  thn  kanonikή  morjή  diairoύm¶  m¶  ton  ai  =  lc(ai-2  -

ai-1 qi-1 ).   Οi  arcikέV  timέV  ¶pίshV  prosarmόzontai  antίstoica  kai  ¶ίnai:   a0  =

lc(a), a0  = aÅÅÅÅÅÅÅa0
, s0  = 1ÅÅÅÅÅÅÅa0

, t0  = 0, a1  = lc(b), a1  = bÅÅÅÅÅÅÅa1
, s1  = 0, t1  = 1ÅÅÅÅÅÅÅa1

.

Τo  ¶rώthma  tώra  ¶ίnai  pwV  mporoύm¶  na  p¶rigrάyoum¶  thn  sump¶rijorά  tou

¶p¶ktamέnou  Εukl¶ίd¶iou  algόriqmou  m¶  maqhmatikoύV  tύpouV  pou  ¶ίnai  ¶ύkoloi

ston  c¶irismό  touV.   ΜikrόV  p¶iramatismόV  kaqistά  projanέV  pwV  o  kallίt¶roV

trόpoV ¶ίnai na orίsoum¶ touV pίnak¶V: 

s0  = J s0 t0
s1 t1

N ,  ti  = i
k
jjj 0 1

ai+1
-1 -qi ai+1

-1
y
{
zzz  gia 1 § i § k, 

όpou si  = ti si-1  ή si  = ti  ti-1∫  t1 s0  kai k ¶ίnai to Εukl¶ίd¶io mήkoV tou z¶ύgouV

tou opoίou brίskoum¶ ton mkd.  ∆hladή apό ton pίnaka sk  paίrnoum¶ tiV timέV twn

sunt¶l¶stώn  Bézout.   ΕpίshV  prosέxt¶  pwV  h  orίzousa  tou  ti  ¶ίnai  det(ti )  =  -
1ÅÅÅÅÅÅÅÅÅÅai+1

,  mίa  monάda  ston  daktύlio.   Αutό  sun¶pάg¶tai  pwV  upάrc¶i  o  antίstrojoV

pίnakaV ti
-1  kai ¶ίnai

InverseA i
k
jjj

0 1

αi+1
−1 −qi αi+1

−1
y
{
zzzE êê MatrixForm

J qi α1+i

1 0 N

Τo  akόlouqo  q¶ώrhma  diέp¶i  thn  sump¶rijorά  tou  ¶p¶ktamέnou  Εukl¶ίd¶iou

algόriqmou.

Θ¶ώrhma 2.2.1 (sump¶rijorά tou ¶p¶ktamέnou Εukl¶ίd¶iou algόriqmou):

ΈcontaV orίs¶i tiV arcikέV timέV a0  = lc(a), a0  = aÅÅÅÅÅÅÅa0
, s0  = 1ÅÅÅÅÅÅÅa0

, t0  = 0, a1  = lc(b), a1

= bÅÅÅÅÅÅÅa1
, s1  = 0, t1  = 1ÅÅÅÅÅÅÅa1

, touV  pίnak¶V si  = ti  ti-1∫  t1 s0 , kai tiV t¶likέV sunqήk¶V
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ak+1  = 1, ak+1  = 0, tόt¶ gia 0 § i § k, έcoum¶

a.  gcd(a , b) = gcd(ai , ai+1 ) = ak ,

b.  si ·J
a
b

N  = J ai

ai+1
N     (mόno ta a, b d¶n ¶ίnai kanonikopoihmέna),

g.  si  = J si ti
si+1 ti+1

N ,

d.  ai  = si a + ti b          (iscύ¶i kai gia i = k + 1),

¶.  si ti+1  - ti si+1  = H-1Li
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa0  ∫ai+1

,

st.  gcd(ai, ti ) = gcd(a , ti ),

z.  a  = H-1Li a0 ∫ ai+1 (ti+1 ai  - ti ai+1 ), b  = H-1Li a0 ∫ ai+1 (si+1 ai  - si ai+1 ). 

Αpόd¶ixh:

a.   Αutή  ¶ίnai  h  gnwstή  scέsh  kai  apod¶iknύ¶tai  apό  to  g¶gonόV  όti  s¶  mίa

Εukl¶ίd¶ia p¶riocή an d » a0  kai d » a1  tόt¶ d » a2  = a0  - a1 q1  ktl.  (Βlέp¶ kai thn

apόd¶ixh a¢  m¶tά thn b.)

b.   Αpod¶iknύ¶tai  m¶  ¶pagwgή  sto  i  (induction  on  i).   Γia  i  = 0 iscύ¶i   s0 ·J a
b

N  =

J a0

a1
N  lόgw  twn  arcikώn  timώn.   Υpoqέtoum¶  loipόn  pwV  si ·J

a
b

N  =  J ai

ai+1
N  kai  qa

d¶ίxoum¶ pwV si+1 ·J a
b

N  = J ai+1

ai+2
N .  Εx orismoύ όmwV iscύ¶i si+1  = ti+1 si  opόt¶ 

si+1 ·J a
b

N  = ti+1 si ·J
a
b

N  = ti+1 ·J ai

ai+1
N  = i

k
jjj 0 1

ai+2
-1 -qi+1 ai+2

-1
y
{
zzzJ ai

ai+1
N  = J ai+1

ai+2
N .

a¢ .   Πaraqέtoum¶  mia  lίgo  gnwstή  apόd¶ixh  thV  idiόthtaV  a  pou  basίz¶tai  sthn

apόd¶ixh  thV  b.   Εpanalaptikή  crήsh  thV  si+1  =  ti+1 si  kai  h  b  maV  dίnoun  thn

scέsh

J ak

0
N  = tk  ∫ ti+1 si ·J

a
b

N  = tk  ∫ ti+1 ·J ai

ai+1
N

apό thn opoίa blέpoum¶ pwV to ak  ¶ίnai grammikόV sunduasmόV twn ai  kai ai+1  kai

άra kάq¶ koinόV diairέthV twn ai  kai ai+1  diair¶ί to ak .  Αpό thn άllh m¶riά, ¶p¶idή

upάrcoun oi antίstrojoi pίnak¶V ti
-1  έcoum¶ thn scέsh

J ai

ai+1
N  = ti+1

-1 ∫ tk
-1  ·J ak

0
N
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apό  thn  opoίa  blέpoum¶  pwV  ta  ai  kai  ai+1  diairoύntai  apό  to  ak .   Άra,  ak  =

gcd(ai , ai+1 ) ¶p¶idή to ak  ¶ίnai kanonikopoihmέno.  Αutό iscύ¶i kai gia i = 0, opόt¶

έcoum¶ ak  = gcd(a0 , a1 ) = gcd(a , b). 

g.  Αpod¶iknύ¶tai kai autό m¶ ¶pagwgή sto i (induction on i).  Γia i = 0 iscύ¶i s0

=  J s0 t0
s1 t1

N  ¶x  orismoύ.   Υpoqέtoum¶  loipόn  pwV  si  =  J si ti
si+1 ti+1

N  kai  qa  d¶ίxoum¶

pwV si+1  = J si+1 ti+1

si+2 ti+2
N .  Εx orismoύ iscύ¶i si+1  = ti+1 si  opόt¶ 

ti+1 si  = ti+1 ·J si ti
si+1 ti+1

N  = i
k
jjj 0 1

ai+2
-1 -qi+1 ai+2

-1
y
{
zzzJ si ti

si+1 ti+1
N  =

 i
k
jjj si+1 ti+1

Hsi - qi+1 si+1L ai+2
-1 Hti - qi+1 ti+1L ai+2

-1
y
{
zzz  = J si+1 ti+1

si+2 ti+2
N .

d.  Έp¶tai apό tiV idiόtht¶V b kai g (antikaqistώnt¶V to si  sthn b m¶ ton pίnaka

apό thn g). 

¶.  Έp¶tai apό thn g paίrnontaV orίzous¶V.  Πrάgmati,

si ti+1  - ti si+1  = detJ si ti
si+1 ti+1

N  = det( si ) 

= det(ti )∫det(t1 )·detJ s0 t0
s1 t1

N  = H-1Li
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa0  ∫ai+1

.

Πrosέxt¶  pwV  ¶p¶idή  H-1Li
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa0  ∫ ai+1

 ¶ίnai  monάda  ston  daktύlio,  h  ¶  sun¶pάg¶tai  pwV

gcd(si , ti ) = 1.  

st.   Γia  na  apod¶ίxoum¶  gcd(ai, ti )  =  gcd(a ,  ti )  ark¶ί  na  d¶ίxoum¶  pwV  kάq¶

diairέthV twn ai, ti  ¶ίnai kai diairέthV twn a , ti , kai antίstroja. Πrάgmati, έstw

r œ R ώst¶ r » ti .  Αn ¶piplέon r » ai  tόt¶ qa έcoum¶ r » (ai  - ti b) = si a kai sun¶pώV

r » a ¶p¶idή  gcd(si , ti ) = 1.  Αntίstroja, an ¶piplέon r » a  tόt¶ qa έcoum¶ r » (si a  +

ti b) = ai . 

z.   ΤέloV,  gia  na  apod¶ίxoum¶  pwV  a  =  H-1Li a0 ∫ ai+1 (ti+1 ai  -  ti ai+1 ),  b  =

H-1Li a0 ∫ ai+1 (si+1 ai  - si ai+1 ) pollaplasiάzoum¶ kai ta dύo mέrh thV b m¶ si
-1  kai

crhsimopoiώntaV thn g kai ¶ έcoum¶
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J a
b

N  = si
-1 J ai

ai+1
N  = H-1Li a0 ∫ ai+1 J ti+1 -ti

-si+1 si
NJ ai

ai+1
N

ajoύ o pίnakaV si
-1  ¶ίnai

InverseAσi = J si ti

si+1 ti+1
NE êê MatrixForm

i
k
jjjjj

t1+i
−s1+i ti+si t1+i

− ti
−s1+i ti+si t1+i

− s1+i
−s1+i ti+si t1+i

si
−s1+i ti+si t1+i

y
{
zzzzz

Αkolouq¶ί  o  ¶p¶ktamέnoV  Εukl¶ίd¶ioV  algόriqmoV  sthn  g¶nikή  tou  morjή.   Ο

daktύlioV R ¶ίnai ή  ή [x].

ΑlgόriqmoV: Ο ¶p¶ktamέnoV Εukl¶ίd¶ioV algόriqmoV (ΕΕΑ)

ΕίsodoV:   a ,  b  œ  R,  όpou  R  ¶ίnai  Εukl¶ίd¶ia  p¶riocή  m¶  sunάrthsh  m¶gέqouV  s

(apόlutoV  timή  gia  touV  ak¶raίouV,  baqmόV  gia  ta  poluώnuma),  kai  ¶jodiasmέno

m¶ kanonikή morjή (normal(a) = aÅÅÅÅÅÅÅÅÅÅÅlcHaL ).

ΈxodoV:  ΈnaV mέgistoV koinόV diairέthV twn a , b  kaqώV ¶pίshV kai s, t έtsi ώst¶

gcd(a, b) = sa + tb.

===========   

1.  a0  ô lc(a), a0  ô aÅÅÅÅÅÅÅa0
, s0  ô 1ÅÅÅÅÅÅÅa0

, t0  ô 0,

     a1  ô lc(b), a1  ô bÅÅÅÅÅÅÅa1
, s1  ô 0, t1  ô 1ÅÅÅÅÅÅÅa1

.

2.  while a1  ∫ 0 do {

            q ô quo(a0 , a1 ); 

            {a0 , a1 } ô {a1 , lc( a0  - a1 q)};

{a0 , a1 } ô {a1 , Ha0 - a1  qLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa1
};

{s0 , s1 } ô {s1 , Hs0 - s1  qLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa1
};

{t0 , t1 } ô {t1 , Ht0 - t1  qLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa1
}

}.

3.  return a0 , s0 , t0 .

===========
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Αkolouqoύn  ta  antίstoica  progrάmmata  gia  to  Mathematica tόso  gia  ak¶raίouV

όso  kai  gia  poluώnuma.   Η  kύria  diajorά  έgk¶itai  ston  orismό  tou  kύriou

sunt¶l¶stή.   Γia  touV  ak¶raίouV  έcoum¶  d¶i  pwV  lc(a)  =  sign(a)  ¶nώ  gia  ta

poluώnuma  ¶ίnai   lc(a) = an  όpou  a  = ⁄i=0
n ai xi .   Οi  dύo  p¶riptώs¶iV  sunduάzontai

sthn  sunάrthsh  lc[]  pou  maV  dίn¶i  ton  kύrio  sunt¶l¶stή  ak¶raίwn  ή

poluwnύmwn:

lc@a_D := Module@8<,
H∗ a is zero ∗L
If@a 0, Return@1DD;
H∗ a is Integer ∗L
If@IntegerQ@aD, Return@Sign@aDDD;
H∗ a is Poly ∗L
If@Length@CoefficientList@a, First@Variables@aDDDD > 0,

Last@CoefficientList@a, First@Variables@aDDDD, 1D
D

Ο  ¶p¶ktamέnoV  Εukl¶ίd¶ioV  algόriqmoV  gia  poluώnuma  programmatismέnoV  sto

Mathematica ¶ίnai:
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EEAPoly@a_, b_D :=

ModuleA8alpha0 = lc@aD, alpha1 = lc@bD, a0, a1, s0, s1, t0, t1, q<,

a0 = ExpandA a

alpha0
E; s0 =

1

alpha0
; t0 = 0;

a1 = ExpandA b

alpha1
E; s1 = 0; t1 =

1

alpha1
;

H∗∗∗∗ Print@" alpha0= ",alpha0," a0= ",Expand@a0D,
" alpha1= ",alpha1," a1= ",Expand@a1D," s0= ",
s0," s1= ",s1," t0= ",t0," t1= ",t1D; ∗∗∗∗L

WhileA! Developer`ZeroQ@a1D,

q = PolynomialQuotient@a0, a1, First@Variables@8a, b<DDD;
8alpha0, alpha1< = 8alpha1, lc@a0 − a1 qD<;

8a0, a1< = 9a1, ExpandA Ha0 − a1 qL
alpha1

E=;

8s0, s1< = 9s1, ExpandA Hs0 − s1 qL
alpha1

E=;

8t0, t1< = 9t1, ExpandA Ht0 − t1 qL
alpha1

E=;

H∗∗∗∗ Print@" q= ",q," a0= ",a0,
" alpha1= ",alpha1," a1= ",a1," s0= ",s0,
" s1= ",s1," t0= ",t0," t1= ",t1D; ∗∗∗∗L

E; 8a0, 8s0, t0<<
E

Έtsi έcoum¶ gia parάd¶igma (h sunάrthsh lc(·) prέp¶i na έc¶i ¶n¶rgopoihq¶ί)

8d, 8s, t<< = EEAPoly@x3 − 7 x + 7, 3 x2 − 7D

91, 9− 27
7

−
18 x

7
, −4 +

9 x
7

+
6 x2

7
==

to opoίo sumjwn¶ί m¶ to apotέl¶sma pou paίrnoum¶ m¶ to Mathematica. 

<< Algebra`PolynomialExtendedGCD`
PolynomialExtendedGCD@x3 − 7 x + 7, 3 x2 − 7D

91, 9− 27
7

−
18 x

7
, −4 +

9 x
7

+
6 x2

7
==

Εn¶rgopoiώntaV  tiV  Print  statements  sto  prόgramma  EEAPoly[]  blέpoum¶  ta

¶ndiάm¶sa apot¶lέsmata.  Λόgw έll¶iyhV cώrou paraqέtoum¶ m¶rikά apό autά:
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8d, 8s, t<< = EEAPoly@x3 − 7 x + 7, 3 x2 − 7D

alpha0= 1 a0= 7 − 7 x + x3 alpha1=

3 a1= −
7
3
+ x2 s0= 1 s1= 0 t0= 0 t1= 1

3

q= x a0= −
7
3
+ x2 alpha1= −

14
3

a1= −
3
2
+ x s0= 0 s1= −

3
14

t0= 1
3

t1= x
14

q=
3
2
+ x a0= −

3
2
+ x alpha1= −

1
12

a1= 1 s0=

−
3

14
s1= −

27
7

−
18 x

7
t0= x

14
t1= −4 +

9 x
7

+
6 x2

7

q= −
3
2
+ x a0= 1 alpha1= 1 a1= 0 s0= −

27
7

−
18 x

7

s1= −6 +
18 x2

7
t0= −4 +

9 x
7

+
6 x2

7
t1= −6 + 6 x −

6 x3

7

91, 9− 27
7

−
18 x

7
, −4 +

9 x
7

+
6 x2

7
==

Σto  shm¶ίo  autό  axίz¶i  na  parathrήsoum¶  thn  sump¶rijorά  twn  baqmώn  twn

poluwnύmwn s kai  t.  Πrosέxt¶ pwV  apό to parάd¶igma  kai thn scέsh gcd(a, b) =

sa  + tb  blέpoum¶  pwV  iscύ¶i  deg(s)  < deg(b)  kai  deg(t)  < deg(a).   Θa  apod¶ίxoum¶

kάti pio g¶nikό.

Θ¶ώrhma 2.2.2 (baqmoί twn s kai t):

Αn  katά  thn  ¶ktέl¶sh  tou  ¶p¶ktamέno  Εukl¶ίd¶iou  algόriqmou  gia  poluώnuma

gίnoun  L  diairέs¶iV  kai  qέsoum¶  deg(a)  =  n0 ,  deg(b)  =  n1 ,  tόt¶  o  baqmόV  kάq¶

phlίkou qi  ¶ίnai deg(qi ) = ni-1  - ni , 1 § i § L, kai iscύ¶i

deg(si ) = ⁄ j=2
i-1 degHq jL  = n1  - ni-1 ,   gia 2 § i § L,

deg(ti ) = ⁄ j=1
i-1 degHq jL  = n0  - ni-1 ,   gia 1 § i § L.

Αpόd¶ixh:

Θa  apod¶ίxoum¶  m¶  ¶pagwgή  mόnon  thn  prώth  scέsh  diόti  όmoia  apod¶iknύ¶tai

kai h d¶ύt¶rh.  Εpiplέon qa d¶ίxoum¶ όti iscύ¶i 

(1)deg(si-1 ) < deg(si ),   gia 2 § i § L.
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Σhm¶iώnoum¶ pwV ta sL+1 , tL+1  d¶n maV cr¶iάzontai kai έtsi d¶n ta upologίzoum¶

Γia i = 2 iscύ¶i to q¶ώrhma diόti s2  = s0 - q1  s1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa2
 = 1 - q1ÿ0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa2

 = a2
-1 , kai ¶p¶idή o baqmόV

tou  mhd¶nikoύ  poluwnύmou  ¶ίnai  opoiosdήpot¶  arnhtikόV  ariqmόV,  έstw  -1,  έcoum¶

deg(s1 ) = -1 < 0 = deg(s2 ).  ΑV upoqέsoum¶ tώra pwV to q¶ώrhma kai h anisόthta

(1) iscύoun gia 2 § i § k.  Θa d¶ίxoum¶ pwV iscύoun kai gia i = k + 1.   Πrάgmati,

έcoum¶

deg(sk-1 ) < deg(sk ) < nk-1  - nk  + deg(sk ) = deg(qk sk )

apό to opoίo sun¶pάg¶tai aj' ¶nόV m¶n pwV

deg(sk+1 ) = deg(sk-1  - qk sk ) = deg(qk ) + deg(sk ) > deg(sk )

aj' ¶tέrou d¶ pwV

deg(sk+1 ) = deg(qk ) + deg(sk ) = deg(qk ) + ⁄ j=2
k-1 degHq jL  

= ⁄ j=2
k degHq jL .//

Γia touV ak¶raίouV to antίstoico prόgramma ¶ίnai
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EEA@a_ ê; a ∈ Integers, b_ ê; b ∈ IntegersD :=

ModuleA8alpha0 = lc@aD, alpha1 = lc@bD, a0, a1, s0, s1, t0, t1, q<,

a0 =
a

alpha0
; s0 =

1

alpha0
; t0 = 0;

a1 =
b

alpha1
; s1 = 0; t1 =

1

alpha1
;

H∗∗∗∗ Print@" alpha0= ",alpha0," a0= ",
a0," alpha1= ",alpha1," a1= ",a1," s0= ",s0,
" s1= ",s1," t0= ",t0," t1= ",t1D; ∗∗∗∗L

WhileAa1 ≠ 0,

q = Quotient@a0, a1D;
8alpha0, alpha1< = 8alpha1, lc@a0 − a1 qD<;

8a0, a1< = 9a1, ExpandA Ha0 − a1 qL
alpha1

E=;

8s0, s1< = 9s1, ExpandA Hs0 − s1 qL
alpha1

E=;

8t0, t1< = 9t1, ExpandA Ht0 − t1 qL
alpha1

E=;

H∗∗∗∗ Print@" q= ",q," alpha1= ",
alpha1," a0= ",a0," a1= ",a1," s0= ",s0,
" s1= ",s1," t0= ",t0," t1= ",t1D; ∗∗∗∗L

E; 8a0, 8s0, t0<<
E

kai έcoum¶ gia parάd¶igma (h sunάrthsh lc(·) prέp¶i na έc¶i ¶n¶rgopoihq¶ί)

8d, 8s, t<< = EEA@612, 342D

818, 8−5, 9<<

to opoίo sumjwn¶ί m¶ to apotέl¶sma pou paίrnoum¶ m¶ to Mathematica. 

ExtendedGCD@612, 342D

818, 8−5, 9<<

Κai  ¶dώ,  ¶n¶rgopoiώntaV  tiV  Print  statements  sto  prόgramma  EEA[] blέpoum¶  ta

¶ndiάm¶sa apot¶lέsmata.  Λόgw έll¶iyhV cώrou paraqέtoum¶ m¶rikά apό autά:

2:  Εukl¶ίd¶ioV ΑlgόriqmoV

ΑlkibiάdhV Γ. ΑkrίtaV 96 ΤΜΗΥΤ∆, ΠΘ



8d, 8s, t<< = EEA@612, 342D

alpha0= 1 a0= 612 alpha1=
1 a1= 342 s0= 1 s1= 0 t0= 0 t1= 1

q= 1 alpha1= 1 a0= 342 a1= 270 s0= 0 s1= 1 t0= 1 t1= −1

q= 1 alpha1= 1 a0= 270 a1= 72 s0= 1 s1= −1 t0= −1 t1= 2

q= 3 alpha1= 1 a0= 72 a1= 54 s0= −1 s1= 4 t0= 2 t1= −7

q= 1 alpha1= 1 a0= 54 a1= 18 s0= 4 s1= −5 t0= −7 t1= 9

q= 3 alpha1= 1 a0= 18 a1= 0 s0= −5 s1= 19 t0= 9 t1= −34

818, 8−5, 9<<
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2.3  Αnάlush tou Εukl¶ίd¶iou algόriqmou

Γia thn anάlush tou crόnou upologismoύ tou klassikoύ Εukl¶ίd¶iou algόriqmou

qa ¶x¶tάsoum¶ x¶cwristά tiV dύo p¶riptώs¶iV R =  kai R = F[x], όpou F sώma.

Σthn t¶l¶utaίa p¶rίptwsh anήkoun ta p¶p¶rasmέna sώmata kai to sώma [x].   

Τo  apotέl¶sma  pou  qa  broύm¶  iscύ¶i  kai  gia  ton  ¶p¶ktamέno  Εukl¶ίd¶io

algόriqmo.

ü 2.3.1   R =  kai to to q¶ώrhma tou Lamé (1844)

Γia  thn  p¶rίptwsh  twn  ak¶raίwn  sunistoύm¶  to  άrqro  tou  Shallit.   Γia  thn

anάlush  tou  crόnou  upologismoύ  tou  mkd  dύo  ak¶raίwn  qa  diatupώsoum¶ kai  qa

apod¶ίxoum¶ to q¶ώrhma tou Lamé (1844).  Η apόd¶ixh tou q¶wrήmatoV autoύ ¶ίnai

shmantikή giatί d¶ίcn¶i pwV oi ariqmoί thV akolouqίaV Fibonacci έcoun to mέgisto

Εukl¶ίd¶io mήkoV.  Σthn sunέc¶ia qa b¶ltiώsoum¶ thn anάlush kai qa apoktήsoum¶

kallίt¶ro  jrάgma  gia  ton  ariqmό  twn diairέs¶wn  pou  gίnontai  katά thn  diάrk¶ia

tou upologismoύ tou mkd ak¶raίwn. 

ΧwrίV  p¶riorismό  thV  g¶nikόthtaV,  q¶wroύm¶  pwV  a ,  b  œ  ,  a  ¥  b  ¥  0  (alliώV

¶rgazόmast¶  m¶  thn  kanonikή  touV  morjή).   Αpό  thn  p¶rigrajή  tou  klassikoύ

Εukl¶ίd¶iou  algorίqmou  blέpoum¶  pwV  όlh  h  “doul¶iά”  gίn¶tai  sto  d¶ύt¶ro  bήma

pou upάrc¶i έnaV brόgcoV thV morjήV:

while b  ∫ 0 do {a , b}ô {b , rem(a , b)}.

Σugk¶krimέna,  sto  bήma  autό  gίn¶tai  έnaV  “ariqmόV”  diairέs¶wn  ak¶raίwn

pollaplήV  akrib¶ίaV.   ΌpwV  έcoum¶  d¶i,  o  crόnoV  upologismoύ  kάq¶  miaV  apό

autέV tiV diairέs¶iV ¶ίnai  Ο(m(n - m + 1)), όpou n = l(a), m = l(b) kai n - m + 1 =

lb (q) = l(q), to mήkoV  tou phlίkou q wV proV thn bάsh b = 264 .  Γia na broύm¶ ton

crόno  upologismoύ  tou  mkd  twn  a ,  b  mέn¶i  na  prosdiorίsoum¶  ton  “ariqmό”  twn

diairέs¶wn pou ¶kt¶loύntai.  
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Εdώ  ¶ίnai  pou  up¶isέrc¶tai  to  q¶ώrhma  tou  Lamé  pou  maV  lέ¶i  όti  o  “ariqmόV”

twn  diairέs¶wn  ¶ίnai  <  5·l10 (b),  όpou  l10 (b)  ¶ίnai  o  ariqmόV  twn  yhjίwn  tou

mikrόt¶rou  akέraiou  b.   Σun¶pώV,  ¶p¶idή   5·l10 (b)  =  Ο(l(b))  =  Ο(m),  mia  prώth

prosέggish  tou  crόnou  upologismoύ  tou  mkd  twn  a ,  b  ¶ίnai  Ο(m2 (n  -  m +  1))  =

Ο(m2 n).

Μporoύm¶  όmwV  na  broύm¶  kai  kallίt¶ro  όrio.   Σugk¶krimέna,  sto  brόgco  tou

algorίqmou  gίn¶tai  έnaV  “ariqmόV”  diairέs¶wn  ak¶raίwn  pollaplήV  akrib¶ίaV.

Αn qέsoum¶ a0  = a kai a1  = b, apό tiV diarέs¶iV autέV brίskontai ta upόloipa a2 ,

…, aL .

a0  = a

a1  = b

a2  = a0  - a1 q1

a3  = a1  - a2 q2

ª

ai  = ai-2  - ai-1 qi-1

ª

aL  = aL-2  - aL-1 qL-1

0  = aL-1  - aL qL

Θέtoum¶ n0  = n = l(a), n1  = m = l(b), n2  = l(a2 ), …, nL  = l(aL ) kai έcoum¶ n0  ¥ n1

¥  n2  ¥  …  ¥  nL .   ΌpwV  qa  doύm¶  sto  Θ¶ώrhma  tou  Lamé, sthn  p¶rίptwsh  m¶  to

mέgisto  L  pou  ¶ίnai  autή  thV  akolouqίaV  Fibonacci,  gnήsi¶V  anisόtht¶V

parousiάzontai m¶tά apό kάq¶ tέss¶ra ή pέnt¶ upόloipa.

Θa  upologίsoum¶  tώra  ton  crόno  upologismoύ  kάq¶  miaV  apό  autέV  tiV

diairέs¶iV  kai  qa  prosqέsoum¶  ta  apot¶lέsmata.   Ξέroum¶  pwV  to  upόloipo  a2

upologίz¶tai s¶ crόno m(n - m + 1) = n1 (n0  - n1  + 1), to upόloipo a3  upologίz¶tai

s¶  crόno  n2 (n1  -  n2  +  1),  …,  kai  to  upόloipo  aL+1  =  0  upologίz¶tai  s¶  crόno

nL (nL-1  - nL  + 1).

Ο sunolikόV crόnoV gia thn ¶ύr¶sh tou mkd ¶ίnai loipόn
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⁄i=1
L  ni H ni-1 - ni + 1L .

Αn  tώra  ni  = ni-1  -  1 = ∫  = m -  i  + 1,  gia  2  §  i  §  L  < 5m  (dhladή  to  mήkoV  kάq¶

upoloίpou ai  ¶ίnai mikrόt¶ro katά monάda apό to mήkoV tou upoloίpou ai-1 , kai L <

5m όpwV prokύpt¶i apό to q¶ώrhma Lamé), tόt¶ gia m ¥ 1 (pou iscύ¶i pάnta) kai

ni-1 - ni  = 1 to parapάnw άqroisma gίn¶tai 

⁄i=1
L  ni H ni-1 - ni + 1L  

 § ⁄i=1
5 m ni H ni-1 - ni + 1L  

 = m(n - m + 1) + 2⁄i=2
5 m  Hm - i + 1L  

= mn - m2  + m + (3m - 15m2 ) = mn - 16m2  + 4m

< mn.

Σthn  “c¶irόt¶rh”  p¶rίptwsh  (akolouqίa  Fibonacci)  pou  to  mήkoV  orismέnwn

upoloίpwn  ¶ίnai  to  ίdio,  qa  iscύ¶i  ni-1 - ni  =  0  kai  to  άqroisma  twn  crόnwn

(¶ktόV  tou  prώtou)  qa  ¶ίnai  projanώV  mikrόt¶ro  apό  to  2⁄i=2
5 m  Hm - i + 1L .   Τo

ίdio d¶ sumbaίn¶i kai an gia kάpoio i,  ni-1 - ni  > 1, diόti sthn p¶rίptwsh autή ni

< (m - i +1).

Αxίz¶i na shm¶iwq¶ί pwV oi parapάnw scέs¶iV ¶pib¶baiώnontai kai apό to Mathe-

matica.  Γia parάd¶igma h t¶l¶utaίa anisόthta ¶pib¶baiώn¶tai 

Assuming@m ≥ 1 && n ≥ 1, Refine@m n − 16 m2 + 4 m < m nDD

True

Λήmma 2.3.1: 

Έna akribέV jrάgma ston ariqmό prάx¶wn gia ton upologismό tou mkd twn a , b  m¶

ton  klassikό  Εukl¶ίd¶io  algόriqmo  ¶ίnai  Ο(mn),  όpou   n =  l(a),  kai  m =  l(b),  ta

mήkh twn ak¶raίwn a kai b antίstoica.

Αkolouq¶ί to 

Θ¶ώrhma tou Lamé (1844):

Ο ariqmόV twn diairέs¶wn pou ¶kt¶loύntai gia thn ¶ύr¶sh tou mkd dύo ak¶raίwn,
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a ,  b  œ  ,  a  ¥  b  ¥  0,  ¶ίnai  pάnta  mikrόt¶roV  apό  ton  ariqmό  5·l10 (b),  όpou  l10 (b)

¶ίnai o ariqmόV twn yhjίwn tou mikrόt¶rou akέraiou b, wV proV thn bάsh b = 10.

Αpόd¶ixh:

ΑV  q¶wrήsoum¶  thn  akolouqίa  twn  ariqmώn  Fibonacci  pou  orίz¶tai  apό  tiV

arcikέV timέV F0  = 1, F1  = 2, kai thn scέsh Fn  = Fn-1  + Fn-2 .  Η akolouqίa autή

¶ίnai  diajor¶tikή  apό  ¶k¶ίnh  pou  orίsam¶  stiV  askήs¶iV  allά  maV  dίn¶i  touV  mh

mhd¶nikoύV, kai mh ¶panalambanόm¶nouV όrouV:  

1, 2, 3, 5, 8,¤ 13, 21, 34, 55, 89,¤ 144, 233, 377, 610, 987,¤ 1597, 2584, 4181, 6765,¤

10946 ktl

Τo  sήma  ¤  “jwtίz¶i”  thn  kύria  idέa  tou  q¶wrήmatoV  tou  Lamé  pou  amέswV

apod¶iknύoum¶  kai  pou  ¶ίnai  h  ¶xήV:  ta  mέlh  thV  akolouqίaV  Fibonacci pou  έcoun

ton ίdio ariqmό yhjίwn ¶ίnai toulάciston tέss¶ra kai to polύ pέnt¶.

Πrάgmati, an parastήsoum¶ m¶ t1  ton prώto όro thV akolouqίaV Fibonacci m¶ k +

1 yhjίa, tόt¶ iscύ¶i

10k  < t1  < 2·10k

diόti o όroV t1  ¶ίnai to άqroisma dύo k-yήjiwn όrwn.  ΟmoίwV, ¶p¶idή 

10k
ÅÅÅÅÅÅÅÅÅ2  < t0  < 10k

kai t2  = t0  + t1 , έcoum¶

3ÅÅÅÅ2 ·10k  < t2  < 3·10k

ΠrocwrώntaV katά ton ίdio trόpo έcoum¶

5ÅÅÅÅ2 ·10k  < t3  < 5·10k

4·10k  < t4  < 8·10k

13ÅÅÅÅÅÅÅ2 ·10k  < t5  < 13·10k
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21ÅÅÅÅÅÅÅ2 ·10k  < t6  < 21·10k .

Σun¶pώV,  oi  όroi  thV  akolouqίaV  Fibonacci  m¶  k  +  1  yhjίa  ¶ίnai  toulάciston

tέss¶riV kai to polύ pέnt¶.

Αn  dhlώsoum¶  m¶  F0 ,  F1 ,  F2 ,  …  touV  όrouV  thV  akolouqίaV  Fibonacci,  tόt¶  to

plήqoV  twn  όrwn  mέcri  ton  Fn  qa  ¶ίnai  to  polύ  5·l10 (Fn )  -  1.   (Τropopoiήst¶

katάllhla to prόgramma upologismoύ twn όrwn thV akolouqίaV stiV askήs¶iV kai

dokimάst¶.)   Έtsi  gia  na  broύm¶  ton  mkd  dύo  diadocikώn  όrwn  Fn ,  Fn+1  o  ariqmόV

twn  diairέs¶wn  pou  qa  prέp¶i  na  kάnoum¶  qa  ¶ίnai  <  5·l10 (Fn )—prάgma  pou

apot¶l¶ί m¶rikή p¶rίptwsh tou q¶wrήmatoV Lamé.  

Έtsi  gia  parάd¶igma,  gia  na  broum¶  ton  mkd  twn  13  kai  8  όpou  5·l10 (8)  =  5·1

kάnoum¶  tiV  ¶xήV  tέss¶riV  diairέs¶iV  (h  diaίr¶sh  m¶  phlίko  thn  monάda  d¶n

m¶trά¶i):

13 = 1·8 + 5,

8 = 1·5 + 3,

5 = 1·3 + 2,

3 = 1·2 + 1,

2 = 2·1      .

Έstw  tώra  όti  qέloum¶  na  broύm¶  ton  mkd  twn  ak¶raίwn  a ,  b  œ  ,  a  ¥  b g¶nikά.

Αn  parastήsoum¶  m¶  an£+2  = a,  an£+1  = b,  an£ ,  …, a1 ,  a0  thn  jqίnousa  akolouqίa

twn  upoloίpwn  pou  prokύptoun  apό  thn  ¶jarmogή  tou  klassikoύ  Εukl¶ίd¶iou

algόriqmou, tόt¶ έcoum¶ ai  = q·ai-1  + ai-2  m¶ q ¥ 1.  ΑV upoqέsoum¶ ¶piplέon όti o

akέraioV  b  brίsk¶tai  anάm¶sa  stouV  ariqmoύV  Fn+1  kai  Fn .   Τόt¶  qa  d¶ίxoum¶

pwV  ta  upόloipa  an£ ,  …,  a1 ,  a0  brίskontai  anάm¶sa  sta  diastήmata  pou

schmatίzontai apό diadocikά mέlh thV akolouqίaV Fn+1 , Fn , …, F1 , F0 .  Πrosέxt¶

pwV ¶n gέn¶i n ∫ n£ .

ΑV  pάroum¶  prώta  thn  p¶rίptwsh  q  =  1  gia  όl¶V  tiV  diairέs¶iV  kai  aV

upoqέsoum¶ pwV upάrcoun dύo upόloipa ah  kai ah-1  sto ίdio diάsthma (Fk , Fk-1 ).

∆hladή  έcoum¶  Fk  >  ah  >  ah-1  > Fk-1 .   Τόt¶,  ¶p¶idή  Fk  =  Fk-1  + Fk-2  kai  ¶p¶idή
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Fk-1  ¶mjanίz¶tai sto άqroisma mόno mίa jorά, qa έcoum¶ ah  = ah-1  + ah-2  kai Fk-2

>  ah-2 .   ∆hladή  d¶n  qa  upάrc¶i  upόloipo  sto  diάsthma  (Fk-1 ,  Fk-2 ).   Σto  ίdio

sumpέrasma katalήgoum¶ kai gia tiV p¶riptώs¶iV Fk  = ah  > ah-1  > Fk-1  kai Fk  >

ah  > ah-1  = Fk-1 .

Άra,  an  q  =  1  gia  όl¶V  tiV  diairέs¶iV  tou  klassikoύ  Εukl¶ίd¶iou  algόriqmou,

tόt¶  ta  upόloipa  katanέmontai  katά  tέtoio  trόpo  (anάm¶sa  stouV  όrouV  thV

jqίnousaV  akolouqίaV  Fibonacci)  ώst¶  potέ  d¶n  upάrcoun  p¶rissόt¶ra  apό  dύo

upόloipa  s¶  έna  diάsthma  apό  dύo  diadocikoύV  όrouV.   Εpiplέon,  kάq¶  diάsthma

m¶ dύo upόloipa akolouq¶ίtai apό έna diάsthma cwrίV kanέna upόloipo.  

Σthn  sunέc¶ia  q¶wroύm¶  thn  p¶rίptwsh  q  >  1  gia  mίa  toulάciston  diaίr¶sh.

Έstw  loipόn  όti  έcoum¶  ai  =  2·ai-1  +  ai-2  (q  =  2)  kai  aV  upoqέsoum¶  pwV  to  ai

brίsk¶tai anάm¶sa stouV όrouV F j+1  kai F j .  Τόt¶ έcoum¶

ai  - 2· ai-1  > 0  kai  2·F j  - F j+1  > 0

kai prosqέtontάV ta 

2(F j  - ai-1 ) -  (F j+1  - ai ) > 0.

Αpό  thn  t¶l¶utaίa  anisόthta  sump¶raίnoum¶  pwV  F j  -  ai-1  >  0 ή  F j  >  ai-1 .   ΑV

doύm¶ pou brίsk¶tai to ai-1 .  Αn   F j-1  > ai-1 , tόt¶ to diάsthma (F j , F j-1 ) qa ¶ίnai

“άd¶io.”   Αn  pάli  ai-1  >  F j-1 ,  tόt¶  qa  έcoum¶  F j-2  >  ai-2  ¶p¶idή  iscύoun:  F j+1  =

2·F j-1  + F j-2  (aplό sthn apόd¶ixh), ai  = 2·ai-1  + ai-2  (¶x upoqέs¶wV) kai F j+1  > ai

(¶pίshV ¶x upoqέs¶wV).  Σun¶pώV, to diάsthma (F j-1 , F j-2 ) qa ¶ίnai  “άd¶io.”

Άra,  an  q  >  1  gia  mίa  toulάciston  diaίr¶sh  tou  klassikoύ  Εukl¶ίd¶iou

algόriqmou, tόt¶ qa upάrc¶i toulάciston έna diάsthma thV akolouqίaV Fibonacci

pou  d¶w  qa  p¶riέc¶i  kanέna  upόloipo  kai  autό  d¶n  qa  ¶xisorrophq¶ί  apό  άllo

diάsthma pou qa p¶riέc¶i dύo upόloipa.

Βlέpoum¶  loipόn  pwV  gia  na  ¶ίnai  n  =  n£ ,  dhladή  gia  na  έc¶i  h  akolouqίa  twn

upoloίpwn  an£ ,  …,  a1 ,  a0  ton  ίdio  ariqmό  m¶lώn  m¶  thn  akolouqίa  Fn ,  …,  F1 ,  F0

prέp¶i q = 1 gia όl¶V tiV diairέs¶iV tou klassikoύ Εukl¶ίd¶iou algόriqmou kai a0
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= 1.   ∆hladή  όpwV  orίz¶tai  h  akolouqίa  Fibonacci  gia  touV  mh  mhd¶nikoύV,  kai  mh

¶panalambanόm¶nouV  όrouV  F0  =  1,  F1  =  2,   F2  =  3,  …  έtsi  prέp¶i  kai  sthn

akolouqίa twn upoloίpwn na ¶ίnai  a0  = 1.  

Πrosέxt¶  όmwV  pwV  d¶n  mpor¶ί  na  ¶ίnai  a1  =  2  diόti  tόt¶  oi  dύo  akolouqί¶V  qa

ήtan oi ίdi¶V kai b qa ήtan ίso m¶ to Fn+1 , prάgma pou d¶n iscύ¶i.  Σun¶pώV, h timή

tou a1  qa ¶ίnai toulάciston 3, kai h akolouqίa twn upoloίpwn qa έc¶i t¶likά έnan

h p¶rissόt¶rouV όrouV ligώt¶rouV apό thn akolouqίa Fibonacci. //

Εnώ  o  crόnoV  upologismoύ  tou  mkd  d¶n  allάz¶i,  ¶n  toύtoiV  upάrcoun  kai  άlla,

kallίt¶ra  tou  5·l10 (b),  jrάgmata  tou  ariqmoύ  twn  diairέs¶wn  pou  ¶kt¶loύntai

gia thn ¶ύr¶sh tou mkd dύo ak¶raίwn.  Αnajέroum¶ to kallίt¶ro ¶nώ έna  άllo to

ajήnoum¶ gia tiV askήs¶iV.

Αpό  to  q¶ώrhma  tou  Lamé  xέroum¶  pwV  to  m¶galύt¶ro  Εukl¶ίd¶io  mήkoV  dύo

ak¶raίwn,  a ,  b  œ  ,  a  ¥  b  ¥  0,  ¶ίnai  όtan  sthn  ¶ύr¶sh  tou  mkd  touV  ta  phlίka

¶ίnai  όla  1,  dhladή  όtan  oi  akέraioi  autoί  ¶ίnai  diadocikoί  ariqmoί  Fibonacci.

Εpiplέon,  apό  tiV  askήs¶iV  xέroum¶  όti  an  h  akolouqίa  Fibonacci  orίz¶tai  apό  tiV

arcikέV timέV  F0 = 0, F1 = 1, kai thn scέsh Fn  = Fn-1 + Fn-2 , tόt¶ Fn  º f+
n

ÅÅÅÅÅÅÅÅÅÅè!!!!5 , όpou

f+  =  1 +
è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  º  1.618  ¶ίnai  h  crusή  tomή  (golden  ratio).   Άra,  an  {a ,  b}  = {Fn+1 ,

Fn } to Εukl¶ίd¶io mήkoV touV ¶ίnai 

L = n - 1 º logf  è!!!5 b - 1,

pou ¶ίnai mίa pάra polύ kalή prosέggisή tou. 

Πarάd¶igma:

Έstw {a , b} = {Fn+1 , Fn } = {21, 13}.  Τo q¶ώrhma tou Lamé maV dίn¶i to jrάgma

5· l10 (13) = 10 gia ton ariqmό twn diairέs¶wn, ¶nώ o tύpoV m¶ thn crusή tomή to

jrάgma 

LogAGoldenRatio,
è!!!!

5 13.E − 1 êê Round

6
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Κl¶ίnoum¶  m¶  to  ¶xήV  ¶ndiajέron  apotέl¶sma  tou  Dirichlet,  to  opoίo  dίnoum¶  kai

san άskhsh.  Αn a , kai b  ¶ίnai dύo tucaίa ¶pil¶gmέnoi akέraioi tόt¶ h piqanόthta

όti gcd(a , b) = 1 ¶ίnai 6ÅÅÅÅÅÅÅp2  º 0.60793.  

ü 2.3.2   R = [x] ή R = F[x], όpou F p¶p¶rasmέno sώma

Θa analύsoum¶ tώra ton Εukl¶ίd¶io algόriqmo gia thn p¶rίptwsh a , b  œ [x] (ή

a , b  œ F[x], όpou F p¶p¶rasmέno sώma) kai n = deg(a) ¥ deg(b) = m ¥ 0.  ∆hladή,

oi  sunt¶l¶stέV  twn  poluwnύmwn  ¶ίnai  ¶ίt¶  rhtoί  pollaplήV  akrib¶ίaV  ¶ίt¶

akέraioi aplήV akrib¶ίaV (apό to p¶p¶rasmέno sώma).  

ΌpwV  kai  sthn  p¶rίptwsh  twn  ak¶raίwn,  έtsi  kai  ¶dώ  blέpoum¶  pwV  όlh  h

“doul¶iά”  gίn¶tai  sto  d¶ύt¶ro  bήma  tou  klassikoύ  Εukl¶ίd¶iou  algorίqmou   pou

upάrc¶i έnaV brόgcoV thV morjήV:

while b  ∫ 0 do {a , b}ô {b , rem(a , b)}.

Αn qέsoum¶ a0  = a kai a1  = b, apό tiV diarέs¶iV autέV brίskontai ta upόloipa a2 ,

…,  aL  ta  opoίa  tώra  ¶ίnai  poluώnuma  baqmώn  n0  =  n  ¥  n1  =  m  >  n2  >  …  >  nL

antίstoica.   Η  akolouqίa  twn  upoloίpwn  autώn  paίz¶i  shmantikόtato  rόlo  kai

onomάz¶tai  akolouqίa  poluwnumikώn  upoloίpwn  ή  apu  (polynomial  remainder

sequence  or  prs).   ΠrojanώV,  o  ariqmόV  L  twn  diairέs¶wn  jrάss¶tai  apό  L  §

deg(b) + 1, kai o baqmόV kάq¶ phlίkou ¶ίnai deg(qi ) = ni-1  - ni , 1 § i § L.

ΌpwV  έcoum¶  d¶i,  h  diaίr¶sh  m¶  upόloipo  tou  poluwnύmou  ai-1  baqmoύ  ni-1  m¶  to

poluώnumo  m¶  monadiaίo  kύrio  sunt¶l¶stή  ai  baqmoύ  ni ,  ¶kt¶l¶ίtai  m¶  to  polύ

2ni (ni-1  -  ni  +  1)  prάx¶iV  sto  R.   Γia  thn  kanonikopoίhsh  όlwn  twn  poluwnύmwn

(dhladή  gia  na  kάnoum¶  to  ai  poluώnumo  m¶  monadiaίo  kύrio  sunt¶l¶stή)

apaitoύntai ni  prάx¶iV.  Άra, gia na broύm¶ ton mkd dύo poluwnύmwn (dhladή gia

ton Εukl¶ίd¶io algόriqmo) apaitoύntai 

⁄i=1
L 2 ni H ni-1 - ni + 1L  + ⁄i=0

L ni  

= 2⁄i=1
L  ni H ni-1 - niL  + n0  + 3⁄i=1

L ni
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prάx¶iV ston daktύlio R.

Εx¶tάzoum¶  prώta  thn  p¶rίptwsh  pou  h  akolouqίa  twn  poluwnumikώn  upoloίpwn

¶ίnai  plήrhV,  dhladή  ni  = ni-1  -  1  = ∫  = m -  i  +  1,  gia  2  §  i  §  L §  m  + 1.   Σthn

p¶rίptwsh  autή  o  baqmόV  kάq¶  upoloίpou  ai  ¶ίnai  mikrόt¶roV  katά  monάda  apό

ton  baqmό  tou  upoloίpou  ai-1 ,  opόt¶  ni-1 - ni  =  1  kai  to  parapάnw  άqroisma

gίn¶tai 

2m(n - m) + n + 3m + 5⁄i=2
m+1  Hm - i + 1L  

= 2mn - 2m2  + n + 3m + 5ÅÅÅÅ2 (m2  - m) = mÅÅÅÅÅ2  + m2
ÅÅÅÅÅÅÅÅ2  + 2mn + n

§ mÅÅÅÅÅ2  + m nÅÅÅÅÅÅÅÅÅ2  + 2mn + n

§ 5ÅÅÅÅ2 mn + 3ÅÅÅÅ2 n.

Η  parapάnw  anisόthta  (pou  όpwV  kai  gia  touV  ak¶raίouV  iscύ¶i  kai  gia  thn

p¶rίptwsh  mh  plήrouV  apu,  dhladή  ni-1 - ni  >  1)  ¶pib¶baiώn¶tai  kai  apό  to

Mathematica. 

AssumingAm ≥ 1 && n ≥ 1 && n ≥ m, RefineA m

2
+

m2

2
+ 2 m n + n ≤

5

2
 m n +

3

2
 nEE

True

Λήmma 2.3.2: 

Έna  akribέV  jrάgma  ston  ariqmό  prάx¶wn  gia  ton  upologismό  tou  mkd  twn

poluwnύmwn  a ,  b  m¶  ton  klassikό  Εukl¶ίd¶io  algόriqmo  ¶ίnai  Ο(mn),  όpou   n  =

deg(a), kai m = deg(b), n ¥ m.

Σ¶ antίq¶sh m¶ touV ak¶raίouV diakrίnoum¶ tiV ¶xήV p¶riptώs¶iV: 

a.  Αn R = [x] (opόt¶ έcoum¶ ariqmhtikή pollaplήV akrib¶ίaV), kai Β = max{»»a»»
¶ , »»b»»¶ }, h mέgisth norm, tόt¶ o crόnoV ¶ύr¶shV tou mkd dύo poluwnύmwn gίn¶tai

ΟHmn log2  Β) = O(n2  log2  Β), όpou log2  Β = (log  ΒL2 .
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b.   Αn  R  =  F[x],  όpou  F  p¶p¶rasmέno  sώma  (opόt¶  έcoum¶  ariqmhtikή  aplήV

akrib¶ίaV),  tόt¶  o  crόnoV  ¶ύr¶shV  tou  mkd  dύo  poluwnύmwn  ¶ίnai  autόV  pou

proanajέram¶, dhladή Ο(mn).
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Αskήs¶iV 

1:  a.   ∆¶ίxt¶  pwV  h  norm  n  :  [i]  Ø    m¶  n(a)  = aaêê  ston  daktύlio  twn  migadikώn

ak¶raίwn  (Gaussian  integers)  [i]  ¶ίnai  mίa  Εukl¶ίd¶ia  sunάrthsh  (sunάrthsh

m¶gέqouV).   (Υpόd¶ixh:  Τhn  lύsh  thn  dίn¶i  to  akribέV  phlίko  thV  diaίr¶shV  sto  

twn migadikώn ak¶raίwn a kai b œ [i].)

b.   ∆¶ίxt¶  όti  oi  monάd¶V  ston  daktύlio  [i]  ¶ίnai  ta  stoic¶ίa  m¶  norm  1.   Πoia

¶ίnai autά;

g.  Σhm¶iώst¶ pwV h normal(a + ib) = »a» + i»b», "a,b œ  d¶n ¶ίnai kanonikή morjή

twn  migadikώn  ak¶raίwn,  diόti  ¶tairikά  stoic¶ίa  d¶n  έcoun  thn  ίdia  kanonikή

morjή.   ∆¶ίxt¶  pwV  h  kanonikή  morjή  normal(a)  =  »a»  twn  ak¶raίwn,  "a  œ  ,  d¶n

¶p¶kt¶ίn¶tai  stouV  migadikoύV  ak¶raίouV  diόti  d¶n  plhr¶ίtai  h

pollaplasiastikή idiόthta  twn  morjώn autώn.  (Υpόd¶ixh:  Πoia  ¶ίnai  h kanonikή

morjh normal(H1 + iL2 ); )

2:   a.   Αnaptύxt¶  έnan  Εukl¶ίd¶io  algόriqmo  gia  thn  ¶ύr¶sh  tou  mkd  dύo

migadikώn  ak¶raίwn  (Gaussian  integers).   Γia  a,b  œ  [i]  wV  gcd(a,  b)  orίz¶tai  o

migadikόV akέraioV d œ [i] pou diair¶ί touV a kai b kai έc¶i thn mέgisth norm n(d).

Πrosέxt¶  pwV  h  norm  tou  migadikoύ  ak¶raίou  d  d¶n  allάz¶i  an  ton

pollaplasiάsoum¶  m¶  ±1,  ή  ±i,  kai  έtsi  h  kάq¶  mίa  apό  autέV  tiV  4  p¶riptώs¶iV

q¶wr¶ίtai  wV  “o  mkd”  twn  a,  b.   Πar'  όla  όsa  ¶ίpam¶  sthn  άskhsh  1g,

akolouqoύm¶  to  Mathematica  kai  ¶pilέgoum¶  gia  “kanonikή  morjή”  tou  d  autή  m¶

q¶tikό to pragmatikό kai jantastikό mέroV.

Υpόd¶ixh:  Η diaίr¶sh ston daktύlio [i] gίn¶tai bάs¶i thV scέshV:

c+i dÅÅÅÅÅÅÅÅÅÅÅÅa+i b  = Hc+i dL Ha-i bLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa2+b2 .

ΕpίshV,  kάq¶  migadikόV  ariqmόV  mpor¶ί  na  grajt¶ί  san  άqroisma  ¶nόV  migadikoύ

ak¶raίou  kai  ¶nόV  migadikoύ  ariqmoύ  tou  opoίou  kai  to  pragmatikό  kai  to

jantastikό  mέroV  ¶ίnai  m¶taxύ  -1ÅÅÅÅÅÅÅÅ2  kai  1ÅÅÅÅ2 .   ΕpomέnwV  mporoύm¶  na  diairέsoum¶

Αskήs¶iV
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έnan migadikό akέraio a m¶ έnan άllo b kai na broύm¶ έna phlίko kai έna upόloipo

œ [i], όpou h norm tou upoloίpou ¶ίnai mikrόt¶rh thV norm tou b. 

b.   Υpologίst¶  ton  gcd(12277,  399+20i)  (klassikό  kai  ¶p¶ktamέno)  kai

sugkrίn¶t¶ to apotέl¶sma m¶ autό tou Mathematica.

GCD@12277, 399 + 20 D

89 + 66

ExtendedGCD@12277, 399 + 20 D

889 + 66 , 8−1 − 2 , 34 + 60 <<

3:   ∆¶ίxt¶  pwV  an  toulάciston  έna  apό  ta  a,  b  œ    ¶ίnai  diάjora  tou  mhd¶nόV,

tόt¶  o  akέraioV  »ab»ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  ¶ίnai  to  ¶lάcisto  koinό  pollaplάsio  twn  a  kai  b,  lcm(a,

b). 

4:  (Σ¶irέV  Farey)   Σthn  idiόthta  a  tou  Θ¶wrήmatoV  idiotήtwn  tou  mkd,  kai  gia  thn

¶idikή  p¶rίptwsh  pou  gcd(a,  b) = 1 kai  0 < a  §  b,  mporoύm¶  na  upologίsoum¶ apό

thn s¶irά Farey Fb  touV akέraiouV x kai y έtsi ώst¶ gcd(a, b) = ax + by.  

a.  ΟrismόV:  

Η  s¶irά  Farey  tάxhV  n,  pou  sumbolίz¶tai  m¶  Fn ,  ¶ίnai  to  sύnolo  όlwn  twn

klasmάtwn aÅÅÅÅb  m¶taxύ 0 kai  1, diat¶tagmέnwn s¶ aύxousa  tάxh έtsi, m¶ gcd(a, b)

= 1 kai έtsi ώst¶ oi paranomastέV na ¶ίnai b § n.

Πarάd¶igma:

Η s¶irά Farey tάxhV 3 ¶ίnai F3 : 0ÅÅÅÅ1 , 1ÅÅÅÅ3 , 1ÅÅÅÅ2 , 2ÅÅÅÅ3 , 1ÅÅÅÅ1 .

b.  Κatask¶uή twn s¶irώn Farey:

Γia  thn  katask¶uή  thV  s¶irάV  Fn  arcίzoum¶  m¶  F1  =  0ÅÅÅÅ1 ,  1ÅÅÅÅ1  kai  m¶tά

¶panalambάnoum¶  thn  akόlouqh  prάxh  tόs¶V  jorέV  όs¶V  cr¶iάz¶tai  (oi

paranomastέV prέp¶i na ¶ίnai § n):

Εisάg¶t¶ to klάsma a+a£
ÅÅÅÅÅÅÅÅÅÅÅÅb+b£  anάm¶sa sta diadocikά klάsmata aÅÅÅÅb  kai a£

ÅÅÅÅÅÅb£ .
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Πarάd¶igma:

Γia ton upologismό thV F3 , thV s¶irάV Farey tάxhV 3, to prώto bήma maV dίn¶i έna

kainoύrgio klάsma anάm¶sa sta 0ÅÅÅÅ1  kai 1ÅÅÅÅ1 : 

0ÅÅÅÅ1 , 1ÅÅÅÅ2 , 1ÅÅÅÅ1

¶nώ to d¶ύt¶ro (kai t¶l¶utaίo) bήma maV dίn¶i dύo ¶piplέon klάsmata:

F3 :  0ÅÅÅÅ1 , 1ÅÅÅÅ3 , 1ÅÅÅÅ2 , 2ÅÅÅÅ3 , 1ÅÅÅÅ1

Σhm¶iώst¶  pwV  gia  na  katask¶uάsoum¶  thn  s¶irά  Fn  apό  thn  s¶irά  Fn-1

¶isάgoum¶  to  klάsma  a+a£
ÅÅÅÅÅÅÅÅÅÅÅÅn  anάm¶sa  sta  diadocikά  klάsmata  aÅÅÅÅb  kai  a£

ÅÅÅÅÅÅb£  gia  ta

opoίa  iscύ¶i  b  +  b£  =  n,  dhladή  to  άqroisma  twn  paranomastώn  ¶ίnai  n.   Έtsi,

gia  na  upologίsoum¶  thn  s¶ira  F4  apό  thn  s¶irά  F3  ¶isάgoum¶  ta  klάsmata  1ÅÅÅÅ4

kai 3ÅÅÅÅ4  sύmjwna m¶ ton parapάnw kanόna:

F4 :  0ÅÅÅÅ1 , 1ÅÅÅÅ4 , 1ÅÅÅÅ3 , 1ÅÅÅÅ2 , 2ÅÅÅÅ3 , 3ÅÅÅÅ4 , 1ÅÅÅÅ1

g.  Αpod¶ίxt¶ pwV an aÅÅÅÅb  < a£
ÅÅÅÅÅÅb£  kai όl¶V oi timέV ¶ίnai mh arnhtikέV, tόt¶

aÅÅÅÅb  <  a+a£
ÅÅÅÅÅÅÅÅÅÅÅÅb+b£  < a£

ÅÅÅÅÅÅb£ .

d.   Αpod¶ίxt¶  ¶pagwgikά  (by  induction)  pwV  an  aÅÅÅÅb  kai  a£
ÅÅÅÅÅÅb£  ¶ίnai  dύo  diadocikά

klάsmata (s¶ opoiodήpot¶ stάdio thV katask¶uήV) tόt¶

a£ b - ab£  = 1.

(Υpόd¶ixh:   Αrcikά  iscύ¶i  h  isόthta  autή.   Όtan  έna  nέo  klάsma  ¶isάg¶tai,

iscύ¶i  h  anisόthta  tou  mέrouV  g.   Αpod¶ίxt¶  pwV  h  isόthta  iscύ¶i  s¶  όla  ta

stάdia thV katask¶uήV.)

¶.  Κatask¶uάst¶ thn s¶irά F7  kai br¶ίt¶ dύo lύs¶iV thV ¶xίswshV 5s + 7t = 1.

5:  Αpod¶ίxt¶  pwV  gia  a,  b,  c  œ  ,  iscύoun  oi  ¶xήV  idiόtht¶V  gia  ton  mέgisto  koinό

diairέth:

ä  gcd(a, b) = »a»  ñ  a » b.

Αskήs¶iV
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ä  gcd(a, b) = gcd(b, a)  (m¶taq¶tikή).

ä  gcd(a, gcd(b, c)) = gcd(gcd(a, b), c)  (pros¶tairistikή).

ä  gcd(c·a, c·b) = »c»·gcd(a, b)  (¶pim¶ristikή).

6:   Ο  klassikόV  Εukl¶ίd¶ioV  algόriqmoV  gia  ak¶raίouV  ¶ίnai  dunatόn  na

¶pitacunq¶ί  an  ¶pitrέpoum¶  diairέs¶iV  m¶  arnhtikό  upόloipo.   ∆hladή  apό  tiV

scέs¶iV a = b*c + d kai a = b*(c+1) - e  ¶pilέgoum¶ ¶k¶ίnh pou dίn¶i to upόloipo m¶

thn  mikrόt¶rh  apόluth  timή.   Γia  parάd¶igma,  prosέxt¶  pwV  o  ariqmόV  twn

diairέs¶wn ¶ίnai 3 όtan ¶pitrέpontai arnhtikά upόloipa:

612 H342L∗ 2 + H−72L
342 H−72L∗ 5 + H−18L
−72 H−18L∗ 4 + 0

kai 5 όtan όla ta upόloipa ¶ίnai όla q¶tikά:

612 342 ∗ 1 + 270
342 270 ∗ 1 + 72
270 72 ∗ 3 + 54
72 54 ∗ 1 + 18
54 18 ∗ 3 + 0

Τropopoiήst¶  to  prόgramma  upologismoύ  tou  mkd  dύo  q¶tikώn  ak¶raίwn  gcdPos-

Int[], ώst¶ na ¶pitrέpontai diairέs¶iV m¶ arnhtikό upόloipo.

7:   Αn  ai  =  ai+1 qi+1  +  ai+2 ,  i  =  0,  …,  k-1  ¶ίnai  h  akolouqίa  diairέs¶wn  gia  thn

¶ύr¶sh tou mkd twn ak¶raίwn a0 , a1  apod¶ίxt¶ thn anisόthta

ai+2  < aiÅÅÅÅÅÅ2 ,   i ¥ 1.

Μ¶  άlla  lόgia,  h  timή  twn  upoloίpwn  όci  mόnon  m¶iώn¶tai,  allά  m¶iώn¶tai

sc¶tikά  grήgora.   (Υpόd¶ixh:   Εx¶tάst¶  tiV  dύo  piqanέV  anisόtht¶V  m¶taxύ  twn

ai+1  kai aiÅÅÅÅÅÅ2 .) 

8:   ΧrhsimopoiώntaV  ton  klassikό  kai  ¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  br¶ίt¶

ton  mkd  twn  parakάtw  z¶ugώn  ak¶raίwn:  a.   34,  21.   b.   136,  51.   g.   481,  325.  d.

8771, 3206.
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9:  ∆uadikόV,  anagwgikόV  (recursive) algόriqmoV  gia  thn  ¶ύr¶sh  tou  d  = gcd(a, b)

dύo  q¶tikώn  ak¶raίwn  a,  b.   ΧwrίV  p¶riorismό  thV  g¶nikόthtaV  mporoύm¶  na

q¶wrήsoum¶ mόnon q¶tikoύV ak¶raίouV diόti όpwV xέroum¶ gcd(a, b) = gcd(»a§, §b§). 

ΑlgόriqmoV: ∆uadikόV algόriqmoV gia thn ¶ύr¶sh tou d = gcd(a, b).

ΕίsodoV:  a , b  œ >0 .

ΈxodoV:  Ο mέgistoV koinόV diairέthV d = gcd(a, b) œ >0 .

===========   

1.  If a = b then return d ô a.

2.  (* Κai oi dύo akέraioi ¶ίnai άrtioi *)  

     If rem(a, 2) = rem(b, 2) = 0 then return d ô 2·gcd( aÅÅÅÅ2 , bÅÅÅÅ2 ).

3.  (* ΈnaV apό touV dύo ak¶raίouV ¶ίnai άrtioV *)

     Which 

             rem(a, 2) = 0,  return d ô gcd( aÅÅÅÅ2 , b),

      rem(b, 2) = 0,  return d ô gcd(a , bÅÅÅÅ2 ).

4.  (* Οi dύo akέraioi ¶ίnai p¶rittoί kai άnisoi *)

     Which 

     rem(a, 2) = rem(b, 2) = 1 and a  > b ,  return d ô gcd(a - b , b),

     rem(a, 2) = rem(b, 2) = 1 and a  < b ,  return d ô gcd(a , b - a).

===========

a.   Πrogrammatίst¶  ton  algόriqmo  autόn  (lambάnontaV  up'  όyh  pwV  gia  touV

ak¶raίouV  rem() = Mod[]) kai  dokimάst¶  ta  parad¶ίgmata  thV  άskhshV  7.   ΠoioV

¶ίnai o crόnoV upologismoύ tou duadikoύ algorίqmou;

b.   Τropopoiήst¶  ton  algόriqmo  ώst¶  na  upologίz¶i  s,t  œ    έtsi  ώst¶  sa + tb =

gcd(a, b).

10:   Έstw  όti  Fn  kai  Fn+1  ¶ίnai  diadocikoί  όroi  thV  akolouqίaV  Fibonacci  (pou

orίz¶tai  apό  tiV  arcikέV  timέV  F0 =  0,  F1 =  1,  kai  thn  scέsh  Fn  =  Fn-1 +  Fn-2 ).

∆¶ίxt¶  όti  gcd(Fn+1 ,  Fn )  =  1.   Πόs¶V  diairέs¶iV  apaitoύntai  gia  thn  ¶ύr¶sh  tou

mkd;  Αkolouq¶ί έna anagwgikό prόgramma upologismoύ twn όrwn thV akolouqίaV
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Fibonacci,  όpou  gia  ¶pitάgcunsh  twn  upologismώn  oi  upologisqέnt¶V  όroi

apoqhk¶ύontai.

F@0D = 0; F@1D = 1;
F@n_D := F@nD = F@n − 1D + F@n − 2D

Έtsi upologίzoum¶ touV prώtouV 13 mh mhd¶nikoύV όrouV

Table@F@nD, 8n, 13<D

81, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233<

Πrosέxt¶ pwV gcd(Fm , Fn ) = FgcdHm, nL . 

GCD@F@15D, F@5DD F@GCD@15, 5DD

True

11:  Γia thn akolouqίa Fibonacci pou orίz¶tai όpwV kai sthn prohgoύm¶nh άskhsh

apod¶ίxt¶ ta ¶xήV:

a.   (Θ¶ώrhma  tou  Lucas)   Αpod¶ίxt¶  pwV  gcd(Fm ,  Fn )  =  FgcdHm, nL .   (Υpόd¶ixh:

Εjarmόst¶  ton  Εukl¶ίd¶io  algόriqmo  stouV  akέraiouV  m  kai  n,  kai

crhsimopoiήst¶  thn  tautόthta  Fn+k  = Fk Fn+1  + Fk-1 Fn  apό  thn  opoίa  prokύpt¶i

όti Fk n  ¶ίnai pollaplάsio tou Fn .)  

b.   (Λήmma  tou  Yuri Matiyasevich.  Χrhsimopoiήqhk¶ sthn  p¶rίjhmh apόd¶ixh pwV

d¶n  upάrc¶i  algόriqmoV  pou  na  apojasίz¶i  an  mίa  poluwnumikή  ¶xίswsh  pollώn

m¶tablhtώn  m¶  akέraiouV  sunt¶l¶stέV  έc¶i  akέraia  lύsh.)   Αn  n  > 2,  o  ariqmόV

Fibonacci Fm  ¶ίnai pollaplάsio tou Fn
2  ¶άn kai mόnon ¶άn to m ¶ίnai pollaplάsio

tou nFn .

g.  Η akolouqίa Lucas orίz¶tai apό tiV arcikέV timέV L0 = 0, L1 = 1, kai thn scέsh

Ln  = aLn-1 + Ln-2 , gia staq¶rά a œ .  Ιscύ¶i gcd(Lm , Ln ) = LgcdHm, nL ;

12:   a.   Αn  a,b  œ    m¶  a  ¥  b  ¥  1,  apod¶ίxt¶  pwV  rem(a,  b)  §  a - 1ÅÅÅÅÅÅÅÅÅÅÅÅ2 .   (Υpόd¶ixh:

Πrosέxt¶ pwV rem(a, b) § min(a - b, b - 1) kai kaqorίst¶ thn scέsh twn a - b kai b

- 1 stiV dύo p¶riptώs¶iV b § a + 1ÅÅÅÅÅÅÅÅÅÅÅÅ2  kai b > a + 1ÅÅÅÅÅÅÅÅÅÅÅÅ2 .  Βlέp¶ kai thn bibliograjίa.)

b.   ΧrhsimopoiώntaV  (¶pagwgikά)  to  prώto  mέroV  apod¶ίxt¶  pwV  gia  na  broύm¶
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ton  mkd  twn  a,b  œ  >0  o  ariqmόV  twn  diairέs¶wn  pou  ¶kt¶loύntai  katά  thn

diάrk¶ia tou Εukl¶id¶ίou algorίqmou ¶ίnai ¶ίnai § d2 log2 Mt + 1, όpou M = max(a,

b).

13:   Έstw  όti  Fn  kai  Fn+1  ¶ίnai  diadocikoί  όroi  thV  akolouqίaV  Fibonacci  pou

orίz¶tai  apό  tiV  arcikέV  timέV  F0 =  0,  F1 =  1,  kai  thn  scέsh  Fn  =  Fn-1 +  Fn-2 .

Αpod¶ίxt¶ όti 

Fn  = 1ÅÅÅÅÅÅÅÅÅÅè!!!!5 (f+
n  - f-

n )  gia n œ 

όpou  f+  =  1 +
è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  º  1.618  ¶ίnai  h  crusή  tomή  (golden  ratio)  kai  f-  =  1 -

è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  º  -

0.618.  Σump¶rάn¶t¶ όti Fn  ¶ίnai o plhsiέst¶roV akέraioV ston f+
n

ÅÅÅÅÅÅÅÅÅÅè!!!!5  gia όla ta n.

(Τo grάmma f ¶ίnai proV timήn tou Φ¶idίa.)

14:  ΚάnontaV  crήsh tou apot¶lέsmatoV H¶
H2L  = ⁄k>1 k-2  = p2

ÅÅÅÅÅÅÅ6 , H¶
H4L  = p4

ÅÅÅÅÅÅÅ90 , H¶
H6L  =

p6
ÅÅÅÅÅÅÅÅÅ945 ,  H¶

H8L  =  p8
ÅÅÅÅÅÅÅÅÅÅÅÅ9450  (blέp¶  kai  to  άrqro  tou  Stark)  upologίst¶  thn  piqanόthta  dύo,

tέss¶riV, έxi kai octώ (antίstoica) akέraioi na ¶ίnai prώtoi m¶taxύ touV.  

ü Λύs¶iV orismέnwn askήs¶wn

Λύsh thV άskhshV 2b:

Πarousiάzoum¶ dύo progrάmmata.  Τo prώto prόgramma doul¶ύ¶i ¶panalhptikά 

gcdGaussianInteger1@a_, b_D ê;
HRe@aD ∈ Integers && Im@aD ∈ Integers »» a ∈ IntegersL &&
HRe@bD ∈ Integers && Im@bD ∈ Integers »» b ∈ IntegersL := ModuleA
8a0 = a, a1 = b<,

WhileAa1 ≠ 0, quo = RoundANA a0

a1
EE; rem = a0 − quo a1;

8a0, a1< = 8a1, rem<E; Complex@Abs@Re@a0DD, Abs@Im@a0DDD
E

kai to apotέl¶sma ¶ίnai

gcdGaussianInteger1@12277, 399 + 20 D

89 + 66
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Τo d¶ύt¶ro prόgramma doul¶ύ¶i ¶pagwgikά 

gcdGaussianInteger2@a_, b_D := ModuleA

9q =
a

b
=,

gcdGaussianInteger2@b, a − b HRound@Re@qDD + I Round@Im@qDDLD
E

gcdGaussianInteger2@a_, 0 _D := a

kai to apotέl¶sma ¶ίnai

gcdGaussianInteger2@12277, 399 + 20 D

−89 − 66

Πrosέxt¶ pwV an kai ta dύo apot¶lέsmata diajέroun katά monάda, έcoum¶

Norm@89 + 66 D Norm@−89 − 66 D

True

Λύsh thV άskhshV 11b (Matiyasevich) :

Κat'  arcάV  qa  apod¶ίxoum¶  orismέn¶V  crήsim¶V  tautόtht¶V  m¶lώn  thV

akolouqίaV Fibonacci.  

a.   Τautόthta  tou  Cassini  (1680):   Fn+1 Fn-1  -  Fn
2  =  H-1Ln ,  n  >  0.   (Υpάrc¶i  kai

sc¶tikό  g¶wm¶trikό  parάdoxo  pou  basίz¶tai  sthn  tautόthta  autή  kai  bάs¶i  tou

opoίou ta 8ä8 = 64 t¶trάgwna thV skakiέraV gίnontai 5ä13 = 65!)

Αpόd¶ixh:

Σchmatίzoum¶ ton pίnaka 

Mn  = J Fn-1 Fn

Fn Fn+1
N , n ¥ 1.
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(Πrosέxt¶  pwV  d¶n  upάrc¶i  pίnakaV  M0 ).   Κatόpin,  prosqέtoum¶  thn  d¶ύt¶rh

s¶irά  sthn  prώth,  antikaqistoύm¶  thn  prώth  s¶irά  m¶  to  άqroisma,

antallάzoum¶ tiV s¶irέV kai apoktoύm¶ ton pίnaka 

Mn+1  = J Fn Fn+1

Fn+1 Fn+2
N . 

Εp¶idή  έcoum¶  det(Mn+1 )  =  -  det(Mn ),  dhladή  oi  orίzous¶V  diajέroun  mόnon  sto

prόshmo, kai det(M1 ) = J 0 1
1 1

N  = -1, έp¶tai pwV 

det(Mn ) = H-1Ln

ή

 Fn+1 Fn-1  - Fn
2  = H-1Ln , n > 0. //

b.  Fn+k  = Fk Fn+1  + Fk-1 Fn .  

Αpόd¶ixh:

Μ¶ ¶pagwgή wV proV to n ή to k. //

Αn sthn tautόthta b qέsoum¶ k = n, tόt¶ prokύpt¶i 

F2 n  = Fn Fn+1  + Fn-1 Fn

apό thn opoίa blέpoum¶ pwV to F2 n  ¶ίnai pollaplάsio tou Fn .  ΟmoίwV, 

F3 n  = F2 n Fn+1  + F2 n-1 Fn

kai mporoύm¶ na sump¶rάnoum¶ pwV to F3 n  ¶ίnai pollaplάsio tou Fn .  Εpagwgikά

έcoum¶ όti to Fk n  ¶ίnai pollaplάsio tou Fn :

Fk n  = Fk n Fn+1  + Fk n-1 Fn .

Γia  na  apod¶ίxoum¶  tώra  to  lήmma  tou  Matiyasevich  ¶x¶tάzoum¶  thn  akolouqίa

mod(Fk n , Fn
2 ), k = 1, 2, 3, … gia  na  doύm¶ pόt¶ ¶ίnai  mod(Fk n , Fn

2 ) = 0.  (Ξέroum¶

apό ta parapάnw pwV to m prέp¶i na έc¶i thn morjή kn gia na ¶ίnai mod(Fm , Fn )

= 0.)  Αrcikά έcoum¶ mod(Fn , Fn
2 ) = Fn , pou d¶n ¶ίnai mhdέn.  Μ¶tά έcoum¶ 
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F2 n  = Fn Fn+1  + Fn-1 Fn  ª 2Fn Fn+1  (mod Fn
2 ),

apό thn Fn+k  = Fk Fn+1  + Fk-1 Fn  kai to g¶gonόV όti Fn+1  ª Fn-1  (mod Fn ).  ΟmoίwV, 

F2 n+1  = Fn+1
2  + Fn

2  ª Fn+1
2  (mod Fn

2 ).

Η  isodunamίa  autή  maV  ¶pitrέp¶i  na  upologίsoum¶  (pάnta  m¶  thn  boήq¶ia  thV

Fn+k  = Fk Fn+1  + Fk-1 Fn )

F3 n  = Fn F2 n+1  + Fn-1 F2 n  ª Fn Fn+1
2  + Fn+1 (2Fn Fn+1 ) = 

3Fn Fn+1
2  (mod Fn

2 ).

kai 

F3 n+1  = Fn+1 F2 n+1  + Fn F2 n  ª Fn+1
3  + Fn (2Fn Fn+1 ) ª 

Fn+1
3  (mod Fn

2 ).

Γ¶nikά brίskoum¶ m¶ ¶pagwgή sto k pwV

Fk n  ª kFn Fn+1
k-1  (mod Fn

2 ).

kai 

Fk n+1  ª Fn+1
k  (mod Fn

2 ).

Εp¶idή d¶ gcd(Fn+1 , Fn ) = 1, έcoum¶

Fk n  ª 0 (mod Fn
2 ) ñ kFn  ª 0 (mod Fn

2 ) ñ k ª 0 (mod Fn )

kai to lήmma ap¶d¶ίcqh. //

Λύsh thV άskhshV 13 m¶ g¶nnήtri¶V sunartήs¶wn:

Η άskhsh autή  lύn¶tai ¶ύkola  m¶ ¶pagwgή kai crήsh thV ¶xίswshV y2 - y - 1

= 0, ¶m¶ίV όmwV qa thn lύsoum¶ m¶ g¶nnήtri¶V sunartήs¶wn.
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Οi  g¶nnήtri¶V  sunartήs¶wn  (generating  functions)  ¶ίnai  έnaV  aplόV  trόpoV  gia

na lύnoum¶ anagwgikέV ¶xisώs¶iV (recurrences) όpwV h Fn  = Fn-1 + Fn-2  pou orίz¶i

thn akolouqίa Fibonacci m¶ arcikέV timέV F0 = 0, F1 = 1.  

ΑV q¶wrήsoum¶ thn dunamos¶irά 

F(z) = F0  + F1 z  + F2 z2  + ∫  = ⁄n=0
¶ Fn zn .

Αn  mporέsoum¶  na  broύm¶  έnan  aplό  tύpo  gia  thn  F(z)  tόt¶  mάllon  qa

mporέsoum¶  na  broύm¶  έnan  aplό  tύpo  gia  touV  sunt¶l¶stέV  Fn  thV

dunamos¶irάV (g¶nnήtriaV sunartήs¶wn).

ΠollaplasiάzontaV thn dunamos¶irά F(z) ¶pί z kai ¶pί z2  έcoum¶:

           F(z)      = F0  + F1 z + F2 z2  + F3 z3  + F4 z4  + ∫ ,

         zF(z)     =          F0 z + F1 z2  + F2 z3  + F3 z4  + ∫ ,

       z2 F(z)     =                    F0 z2  + F1 z3  + F2 z4  + ∫ .

Αjairoύm¶ tώra tiV t¶l¶utaί¶V dύo ¶xisώs¶iV apό thn prώth kai έcoum¶ 

F(z) - zF(z) - z2 F(z) = z

diόti Fn  = Fn-1 + Fn-2 , kai  F0 = 0, F1 = 1.  ΛύnontaV wV proV F(z) έcoum¶ ton tύpo 

F(z) = zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - z - z2 .

Όso kai an jaίn¶tai apίst¶uto, όl¶V tiV plhrojorί¶V gia thn akolouqίa Fibonacci

p¶riέcontai  sthn έkjrash  zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - z - z2 .  Τo mόno pou  mέn¶i ¶ίnai na m¶tatrέyoum¶ s¶

dunamos¶irά  thn  έkjrash  autή.   Μ¶  autόn  ton  trόpo  qa  έcoum¶  br¶i  ton  tύpo

gia touV sunt¶l¶stέV Fn . 

Γia ton skopό autό, prώta analύoum¶ thn έkjrash zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - z - z2  s¶ m¶rikά klάsmata

kai m¶tά crhsimopoioύm¶ thn gnwstή maV scέsh 1ÅÅÅÅÅÅÅÅÅÅÅÅÅ1-az  = 1 + az + a2 z2  + a3 z3  + ∫.

Αutό shmaίn¶i pwV prέp¶i prώta na broύm¶ staq¶rέV A, B, a, kai b ώst¶

zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - z - z2  = AÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - az  + BÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - bz .
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Η t¶l¶utaίa ¶xίswsh grάj¶tai san 

zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - z - z2  = AÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - az  + BÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - bz  = A - Abz + B - BazÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH1 - azL H1 - bzL ,

ap' όpou prokύpt¶i όti oi staq¶rέV pou zhtάm¶ prέp¶i na ikanopoioύn to akόlouqo

sύsthma poluwnumikώn ¶xisώs¶wn

(A  + B) - (Ab + Ba)z = z,

(1 - az)(1 - bz) = 1 - z - z2 .

Οi staq¶rέV a, b brίskontai apό thn d¶ύt¶rh ¶xίswsh kάnontaV to akόlouqo trik:

Εisάgoum¶  mia  nέa  m¶tablhtή  y  kai  brίskoum¶  thn  paragontopoίhsh  thV

¶xίswshV

y2 - yz - z2  = (y - az)(y - bz).

Μ¶tά  qέtoum¶  y  =  1  kai  έcoum¶  touV  parάgont¶V  thV  1 - z - z2 .   Οi  rίz¶V  thV

y2 - yz - z2  dίnontai apό ton tύpo

z ≤
è!!!!!!!!!!!!!!!!z2 + 4 zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  = 1 ≤

è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  z .

Άra 

y2 - yz - z2  = (y - 1 +
è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 z)(y - 1 -

è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 z).

kai  έcoum¶  br¶i  tiV timέV twn a kai  b.  ∆hladή a = f+  = 1 +
è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  º 1.61803 kai b =

f-  = 1 -
è!!!!5ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  º - 0.61803.  Μ¶ άlla lόgia ¶ίnai rίz¶V thV ¶xίswshV y2 - y - 1 = 0.

ΈcontaV  br¶i  tiV  timέV  twn  a  kai  b  apό  thn  prώth  ¶xίswsh  tou  sustήmatoV

brίskoum¶ pwV A = -B kai h ¶xίswsh autή gίn¶tai 

- Af-  + Af+  = 1.

Άra, A = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅf+ - f-
 = 1ÅÅÅÅÅÅÅÅÅÅè!!!!5  kai h dunamos¶irά grάj¶tai:

F(z) = zÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - z - z2  = AÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - az  + BÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - bz  = 1ÅÅÅÅÅÅÅÅÅÅè!!!!5 ( 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - f+ z  - 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1 - f- z ).
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ΑnaptύssontaV  tώra  ta  klάsmata  s¶  dunamos¶irέV  kai  sugkrίnontaV

sunt¶l¶stέV blέpoum¶ pwV 

Fn  = 1ÅÅÅÅÅÅÅÅÅÅè!!!!5 (f+
n  - f-

n )  gia n œ . //

Λύsh thV άskhshV 14:

Αpopd¶iknύoum¶  to  apotέl¶sma  gia  thn  p¶rίptwsh  dύo  tucaίa  ¶pil¶gmέnwn

ak¶raίwn a, b.  Έstw p = Prob{gcd(a, b) = 1}, thn opoίa qέloum¶ na upologίsoum¶.

Μ¶  thn  boήq¶ia  thV  p  aV  upologίsoum¶  thn  Prob{gcd(a,  b)  =  k}.   Πrosέxt¶  pwV

gcd(a, b) = k an to a ¶ίnai pollaplάsio tou k kai an to b ¶ίnai pollaplάsio tou k.

ΌmwV, to a ¶ίnai pollaplάsio tou k m¶ piqanόthta 1ÅÅÅÅk  kai to b ¶ίnai pollaplάsio

tou  k  m¶  piqanόthta  1ÅÅÅÅk  kai  gcd(a,  b)  =  1  m¶  piqanόthta  p.   Μ¶  άlla  lόgia

Prob{gcd(a, b) = k} = 1ÅÅÅÅÅÅ
k2 .  ΑqroίzontaV gia όla ta k έcoum¶ p (⁄k>1 k-2 ) = p ( p2

ÅÅÅÅÅÅÅ6 ) =

1 ap' όpou prokύpt¶i p = 6ÅÅÅÅÅÅÅp2  º 0.60793.  

Η sunάrthsh H¶
HrL  = z(r), ¶ίnai h sunάrthsh tou Riemann (Riemann's zeta function).
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Κ¶jάlaio  3:   ΕjarmogέV
tou  Εukl¶ίd¶iou

algόriqmou
Σto  k¶jάlaio  autό  parousiάzoum¶  orismέn¶V  ¶jarmogέV  tou  Εukl¶ίd¶iou

algόriqmou.   Οi  ¶jarmogέV  autέV  paίzoun  shmantikό  rόlo  όci  mόno  sthn

Υpologistikή  Άlg¶bra  allά  s¶  pollέV  p¶riocέV  twn  Μaqhmatikώn,  kai  g¶nikά

twn ¶jarmosmέnwn ¶pisthmώn. 

Σugk¶krimέna,  qa  anaj¶rqoύm¶:  a.  sthn  ariqmhtikή  upoloίpwn,  b.  ston

upologismό  twn  pollaplasiastikώn  antistrόjwn  kai  dunάm¶wn  modulo  έnan

akέraio,  g.  sto  anάptugma  rhtώn  ariqmώn  s¶   sun¶cή  klάsmata,  kai  d.  sthn

lύsh grammikώn ∆iojantikώn ¶xisώs¶wn. 

Σto  ¶pόm¶no  k¶jάlaio,  kai  ajoύ  m¶l¶tήsoum¶  ton  (Εllhno)-Κin¶zikό  algόriqmo

upoloίpwn  qa  doύm¶  thn  ¶jarmogή  thV  ariqmhtikήV  upoloίpwn  sthn  ¶ktέl¶sh

ariqmhtikήV ak¶raίwn pollaplήV akrib¶ίaV.

Εisagwgή
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3.1  Αriqmhtikή upoloίpwn

Σto  Πarάrthma  Γ,  kai  sugk¶krimέna  sthn  suzήthsή  maV  gia  daktulίouV  kai

daktulίouV  poluwnύmwn,  ¶tέqhsan  oi  q¶wrhtikέV  bάs¶iV  gia  upόloipa  mod  n  kai

ariqmhtikή  upoloίpwn  antίstoica.   Ο  upologismόV  upoloίpwn  q¶wr¶ίtai  ¶idikή

p¶rίptwsh  tou  Εukl¶ίd¶iou  algόriqmou  όpou  to  Εukl¶ίd¶io  mήkoV  ¶ίnai  1,  ή  όpou,

m¶ άlla lόgia, kάnoum¶ mόnon mίa diaίr¶sh.

Η basikή έnnoia ¶ίnai o daktύlioV twn tάx¶wn upoloίpwn tou R modulo I, όpou to

id¶ώd¶V  I  mpor¶ί  na  ¶ίnai  ¶ίt¶  ston  daktύlio  twn  ak¶raίwn,  R  =  ,  ¶ίt¶  ston

daktύlio  twn  poluwnύmwn,  R  =  [x].   Υpologistikά  ¶rgazόmast¶  m¶  touV

antiprosώpouV twn tάx¶wn upoloίpwn modulo I.

Γia R = , kai I = 6 = {6r, r œ }, oi tάx¶iV upoloίpwn ¶ίnai R/I = /6 = {0 mod

6, 1 mod 6, …, 5 mod 6}.  Πio aplά grάjoum¶ /6 = {0, 1, …, 5} = 6 .  

Αntίstoica, an R = [x] kai I = Xf\, όpou f = x2  - x - 1, έna poluώnumo m¶ monadiaίo

kύrio  sunt¶l¶stή,  tόt¶  3x  +  5  mod f,  ¶ίnai  mia  tάxh  upoloίpwn  pou  apot¶l¶ίtai

apό όla ta poluώnuma pou έcoun upόloipo 3x + 5 an diair¶qoύn m¶ to f = x2  - x - 1.

ΟrismόV: 

a.    Υp¶nqumίzoum¶  pwV   a  ª  b  mod  n,  pou  diabάz¶tai  “a  kai  b  ¶ίnai  isodύnama  ή

isoϋpόloipa (a is congruent to b, or they are congruent) modulo n”, shmaίn¶i pwV a

-  b  diair¶ίtai  m¶  to  n,  ή  isodύnama  pwV  ta  a  kai  b  ajήnoun  to  ίdio  upόloipo

ύst¶ra apό diaίr¶sh m¶ to n.

b.   Αriqmhtikή  upoloίpwn  (modular  arithmetic)  lέg¶tai  h  diadikasίa  ¶ktέl¶shV

upologismώn  m¶  upόloipa  ariqmhtikώn  ¶kjras¶wn  modulo  kάpoion  mh  mhd¶nikό

akέraio n.     

ΟpwV  έcoum¶  d¶i,  diairέs¶iV  ak¶raίwn  m¶  upόloipo  gίnontai  ¶ύkola  an  prώta

kάnoum¶  kanonikopoίhsh  tou  diair¶tέou  kai  diairέth.   Βlέp¶  kai  to  antίstoico

q¶ώrhma.   Τo  ίdio  ¶ύkola   upologίzontai  ta  upόloipa  kai  gia  poluώnuma.   Έtsi
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p¶rnάm¶  kat΄¶uq¶ίan  s¶  ¶jarmogέV  thV  ariqmhtikήV  upoloίpwn  cwrίV  na

ascolhqoύm¶ ¶dώ m¶ to prόblhma upologismoύ twn upoloίpwn.

Έstw  gia  parάd¶igma  pwV  expr ¶ίnai  mίa  έkjrash  ak¶raίwn  m¶ tiV ariqmhtikέV

prάx¶iV +, -, *, /, kai qέloum¶ na upologίsoum¶ to upόloipo thV expr modulo n.  Ο

upologismόV  mpor¶ί  na  gίn¶i  polύ  apot¶l¶smatikά  an  prώta  upologίsoum¶  to

upόloipo  modulo n  kάq¶  ak¶raίou  kai,  m¶tά,  ¶kt¶lώntaV  mίa-mίa  tiV  prάx¶iV  ston

daktύlio  twn  ak¶raίwn  upologίzoum¶  tautόcrona  to  upόloipo  modulo  n  kάq¶

¶ndiάm¶sou apot¶lέsmatoV.

Πarάd¶igma:

Εstw  pwV  expr  = 8*13 - 21 kai  qέloum¶  to  upόloipo  modulo n  = 5.  Σύmjwna  m¶

ta parapάnw έcoum¶

expr = 8*13 - 21 ª 3*3 + 4 ª 4 + 4 ª 3 mod 5.

Πrosέxt¶  pwV  ta  ¶ndiάm¶sa  apot¶lέsmata  ¶ίnai  pάnta  mikrόt¶ra  tou  n2  (=  25)

kai  pwV  crhshmopoiήsam¶  to  l¶gόm¶no   mh  arnhtikό  sύsthma  upoloίpwn  mod-

ulo n (non negative residue system) pou apot¶l¶ίtai  apό touV ak¶raίouV {0, 1, …, n

- 1}.  Η sunάrthsh Mod[] tou Mathematica kάn¶i crήsh autoύ tou sustήmatoV.

Ιsodύnama,  qa  mporoύsam¶  na  crhshmopoiήsoum¶  to  summ¶trikό  sύsthma

upoloίpwn modulo n (symmetric residue system) ή to sύsthma upoloίpwn modulo

n  m¶  thn  ¶lάcisth  apόluth  timή  (least  absolute  value  residue  system)   pou  gia

p¶rittό  akέraio  n  apot¶l¶ίtai   apό  touV  ak¶raίouV  {0,  ±1,  …,  ≤ Hn - 1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 }.   Τo

apotέl¶sma qa ήtan

expr = 8*13 - 21 ª (-2)*(-2) + (- 1) ª -1 - 1 ª -2 mod 5.

Τo  summ¶trikό  sύsthma  upoloίpwn  modulo  n  ¶ίnai  aparaίthto  sthn  p¶rίptwsh

twn poluwnύmwn.

Θ¶ώrhma (Ιdiόtht¶V isodunamiώn mod n):

a.  Αn a ª b mod m kai d » m, tόt¶ a ª b mod d. 

b.  Αn a ª b mod m kai a ª b mod n, tόt¶ a ª b mod lcm(m, n), όpou lcm(m, n) ¶ίnai
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to ¶lάcisto koinό pollaplάsio twn m, n.

g.  Αn a ª c mod m kai b ª d mod m, tόt¶  a + b ª c + d mod m, a - b ª c - d mod m,

kai  a·b ª c·d mod m.

d.  (Αpaloijή) Αn a·b ª a·c mod m, tόt¶ b ª c mod mÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, mL .  Αn gcd(a, m) = 1, tόt¶

apό a·b ª a·c mod m, sun¶pάg¶tai b ª c mod m.

Η  apόd¶ixh  tou  q¶wrήmatoV  autoύ  ajήn¶tai  gia  άskhsh.   Βlέp¶  kai  thn

bibliograjίa.  Πrosέxt¶ όmwV kai to akόlouqo

Πarάd¶igma:

Αpό  thn  isodunamίa  3·4  ª  3·6  mod  6  sun¶pάg¶tai  4  ª  6  mod  2,  ¶nώ  apό  thn

isodunamίa  3·4  ª  3·9  mod  5  sun¶pάg¶tai  4  ª  9  mod  5.   Σthn  prώth  p¶rίptwsh

allάz¶i to modulus kai apό 6 gίn¶tai 2.

Εjarmogή 1h: 

Σan  prώth  ¶jarmogή  thV  ariqmhtikήV  upoloίpwn  aV  ¶xhgήsoum¶  thn  gnwstή  apό

to dhmotikό scol¶ίo mέqodo ¶lέgcou: “έnaV akέraioV diair¶ίtai apό to 3 ή to 9 ¶άn

kai mόnon ¶άn to άqroisma twn yhjίwn tou diair¶ίtai apό to 3 ή to 9”.  (Βlέp¶ kai

tiV askήs¶iV gia anάlogh ¶xήghsh tou ¶lέgcou diaίr¶shV ak¶raίou m¶ 11.)

Εxήghsh:

Έstw  o  q¶tikόV  akέraioV  a  =  ⁄0§i§k ai 10i ,  wV  proV  thn  bάsh  b  =  10.   Πrosέxt¶

pwV 10 ª 1 mod 3 (ή mod 9) kai ¶pomέnwV a  ª ⁄0§i§k ai 1i  = ⁄0§i§k ai  mod 3 (ή mod

9).

Εjarmogή 2h:

ΕpίshV  gnwstή  apό  to  dhmotikό  scol¶ίo  ¶ίnai  kai  h  mέqodoV  ¶lέgcou  twn

apot¶l¶smάtwn  thV  prόsq¶shV  kai  tou  pollaplasiasmoύ  dύo

ak¶raίwn—gnwstή  sta  Αgglikά  san  mέqodoV  “p¶tάgmatoV  twn  9”  (method  of

“casting out 9's”).

Έstw  όti  a  ≈  b  =  c,  όpou  ≈  shmaίn¶i  prόsq¶sh  ή  pollaplasiasmό.   Γia  na

doύm¶  an  to  apotέl¶sma  c  ¶ίnai  swstό,  prosqέtoum¶  ¶pan¶ilhmmέna  ta  yhjίa

kάq¶  ¶nόV  twn  a,  b,  kai  c  mέcriV  όtou  to  άqroisma  ¶ίnai  monoyήjio.   (Γia
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parάd¶igma, an a = 87 ¶kt¶loύm¶ ¶pan¶ilhmmέna tiV prosqέs¶iV 8 + 7 = 15 kai 1 +

5  =  6.   Τo  ίdio  kai  gia  touV  b,  c.)   Έstw  aêê ,  b
êê

,  kai  cêê  ta  antίstoica  monoyήjia

apot¶lέsmata.  Γia  na  ¶ίnai  swstό  to  apotέl¶sma  c  prέp¶i  cêê  =  aêê ≈ b
êêêêêêêêêêê

,  όpou

aêê ≈ b
êêêêêêêêêêê

 ¶ίnai o monoyήjioV akέraioV pou prokύpt¶i apό thn prάxh aêê ≈ b
êê

. 

Πarάd¶igma:

ΚάnontaV  tiV  prάx¶iV  m¶  molύbi  kai  cartί,  brίskoum¶  to  ginόm¶no  123*45 = 5535.

Τo apotέl¶sma ¶ίnai swstό giatί ajoύ upologίsoum¶ 123
êêêêêê

 = 6, 45
êêêê

 = 9, kai 5535
êêêêêêê

 =

18
êêêê

 = 9,  blέpoum¶  pwV  to  άqroisma  twn  yhjίwn  tou  ginomέnou  123
êêêêêê

*45
êêêê

 = 6*9 = 54

isoύtai m¶ 9 (= 5535
êêêêêêê

). 

Εxήghsh:

Όla basίzontai sto όti o akέraioV, aV poύm¶, abc grάj¶tai kai san 100a + 10b +

c = 99a + 9b + (a + b + c).  Άra abc ª (a + b + c) mod 9.  

Η  basikή  diadikasίa  tou  t¶st  autoύ  ¶ίnai  h  ¶pan¶ilhmmέnh  prόsq¶sh  twn

yhjίwn  ¶nόV  ak¶raίou  mέcriV  όtou  to  άqroisma  touV  ¶ίnai  monoyήjio.   Αutό  pou

kάnoum¶  ¶ίnai  na  brίskoum¶  to  upόloipo  mod  9.   Έtsi  gia  ton  akέraio  87  o

akέraioV 6  (pou proέrc¶tai apό 8 + 7 = 15 kai 1 + 5 = 6) prokύpt¶i ap'¶uq¶ίaV

Mod@87, 9D

6

Άra o έl¶gcoV sunίstatai ston upologismό twn aêê , ª a mod 9, b
êê

 ª b mod 9 kai cêê

ª c mod 9.  Τo apotέl¶sma ¶ίnai swstό an  cêê  ª aêê  +/* b
êê

 mod 9.

Αxίz¶i  na  shm¶iwq¶ί  pwV  m¶  thn  paliά  autή  mέqodoV  ¶lέgcou  10%  twn  tucaίwn

sjalmάtwn p¶rnoύn aparatήrhta.

Πarάd¶igma:

Η scolikή mέqodoV ¶lέgcou d¶n mpor¶ί na “br¶i” to lάqoV ston pollaplasiasmό

123*54 = 5535.  

Η parapάnw diadikasίa g¶nik¶ύ¶tai wV ¶xήV:
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Έstw  gia  parάd¶igma  όti  qέloum¶  na  ¶lέgxoum¶  an  to  prόgramma  Times[]  tou

Mathematica  pou  kάn¶i  pollaplasiasmό  ak¶raίwn  pollaplήV  akrib¶ίaV  doul¶ύ¶i

swstά.  Ο έl¶gcoV autόV prέp¶i na gίn¶i cwrίV na crhsimopoihq¶ί to prόgramma

Times[].  ∆hladή, to ¶rώthma ¶ίnai an to akόlouqo ginόm¶no ¶ίnai swstό

a = Random@Integer, 81040, 1041<D; b = Random@Integer, 81040, 1041<D;
c = a b

7209217638287502064456746473307467473057006298168906173675959002589
707792255807496

Η  apάnthsh  dίn¶tai  m¶  έna  t¶st  upoloίpwn  (modular test)  gnwstό  kai  san  t¶st

“daktulikώn  apotupwmάtwn”  (fingerprinting  test):   dhladή,  paίrnoum¶  έnan

prώto  ariqmό  p  aplήV  akrib¶ίaV  kai  ¶lέgcoum¶  an  a·b  ª  c  mod p ή  isodύnama  an

a·b  -  c  diair¶ίtai  m¶  to  p,  ή  isodύnama  an  ta  a·b  kai  c  ajήnoun  to  ίdio  upόloipo

ύst¶ra apό diaίr¶sh m¶ to p.  

Ο έl¶gcoV gίn¶tai wV ¶xήV: paίrnoum¶ aêê  = a mod p, b
êê

 = b mod p, kai cêê  = c mod p,

kai ¶lέgcoum¶ an aêê ·b
êê

 ª cêê  mod p.  Σthn p¶rίptwsή maV to t¶st ¶ίnai q¶tikό.

p = Prime@109D

22801763489

ā = Mod@a, pD; b
¯

= Mod@b, pD; c̄ = Mod@c, pD;

Mod@ā b
¯

, pD Mod@c̄, pD

True

Κatά  pόso  όmwV  mporoύm¶  na  ¶ίmast¶  sίgouroi  gia  to  apotέl¶sma;   ΧwrίV  na

mpaίnoum¶  s¶  l¶ptomέr¶i¶V,  ark¶ί  na  anajέroum¶  pwV  m¶  diάjora  trik  (όpwV

t¶st  m¶  diάjorouV  prώtouV  ariqmoύV)  mporoύm¶  na  auxήsoum¶  όso  qέloum¶  thn

piqanόthta  na  ¶ίmast¶  sίgouroi  gia  to  apotέl¶sma.   (Εdώ  sugk¶krimέna  d¶n

cr¶iάz¶tai na anhsucoύm¶.  Η sunάrthsh Times[] doul¶ύ¶i swstά.)
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Η  pio  aplή  ¶jarmogή  thV  ariqmhtikήV  upoloίpwn  s¶  poluώnuma  m¶  sunt¶l¶stέV

apό έnan daktύlio R ¶ίnai όtan έcoum¶ gia modulus to poluώnumo prώtou baqmoύ

x  -  u,  u  œ  R.   (Βlέp¶  kai  ton  omoiomorjismό  diatίmhshV.)   Γia  kάq¶  poluώnumo  f(x)  œ

R[x], to u ¶ίnai rίza tou poluwnύmou f(x) - f(u) kai ¶pomέnwV diair¶ίtai apό to x - u.

Άra  an  qέsoum¶  q(x)  =  f HxL - f HuLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅx-u ,  tόt¶  f(x)  =  q(x)·(x  -  u)  +  f(u),  όpou  f(u)  ¶ίnai  to

upόloipo.   Σun¶pώV  o  baqmόV  tou  f(u)  ¶ίnai  mikrόt¶roV  tou  1  = deg(x  -  u),  dhladή

f(u) ¶ίnai staq¶rά.

Πrosέxt¶ όmwV pwV apό f(x) = q(x)·(x - u) + f(u) prokύpt¶i f(x) ª f(u) mod (x - u) m¶

sunέp¶ia oi upologismoί modulo (x - u) na ¶ίnai isodύnamoi m¶ ton upologismό thV

timήV f(u).  Πrάgmati, an f(x) = x3  - 7x + 7, 

f@x_D = x3 − 7 x + 7; f@2D == PolynomialMod@x3 − 7 x + 7, x − 2D

True

Η t¶l¶utaίa paratήrhsh maV odhg¶ί s¶ έna t¶st “daktulikώn apotupwmάtwn”

gia poluwnumikέV ¶kjrάs¶iV.   

Έstw gia parάd¶igma όti qέloum¶ na doύm¶ an f(x) = (x - 1)(x - 2)(x - 3) - 3 isoύtai

m¶ g(x) = x3  - 6x2  + 10x - 9.  Ο έl¶gcoV qa gίn¶i m¶ upologismoύV modulo (x - u) gia

diάjor¶V timέV tou u, ή m¶ άlla lόgia qa sugkrίnoum¶ ta f(u) kai g(u) gia diάjor¶V

timέV tou u. 

Αrcίzoum¶  m¶  u  = 0.   Σthn  p¶rίptwsh  autή  f(x)  ª  f(0)  mod (x  -  0)  m¶  f(0)  =  (-1)(-

2)(-3) - 3 = -9 kai g(x) ª g(0) mod (x - 0) m¶ g(0) = - 9 (anάlogo m¶ ton upologismό

tou a mod 10, gia ton akέraio a).  Άra f(x) ª g(x) mod (x - 0). 

Γia thn timή u = 1 έcoum¶ f(x) ª f(1) mod (x - 1), m¶ f(1) = -3 kai g(x) ª g(1) mod (x -

1) m¶  g(1)  = 1 -  6 + 10 -9 = -4 (anάlogo  m¶  ton  upologismό  tou  aqroίsmatoV  twn

yhjίwn ¶nόV ak¶raίou a).  Άra f(x) T g(x) mod (x - 1). 

ΤέloV  anajέroum¶  pwV  pollέV  jorέV  cr¶iάz¶tai  na  kάnoum¶  prάx¶iV  s¶

daktύliouV  “diplώn”  tάx¶wn  upoloίpwn  thV  morjήV  n [x]/Xf\,  dhladή  modulo

ak¶raίouV  kai  modulo  poluώnuma.   Σ¶  autέV  tiV  p¶riptώs¶iV  oi  prάx¶iV  ¶pί  twn
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sunt¶l¶stώn  gίnontai  modulo  n  kai  oi  prάx¶iV  ¶pί  twn  poluwnύmwn  gίnontai

modulo f.

Γia parάd¶igma, ston [x] έcoum¶

H2 x + 3L Hx3 − 7 x + 7L êê Expand

21 − 7 x − 14 x2 + 3 x3 + 2 x4

¶nώ, ston 3 [x] gίn¶tai

PolynomialMod@H2 x + 3L Hx3 − 7 x + 7L, 3D

2 x + x2 + 2 x4

Όson ajorά diaίr¶sh m¶ upόloipo έcoum¶

PolynomialRemainder@2 x4 + x2 + 2 x, x2 − 7, xD

105 + 2 x

pou ston 3 [x] gίn¶tai

PolynomialMod@2 x + 105, 3D

2 x

Τo  apotέl¶sma  ¶ίnai  to  ίdio  m¶  autό  pou  brίskoum¶  paίrnontaV  to  diplό

“upόloipo” tou (2x + 3) ( x3  - 7x + 7) modulo 3 kai (x2  - 7).

PolynomialMod@H2 x + 3L Hx3 − 7 x + 7L, 83, x2 − 7<D

2 x

∆hladή, 

(2x + 3) ( x3  - 7x + 7) ª 2x mod (x2  - 7)  ston 3 [x]

ή m¶ άlla lόgia
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(2a + 3) ( a3  - 7a + 7) ª 2a  ston 3 [x]/Xx2  - 7\

όpou a = x mod (x2  - 7) œ 3 [x]/Xx2  - 7\.
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3.2  Αntίstrojoi mod n

ΌpwV  ¶ίpam¶,  sthn  ariqmhtikή  upoloίpwn  ¶rgazόmast¶  m¶  ta  upόloipa  modulo  n.   Τo

prosq¶tikό antίstrojo gia kάq¶ ariqmό a œ n  ¶ίnai o ariqmόV x έtsi ώst¶ x + a = n ª 0 mod

n.  ΠrojanώV x = n - a.  

Σ¶  antίq¶sh,  to  pollaplasiastikό  antίstrojo  orίz¶tai  wV  h  lύsh  thV  ¶xίswshV

isoϋpoloίpwn  x·a  ª  1  mod n.   Η  ¶xίswsh  autή  d¶n  έc¶i  pάnta  lύsh,  diόti  aploύstata  kάq¶

stoic¶ίo ¶nόV daktulίou ¶n gέn¶i d¶n antistrέj¶tai (d¶n ¶ίnai monάda).

Θa  parousisάsoum¶  dύo  trόpouV lύshV  thV x·a  ª  1 mod n.   Ο prώtoV  trόpoV  sc¶tίz¶tai m¶

ton  ¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  (ΕΕΑ)  ¶nώ  o  d¶ύt¶roV  m¶  to  q¶ώrhma  tou  Fermat.   Γia

touV crόnouV upologismoύ twn dύo m¶qόdwn blέp¶ tiV askήs¶iV kai ta Λήmmata 2.3.1 kai 2.3.2.

ü 3.2.1   Αntίstrojoi mod n m¶ ton Εukl¶ίdh (ΕΕΑ)

Θ¶ώrhma 3.2.1:

Έstw R έnaV Εukl¶ίd¶ioV daktύlioV, a,n œ R, kai S = R/nR o daktύlioV twn tάx¶wn upoloίpwn

mod n.   Τόt¶  to  stoic¶ίo  a  mod n  œ  S  (pou  ¶ίnai  antiprόswpoV  miaV  tάxhV  upoloίpwn)  ¶ίnai

monάda ston S ¶άn kai mόnon ¶άn gcd(a, n) = 1.  

Αpόd¶ixh:

“fl”  Έcoum¶

  a antistrέj¶tai mod n 

ñ $x œ R ώst¶ x·a ª 1 mod n 

 ñ $x, y œ R ώst¶ x·a + y·n = 1 

    fl gcd(a, n) = 1.

“›”  Αntίstroja, an gcd(a, n) = 1, tόt¶ o ¶p¶ktamέnoV  Εukl¶ίd¶ioV  algόriqmoV maV parέc¶i tέtoia

stoic¶ίa x, y œ R.
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Πarad¶ίgmata:

1.  R  = , n = 8, kai a  = 6.  Εp¶idή  gcd(8, 6) = 2, bάs¶i tou Θ¶wrήmatoV 3.2.1 d¶n upάrc¶i to

6-1 , o antίstrojoV tou 6.  Αntίq¶ta ¶p¶idή gcd(8, 7) = 1, 

ExtendedGCD@a = 7, n = 8D

81, 8−1, 1<<

upάrc¶i  to  7-1 ,  to  antίstrojo  tou  7.   Αpό  ton  ¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  blέpoum¶

pwV  (-1)·7  +  1·8  =  1  kai  sun¶pώV  (-1)·7  ª  7·7  ª  1  mod  8.   Άra,  to  7  (ª  -1  mod  8)  ¶ίnai  to

antίstrojo tou 7 mod 8.

2.  R = [x], f = x3  - 7x + 7 kai a = x2  - 7.  

<< Algebra`PolynomialExtendedGCD`
PolynomialExtendedGCD@a = x2 − 7, f = x3 − 7 x + 7D

91, 9− x
7

, 1
7
==

Αpό ton ¶p¶ktamέno Εukl¶ίd¶io algόriqmo   blέpoum¶ pwV -xÅÅÅÅÅÅÅ7 (x2  - 7) + 1ÅÅÅÅ7 (x3  - 7x + 7) = 1 kai

sun¶pώV to -xÅÅÅÅÅÅÅ7  ¶ίnai to antίstrojo tou x2  - 7 modulo x3  - 7x + 7. 

Αpό to Θ¶ώrhma 3.2.1 sun¶pάg¶tai pwV an o daktύlioV twn tάx¶wn upoloίpwn ¶ίnai S = /p

=  p ,  όpou  p  œ  >0  prώtoV  ariqmόV  ή  S  =  F[x]/Xf\,  όpou  F  ¶ίnai  sώma  kai  f  œ  F[x]  έna  mh

paragontopoiήsimo  poluώnumo,  tόt¶  kάq¶  stoic¶ίo  tou  Sî{0}  ¶ίnai  monάda,  kai  to  S  ¶ίnai

sώma  (blέp¶ kai thn bibliograjίa).  

Αntί  gia  p  qa  crhsimopoioύm¶  ¶nallaktikά  kai  ton  sumbolismό  Fp ,  gia  to  p¶p¶rasmέno

sώma  m¶  p  stoic¶ίa.   Εpiplέon,  an  f  œ  p [x]  =  p [x]  ¶ίnai  έna  mh  paragontopoiήsimo

poluώnumo  baqmoύ  n,  tόt¶  p [x]/Xf\  ¶ίnai  έna  p¶p¶rasmέno  sώma  m¶  q  =  pn  stoic¶ίa  kai  qa

sumbolίz¶tai m¶ q .  

Τo  parakάtw  q¶ώrhma  maV  lέ¶i  pwV  upologίzontaV  modulo  έna  mh  paragontopoiήsimo

poluώnumo f ¶ίnai isodύnamo m¶ to na “prosqέtoum¶ sto sώma F mia rίza tou f.”
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Θ¶ώrhma 3.2.2:

Έstw  F  έna  sώma  kai  f  œ  F[x]  έna  mh  paragontopoiήsimo  poluώnumo  m¶  monadiaίo  kύrio

sunt¶l¶stή.   Τόt¶  to E = F[x]/Xf\  ¶ίnai  mίa  alg¶brikή  ¶pέktash  tou  sώmatoV  F (ίswV  kai  sώma

diάspashV tou f), kai f(a) = 0 gia a = x mod f  œ E.

Αpόd¶ixh:

Βάs¶i tou Θ¶wrήmatoV 3.2.1, to E ¶ίnai sώma kai f(a) = f(x mod f ) = (f(x) mod f ) = 0.

Πarάd¶igma:

ΑV  q¶wrήsoum¶  ton  daktύlio  2 [x]  =  2 [x]  kai  to  mh  paragontopoiήsimo  poluώnumo  m¶

monadiaίo kύrio sunt¶l¶stή f  = x3  + x + 1.  Τo f d¶n έc¶i rίz¶V sto 2  όpwV blέpoum¶

NSolve@x3 + x + 1 0D

88x → −0.682328<, 8x → 0.341164 − 1.16154 <, 8x → 0.341164 + 1.16154 <<

kai άra 8  = 2 [x]/Xf\ ¶ίnai sώma.  Τa 8 stoic¶ίa tou sώmatoV autoύ ¶ίnai thV morjήV

{c0  + c1 a + c2 a2  » c0 , c1 , c2  œ 2 }

όpou a = x mod f .  ∆hladή ¶ίnai ta ¶xήV:

{0, 1, a, a2 , a + a2 , 1 + a, 1 + a2 , 1 + a + a2 }

Έstw  όti  tώra  qέloum¶  na  broύm¶  to  antίstrojo  tou  x  modulo  f  =  x3  +  x  +  1.   Αpό  ton

¶p¶ktamέno Εukl¶ίd¶io algόriqmo 

PolynomialMod@
PolynomialExtendedGCD@a = x, f = x3 + x + 1D, 2D

81, 81 + x2, 1<<

blέpoum¶  pwV  x·(1  +  x2 )  +  1·(x3  +  x  +  1)  =  1  sto  2 [x]  kai  sun¶pώV  to  H1 + x2L  ¶ίnai  to

antίstrojo tou x  modulo x3  + x + 1.  Ιsodύnama, sto sώma 8  = 2 [x]/Xf = x3  + x + 1\ έcoum¶

a-1  = 1 + a2 .

Πrotupo
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Υp¶nqumίzoum¶ pwV an n ¶ίnai έnaV q¶tikόV akέraioV tόt¶ to sύnolo n
ä  sumbolίz¶i ta stoic¶ίa

tou  n  pou  έcoun  pollaplasiastikό  antίstrojo.   Τo  sύnolo  autό  ¶ίnai  h  omάda  twn

monάdwn tou daktulίou n , kai to Θ¶ώrhma 3.2.1 maV lέ¶i pwV n
ä  = {a mod n » gcd(a, n) = 1}.

Η  sunάrthsh  j  tou  Euler  (Euler's  totient  function  j),  j:  >0  Ø  >0  m¶trά¶i  ton  plhqikό

ariqmό  thV  omάdaV  n
ä ,  dhladή  "n  maV  dίn¶i  ton  ariqmό  twn  q¶tikώn  ak¶raίwn  §  n  pou  ¶ίnai

prώtoi proV to n.  Σto Mathematica upάrc¶i h sunάrthsh

EulerPhi@7D

6

Εx orismoύ j(1) = 1.  Αn to n = p ¶ίnai prώtoV ariqmόV, όla ta mh mhd¶nikά stoic¶ίa tou p  =

p  ¶ίnai monάd¶V (antistrέyima) kai ¶pomέnwV j(p) = p - 1.  

Γ¶nikόt¶ra, an to n ¶ίnai dύnamh prώtou ariqmoύ, n = pe , apό to Θ¶ώrhma 3.2.1 sun¶pάg¶tai

pwV έna stoic¶ίo k œ pe  ¶ίnai antistrέyimo modulo pe  ¶άn kai mόnon ¶άn o p d¶n diair¶ί ton

k.  

ΌmwV, ston pe  o  p diair¶ί ta stoic¶ίa p, όpou 0 §  < pe-1 .  Σun¶pώV, 

j(pe ) = pe  - pe-1  = pe-1 (p - 1).

Πrάgmati, έcoum¶ gia parάd¶igma

EulerPhi@23D 22 H2 − 1L

True

Κl¶ίnontaV,  axίz¶i  na  shm¶iώsoum¶  pwV  sto  p ,  όpou  p prώtoV  ariqmόV,  iscύ¶i  o  “kanόnaV

twn arcarίwn”

(a + bLp  ª ap  + bp  mod p,

diόti sto anάptugma 
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(a + bLp  = „
i=0

p
 J p

i
N ap-i bi  

¶ktόV  apό  ton  prώto  kai  ton  t¶l¶utaίo,  oi  diwnumikoί  sunt¶l¶stέV  J p
i
N  = p!ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅi! Hp-iL!  diairoύntai

όloi apό to p.  Εpagwgikά apod¶iknύ¶tai pwV gia "i œ  iscύ¶i

(a + bLpi  ª api  + bpi  mod p.

ü 3.2.2   Αntίstrojoi mod n m¶ to Fermat

Γia na upologίsoum¶ ton antίstrojo tou a mod n, ή alliώV gia na lύsoum¶ thn ¶xίswsh  x·a

ª  1  mod n,  m¶  thn  boήq¶ia  tou  “mikroύ”  q¶wrήmatoV  tou  Fermat,  crhsimopoioύm¶  thn  scέsh

ap-1  ª 1 mod p, pou apod¶iknύoum¶ parakάtw. Η scέsh autή grάj¶tai kai ap-2 ·a ª 1 mod p,

ap'  όpou  prokύpt¶i  pwV  a-1  ª  ap-2  mod  p.   (Βlέp¶  όmwV  kai  Θ¶ώrhma  3.2.3 parakάtw.)   Σto

¶pόm¶no tmήma qa doύm¶ pwV uyώnoum¶ s¶ dunάm¶iV.

Θ¶ώrhma 3.2.3 (Τo “mikrό” q¶ώrhma tou Fermat tou 1640):

Αn  p  ¶ίnai  prώtoV  ariqmόV  kai  a  œ , tόt¶ ap  ª  a mod p kai  an  o  a d¶n  diair¶ίtai  apό ton  p,

tόt¶ ap-1  ª 1 mod p.

Αpόd¶ixh:

Αpod¶iknύoum¶ thn ap-1  ª 1 mod p, apό thn opoίa άm¶sa prokύpt¶i h ap  ª a mod p.  

ΑV q¶ώrήsoum¶  touV  ariqmoύV a, 2·a, …, p·a.  Αn  touV  diairέsoum¶ m¶ to p, ta upόloipa  pou

prokύptoun  qa  ¶ίnai  όla  diajor¶tikά  m¶taxύ  touV.   (∆iόti  an  upoqέsoum¶  pwV  oi  ariqmoί  i·a

kai j·a ajήnoun to ίdio upόloipo tόt¶ (i - j)·a qa ήtan pollaplάsio tou p, ajoύ ta upόloipa qa

έcoun jύg¶i.  Σun¶pώV, ajoύ ¶x upoqέs¶wV to p d¶n diair¶ί ton a  kai ¶ίnai prώtoV, έp¶tai pwV

diair¶ί ton (i - j)—άtopo, diόti oi i, j ¶ίnai mikrόt¶roi tou p.)

Άra,  ta  upόloipa  pou  prokύptoun  qa  ¶ίnai  oi  ariqmoί  0,  1,  2,  …,  p  -  1,  s¶  kάpoia  s¶irά.

ΠrojanώV, to 0 prokύpt¶i apό thn diaίr¶sh tou p·a m¶ to p kai an to ¶xairέsoum¶ έcoum¶: 

ap-1 (p - 1)! ª (p - 1)! mod p

ή alloiώV
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ap-1 (p - 1)! - (p - 1)! ª 1 mod p

ap΄όpou έp¶tai

(ap-1  - 1)(p - 1)! ª 1 mod p.

Εp¶idή to p d¶n diair¶ί ton (p - 1)!  kai ¶ίnai prώtoV, έp¶tai pwV diair¶ί ton (ap-1  - 1) kai άra

ap-1  ª 1 mod p. //

Θ¶ώrhma 3.2.4 (Γ¶nίk¶ush tou Euler):

Αn gcd(a, n) = 1, tόt¶ ajHnL  ª 1 mod n kai ¶pomέnwV a-1  ª ajHnL-1  mod n.

Αpόd¶ixh:

Αnάlogh m¶ thn t¶l¶utaίa. //

Αpό ta parapάnw sump¶raίnoum¶ pwV gia  na upologίsoum¶ ton antίstrojo  tou a mod n, m¶

thn  boήq¶ia  tou  “mikroύ”  q¶wrήmatoV  tou  Fermat  ή  thV  g¶nίk¶usήV  tou,  cr¶iάz¶tai  na

upologίsoum¶  ap-2  mod  p  ή  ajHnL-1  mod  n,  dhladή  na  uyώsoum¶  s¶  dunάm¶iV  modulo kάpoion

ariqmό.  Τo qέma autό ¶x¶tάzoum¶ sto ¶pόm¶no tmήma.

Σhm¶ίwsh:

Θa  prέp¶i  na  prosέxoum¶ pwV  to Θ¶ώrhma  3.2.3 tou Fermat iscύ¶i  mόno όtan o p

¶ίnai  prώtoV  ariqmόV  kai  d¶n  mpor¶ί  na  crhsimopoihq¶ί  san  t¶st  gia  thn  ¶ύr¶sh

prώtwn ariqmώn, όpwV έkanan palaiόt¶ra oi Κinέzoi maqhmatikoί.

Σugk¶krimέna,  oi  Κinέzoi  iscurizόntousan  pwV  o  ariqmόV  n  ¶ίnai  prώtoV  ¶άn  kai

mόnon  ¶άn  iscύ¶i  an  ª  a  mod  n  ή  an-1  ª  1  mod  n.   Τo  t¶st  parέm¶in¶

adiajilonίkhto gia polloύV aiώn¶V—akόma kai o Leibniz to pίst¶u¶—έwV όtou to

1819 o ΓάlloV Pierre Frédéric Sarrus έdws¶ antiparάd¶igma.  

Ο Sarrus upέd¶ix¶ pwV o ariqmόV 2341  - 2 ¶ίnai pollaplάsio tou 341, 

Mod@2341 − 2, 341D

0
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an kai o 341 d¶n ¶ίnai prώtoV diόti 341 = 11·31.

FactorInteger@341D

8811, 1<, 831, 1<<

Αutό jaίn¶tai ¶pίshV kai apό to g¶gonόV όti 210  ª 1 mod 341, opόt¶ 2340  ª H210L34

ª 134  ª 1 mod 341 kai sun¶pώV  341 » (2341  - 2).  Ο 341 ¶ίnai o mikrόt¶roV ariqmόV

wV proV thn bάsh 2.

Μ¶tά  thn  anakάluyh  tou  Sarrus  brέqhkan  kai  άlloi  ariqmoί,  όpwV  o  91  =  7·13  (o

mikrόt¶roV ariqmόV) wV proV thn bάsh 3.  Έtsi έcoum¶ gia parάd¶igma

Mod@391 − 3, 91D

0

Οi  sύnq¶toi  (mh  prώtoi)  ariqmoί  pou  “plhroύn”  to  Θ¶ώrhma  tou  Fermat  lέgontai

y¶utoprώtoi.  Γia kάq¶ bάsh upάrcoun άp¶iroi y¶utoprώtoi.   

Υpάcrc¶i  kai  mίa  ¶idikή  kathgorίa  ariqmώn  pou  ¶ίnai  y¶utoprώtoi  wV  proV  kάq¶

bάsh.   Αutoί  lέgontai  ariqmoί  Carmichael,  proV  timή  tou  maqhmatikoύ  pou  touV

anakάluy¶  to  1909.   Τέtoioi  ariqmoί  ¶ίnai  gia  parάd¶igma  o  561  =  3·11·17  kai  o

1729 = 7·13·19,  όpwV  jaίn¶tai  apό  ta  parakάtw.   (Η  sunάrthsh  Prime[i]  tou

Mathematica maV dίn¶i ton i-stό prώto ariqmό.)

Table@Mod@Prime@iD561 − Prime@iD, 561D, 8i, 20<D

80, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

Table@Mod@Prime@iD1729 − Prime@iD, 1729D, 8i, 20<D

80, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<
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3.3  Ύywsh s¶ dύnamh m¶ thn duadikή mέqodo

Υpάrcoun dύo trόpoi gia na uyώsoum¶ s¶ dύnamh kάpoio stoic¶ίo ¶nόV daktulίou

R.  Έstw gia parάd¶igma ak ,  a œ R, k œ >0 :   Ο prώtoV trόpoV, apokaloύm¶noV

kai  mέqodoV  “thV  wmήV  dύnamhV”  (“brute  force  approach”),  ¶ίnai  na

pollaplasiάsoum¶  ¶pί  to  a  ¶pan¶ilhmmέna  k  -  1  jorέV.   Ο  d¶ύt¶roV  trόpoV,

apokaloύm¶noV  kai  “duadikή  mέqodoV”  ή  mέqodoV  “ύyws¶  sto  t¶trάgwno  kai

pollaplasίas¶”  (“binary  method”  or  “square  and  multiply”  method)  ¶ίnai  pio

apot¶l¶smatikόV kai ήtan gnwstόV sthn Ιndίa 2000 crόnia prin. 

Η  duadikή  mέqodoV  gia  ton  upologismό  tou  ak ,  a œ  R,  k  œ  >0 ,  doul¶ύ¶i  wV  ¶xήV:

Γrάjoum¶  ton  k  sthn  duadikή  tou  morjή,  dhladή  k  =  ⁄0§i§n bi 2i .   Μ¶tά

antikaqistoύm¶  kάq¶  “1”  m¶  to  z¶ύgoV  twn  grammάtwn  “SM”  kai  kάq¶  “0”  m¶  to

grάmma  “S”.   ∆iagrάjoum¶  to  “SM” pou  ¶ίnai  sto  arist¶rό  mέroV.   Η  akolouqίa

twn  grammάtwn  pou  mέnoun  maV  dίn¶i  ton  kanόna  upologismoύ  tou  ak ,  an

¶rmhn¶ύsoum¶  to  “S”  san  “ύyws¶  sto  t¶trάgwno”  kai  to  “M”  san

“pollaplasίas¶ ¶pί to a”.  Εnno¶ίtai pwV oi prάx¶iV gίnontai ston daktύlio R.

Πarάd¶igma:

Έstw  R  = /11  = 11 .   Γia  na  upologίsoum¶ to  4-1  m¶  to  Θ¶ώrhma  tou  Fermat

prέp¶i  na  upologίsoum¶  to  49  ston  daktύlio  11 .   Η  duadikή  parάstash  tou  9

¶ίnai  {1,0,0,1},  apό  thn  opoίa  prokύpt¶i  arcikά  h  akolouqίa  SM,  S,  S,  SM  kai

t¶likά h S, S, SM.  Άra, to 49  upologίz¶tai ston 11  uyώnontaV sto t¶trάgwno 3

jorέV  kai  pollaplasiάzontaV  ¶pί  4,  dhladή  49  =  (((42 )L2 L2 4  œ  11 .   ∆hladή

έcoum¶ 42  ª 5 mod 11, 52  ª 3 mod 11, 32  ª 9 mod 11, kai 9·4 ª 3 ª 4-1  mod 11.

ΠrojanώV, h mέqodoV autή ¶ίnai polύ pio grήgorh apό to na upologίsoum¶ prώta

to 49  = 262144 kai ύst¶ra na broύm¶ to upόloipo mod 11.

ΑlgόriqmoV: ∆uadikή mέqodoV ύywshV s¶ dύnamh

ΕίsodoV:  Τo z¶ύgoV {a, k}.  a œ R, όpou R ¶ίnai έnaV daktύlioV m¶ monάda kai k œ

>0 .
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ΈxodoV:  ak  œ R.

===========   

1.  k = ⁄0§i§n bi 2i  = 2n  + bn-1 ·2n-1  + ∫ + b1 ·2 + b0 ; 

c  ≠ a.

2.  for i = n - 1, n - 2, …, 0 do 

if bi  = 1 then c ≠ c2 ·a else c ≠ c2 .

3.  return c.

===========

Αxίz¶i  na  shm¶iwq¶ί  pwV  o  algόriqmoV  doul¶ύ¶i  apό  ta  arist¶rά  proV  ta  d¶xiά

όson ajorά ta duadikά yhjίa bi , ta opoίa prέp¶i na apoqhk¶utoύn.  ΣtiV askήs¶iV

zht¶ίtai na tropopoiήs¶t¶ ton algόriqmo ώst¶ na doul¶ύ¶i apό ta d¶xiά proV ta

arist¶rά όson ajorά ta duadikά yhjίa, ta opoίa na upologίzontai έna-έna cwrίV

na apoqhk¶ύontai.  (Βlέp¶ kai thn bibliograjίa.)

Αkolouq¶ί to prόgramma binaryExp[], pou ¶jarmόz¶i ton algόriqmo sto Mathe-

matica.   ΣtiV  askήs¶iV  zht¶ίtai  na  programmatίs¶t¶  thn  mέqodo  m¶  thn  akolouqίa

twn grammάtwn.  Αxίz¶i na prosέx¶t¶ thn sunάrthsh Fold[].

binaryExp@a_ ê; a ∈ Integers, k_ ê; k ∈ Integers && k > 0D :=
ModuleA8bits<,

bits = Drop@IntegerDigits@k, 2D, 1
D;

FoldAIfA#2 1, #12 a, #12E &, a, bitsE
E

Έtsi gia parάd¶igma έcoum¶

binaryExp@1234567, 89D == 123456789

True
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ΑV  doύm¶  tώra  ton  crόno  upologismoύ  tou  algorίqmou.   Εkt¶loύntai  dlog2  kt
t¶tragwnismoί  kai  w(k)  -  1 §  dlog2  kt  pollaplasiasmoί  sto  R,  όpou  w(k)  ¶ίnai  o

ariqmόV  twn  “1”  sthn  duadikή  parάstash  tou  k.   Σun¶pώV  gίnontai  sunolikά  to

polύ 2 log2  k pollaplasiasmoί.

Ο ariqmόV w(k) ¶ίnai gnwstόV kai san to bάroV Hamming (Hamming weight).  Σto

Mathematica to bάroV Hamming ¶nόV ak¶raίou upologίz¶tai apό thn sunάrthsh  

DigitCount@k = 9, 2, 1D

2

Η  duadikή  mέqodoV  ύywshV  s¶  dύnamh  apot¶l¶ί  kai  thn  bάsh  miaV  m¶qόdou

pollaplasiasmoύ  ak¶raίwn,  gnwstήV  san  mέqodoV  twn  “Ρώswn  cwrikώn”

(“Russian peasant” method).  Βasίz¶tai sto g¶gonόV όti an b ¶ίnai άrtioV tόt¶ a·b

= (2a)·( bÅÅÅÅ2 ) ¶nώ an b ¶ίnai p¶rittόV tόt¶ a·b = (2a)· Hb - 1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  + a.  Τhn ¶xhgoύm¶ m¶ έna

parάd¶igma.

Έstw  όti  qέloum¶  na  pollaplasiάsoum¶  touV  ak¶raίouV  38 kai  19.   Θa  kάnoum¶

diplasiasmoύV ak¶raίwn, diairέs¶iV dia 2 kai prόsq¶sh.  

Σthn  prώth  s¶irά  thV  prώthV  stήlhV  tou  pίnaka  pou  akolouq¶ί  ¶ίnai  o  38  kai

kάq¶ ¶pόm¶nh s¶irά ¶ίnai to diplάsio thV prohgoύm¶nhV.  

Σthn  prώth  s¶irά  thV  d¶ύt¶rhV  stήlhV  tou  pίnaka  grάjoum¶  to  19.   Γia  kάq¶

s¶irά  thV  stήlhV  autήV  iscύ¶i  to  ¶xήV:  an  o  ariqmόV  thV  s¶irάV  ¶ίnai  άrtioV,

aplά  diairoύm¶  dia  2  kai  grάjoum¶  to  phlίko  sthn  ¶pόm¶nh  s¶irά.   Αn  o  ariqmόV

thV  s¶irάV  ¶ίnai  p¶rittόV,  ajairoύm¶   monάda  prin  ton  diairέsoum¶  dia  2  kai

m¶tajέroum¶  ton  antίstoico  (gia  thn  s¶ira)  ariqmό  thV  prώthV  stήlhV  sthn

trίth.  

Σto tέloV prosqέtoum¶ touV ariqmoύV thV trίthV stήlhV. 

  a    b   sum

   38 19   38
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  76   9   76

152   4    -

304   2    -

608   1 608

to ginόm¶no: 722

Αkolouq¶ί  h  ¶jarmogή  thV  m¶qόdou  autήV  sto  Mathematica.   Πrosέxt¶  pwV

antikatastήsam¶  thn  d¶ύt¶rh  stήlh  m¶  antistrojή  thV  s¶irάV  twn  duadikώn

yhjίwn tou b kai thn trίth stήlh m¶ ¶swt¶rikό ginόm¶no.

binaryMultiplication@a_ ê; a ∈ Integers, b_ ê; b ∈ IntegersD :=
Module@8bits<,

bits = IntegerDigits@b, 2D êê Reverse;
bits.Table@2n−1 a, 8n, 1, Length@bitsD<D

D

Έtsi έcoum¶ 

binaryMultiplication@38, 19D 38 19

True
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3.4  Εukl¶ίd¶ioV algόriqmoV kai sun¶cή klάsmata

Τa  sun¶cή  klάsmata  paίzoun  shmantikό  rόlo  s¶  diάjor¶V  p¶riocέV  twn

Μaqhmatikώn.   Σ¶  έna  apό  ta  ¶pόm¶na  k¶jάlaia  qa  doύm¶  pwV  ta  sun¶cή

klάsmata  apot¶loύn  thn  bάsh  thV  pio  grήgorhV  kai  apot¶l¶smatikήV  m¶qόdou

gia  thn  apomόnwsh  twn  pragmatikώn  rizώn  poluwnύmwn  m¶  akέraiouV

sunt¶l¶stέV.   Σ¶  autό  to  k¶jάlaio  ¶isάgoum¶  ta  sun¶cή  klάsmata  m¶  thn

boήq¶ia tou Εukl¶ίd¶iou algόriqmou.  

Έstw  loipόn  R  mίa  Εukl¶ίd¶ia  p¶riocή,  a0 ,  a1  œ  R  kai  qi ,  ai  œ  R,  1  §  i  §  L  ta

phlίka  kai  upόloipa  gia  ta  a0 ,  a1  ston  klassikό  Εukl¶ίd¶io  algόriqmo.   Τόt¶,

apal¶ίjontaV diadocikά ta upόloipa έcoum¶

a0ÅÅÅÅÅÅa1
 = q1  a1 + a2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa1

 = q1  + a2ÅÅÅÅÅÅa1
 = q1  + 1ÅÅÅÅÅÅÅÅa1ÅÅÅÅÅÅÅa2

 = q1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅq2 + a3ÅÅÅÅÅÅÅa2

 = 

= q1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
q2 + 1ÅÅÅÅÅÅÅÅÅa2ÅÅÅÅÅÅÅÅa3

 =  …  = q1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
q2 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

q3 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∏

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅqL

.

Αutό ¶ίnai to anάptugma tou a0ÅÅÅÅÅÅa1
 s¶ sun¶cή klάsmata (continued fractions expan-

sion)  kai  sumbolίz¶tai  m¶  a0ÅÅÅÅÅÅa1
 =  {q1 ,  …,  qL }.   Οi  ariqmoί  q1 ,  …,  qL  lέgontai

m¶rikά  phlίka  (partial  quotients)  kai  ¶ίnai  όloi  touV  q¶tikoί.   Σthn  sunέc¶ia  to

anάptugma  ¶nόV  ariqmoύ  s¶  sun¶cή  klάsmata  qa  sumbolίz¶tai  wV  {c1 ,  …,  cL }.

Αn  crhsimopoiήsoum¶  touV  prώtouV  k  ariqmoύV  {c1 ,  …,  ck },  k  <  L,  gia  na

pros¶ggίsoum¶  to  a0ÅÅÅÅÅÅa1
,  tόt¶  έcoum¶  thn  k-stή  sugklίnousa  (kth  convergent)  tou

a0ÅÅÅÅÅÅa1
.

Αxίz¶i  na  shm¶iwq¶ί  pwV  ¶p¶idή  oi  “ariqmhtέV”  parapάnw  ¶ίnai  όloi  touV  1  to

anάptugma ¶ίnai monadikό.  (Γ¶nikά qa mporoύsan na ¶ίnai ariqmhtέV opoiadήpot¶

stoic¶ίa tou R.)

Πarάd¶igma:

ΑV  q¶wrήsoum¶  to  klάsma  8ÅÅÅÅ5 .   Ο  Εukl¶ίd¶ioV  algόriqmoV  gia  a0  =  8  kai  a1  =  5

mpor¶ί na grajt¶ί san 
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c1  = d a0ÅÅÅÅÅÅa1
t = d 8ÅÅÅÅ5 t = 1,   a2ÅÅÅÅÅÅa1

 = a0ÅÅÅÅÅÅa1
 - c1  = 3ÅÅÅÅ5 ,

c2  = d a1ÅÅÅÅÅÅa2
t = d 5ÅÅÅÅ3 t = 1,   a3ÅÅÅÅÅÅa2

 = a1ÅÅÅÅÅÅa2
 - c2  = 2ÅÅÅÅ3 ,

c3  = d a2ÅÅÅÅÅÅa3
t = d 3ÅÅÅÅ2 t = 1,   a4ÅÅÅÅÅÅa3

 = a2ÅÅÅÅÅÅa3
 - c3  = 1ÅÅÅÅ2 ,

c4  = d a3ÅÅÅÅÅÅa4
t = d 2ÅÅÅÅ1 t = 2,   a5ÅÅÅÅÅÅa4

 = a3ÅÅÅÅÅÅa4
 - c4  = 0 ,

kai to anάptugma tou 8ÅÅÅÅ5  s¶ sun¶cέV klάsma ¶ίnai 

8ÅÅÅÅ5 = {1, 1, 1, 2} = 1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
1+ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅ

1+ 1ÅÅÅÅ2

. 

Μ¶ to Mathematica brίskoum¶ to ίdio apotέl¶sma:

ContinuedFractionA 8

5
E

81, 1, 1, 2<

Σhm¶iώnoum¶ pwV o Εukl¶ίd¶ioV  algόriqmoV mpor¶ί na crhsimopoihq¶ί mόno gia to

anάptugma rhtώn ariqmώn s¶ sun¶cή klάsmata.  Πar' όla autά, an h Εukl¶ίd¶ia

p¶riocή  R  =  ,  tόt¶  kai  kάq¶  stoic¶ίo  a  twn  pragmatikώn  ariqmώn    έc¶i

anάptugma  s¶  sun¶cή  klάsmata,  m¶  thn  έnnoia  όti  ta  arcikά  tmήmata

sugklίnoun sto a wV proV thn apόluto timή.

ΕpίshV, jortώnontaV to pakέto

<< NumberTheory`ContinuedFractions`

mporoύm¶ na έcoum¶ thn pragmatikή morjή tou sun¶coύV klάsmatoV.

ContinuedFractionFormAContinuedFractionA 8

5
EE

1 +
1

1 + 1
1+ 1

2

apό thn opoίa pάli brίskoum¶ to arcikό klάsma
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Normal@%D

8
5

Γia  thn  ¶ύr¶sh  tou  anaptύgmatoV  s¶  sun¶cή  klάsmata  ¶nόV  pragmatikoύ

ariqmoύ a ¶rgazόmast¶ wV ¶xήV: Θέtoum¶ a1  = a, c1  = da1 t, b2  = a1  - c1 , a2  = 1ÅÅÅÅÅÅÅb2
,

kai g¶nikά ci  = dai t, bi+1  = ai  - ci , ai+1  = 1ÅÅÅÅÅÅÅÅÅÅbi+1
.  Πrosέxt¶ pwV gia όla ta i έcoum¶ 0

§  bi  §  1,  kai  to  anάptugma  stamatά¶i  όtan  bi  = 0,  pou  sumbaίn¶i  ¶άn  kai  mόnon

¶άn a œ .

Πarάd¶igma:

ΑV  upologίsoum¶  ta  prώta  tέss¶ra  m¶rikά  phlίka  tou  anaptύgmatoV  tou  p  s¶

sun¶cή klάsmata.  Εdώ d¶n mpor¶ί na ¶jarmosq¶ί o Εukl¶ίd¶ioV algόriqmoV allά

q¶wroύm¶ gnwstή mίa prosέggish tou p.  Έstw loipόn

N@π, 6D

3.14159

opόt¶

a1  = 3.14159,              c1  = 3,              b2  = 0.14159,

a2  = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ0.14159 ,               c2  = 7,              b3  = 0.06265,

a3  = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ0.06265 ,               c3  = 15,            b4  = 0.9617,

a4  = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ0.9617 ,                 c4  = 1,             b5  = 0.03983,

    ktl

Μ¶ to Mathematica upologίzoum¶ ta 13 prώta m¶rikά phlίka tou p

ContinuedFraction@π, 13D

83, 7, 15, 1, 292, 1, 1, 1, 2, 1, 3, 1, 14<

kai orismέnwn άllwn ariqmώn:
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ContinuedFractionAè!!!!
3 , 13E

81, 1, 2, 1, 2, 1, 2, 1, 2, 1, 2, 1, 2<

(Πrosέxt¶  ¶dώ  ta  ¶panalambanόm¶na  yhjίa.   Τo  anάptugma  autό  grάj¶tai  kai

san {1, 1, 2, 1, 2
êêêêêê

}.)

ContinuedFractionA 1 +
è!!!!

5

2
, 13E

81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<

( Τo anάptugma autό grάj¶tai kai san {1, 1, 1
êê

}.)

ContinuedFraction@E, 13D

82, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1<

Τo  anάptugma  άrrhtwn  ariqmώn,  a  œ  ,  s¶  sun¶cή  klάsmata  ¶ίnai  έnaV  polύ

kalόV  trόpoV  prosέggishV  tou  a  m¶  rhtoύV  ariqmoύV  pou  έcoun  “mikroύV”

paranomastέV.   (Μ¶  to  qέma  autό  ascol¶ίtai  h  q¶wrίa  ∆iojantikώn

pros¶ggίs¶wn.)

Όson ajorά tiV sugklίnous¶V mporoύm¶ na poύm¶ pwV an 

p-1  = 0, p0  = 1,   pi  = ci pi-1  + pi-2 ,   i ¥ 1

q-1  = 1,  q0  = 0,   qi  = ci  qi-1  +  qi-2 ,   i ¥ 1

tόt¶ h k-stή sugklίnousa tou a0ÅÅÅÅÅÅa1
 ¶ίnai rk  = pkÅÅÅÅÅÅÅqk

, gcd(pk , qk ) = 1.   Ιscύ¶i to ¶xήV

q¶ώrhma h apόd¶ixh tou opoίou brίsk¶tai sthn bibliograjίa:

Θ¶ώrhma 3.4.1:

Αn  q¶wrήsoum¶  to  (p¶p¶rasmέno  ή  άp¶iro) anάptugma  s¶ sun¶cή  klάsmata  a  =

{c1 , …, cL , …} kai sumbolίsoum¶ m¶ rk  = pkÅÅÅÅÅÅÅqk
 thn k-stή sugklίnousa sto a, tόt¶

iscύoun:

a.  pk qk-1  - pk-1 qk  = H-1Lk ,      k ¥ 0, 
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b.  rk  - rk-1  = H-1Lk
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqk  qk-1

,                  k ¥ 2, 

g.  rk  - rk-2  = H-1Lk-1  ckÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅqk  qk-2
,               k ¥ 3, 

d.   Γia  tiV  p¶rittέV  timέV  tou  k  oi  sugklίnous¶V  apot¶loύn  mίa  monotonikά

aύxousa  akolouqίa  m¶  όrio  to  a,  ¶nώ  gia  tiV  άrti¶V  timέV  tou  k oi  sugklίnous¶V

apot¶loύn  monotonikά  jqίnousa  akolouqίa  m¶  όrio  to  a.   Εpiplέon,  kάq¶  r2 k-1

¶ίnai  mikrόt¶ro  apό  kάq¶  r2 k  kai  kάq¶  sugklίnousa  rk ,  k  ¥  3,  brίsk¶tai  m¶taxύ

twn dύo prohgoumέnwn sigklinousώn.

Πrosocή:

Τo  parapάnw  q¶ώrhma  iscύ¶i  mόno  gia  thn  p¶rίptwsή maV  pou  to  anάptugma  s¶

sun¶cή klάsmata arcίz¶i m¶ thn arίqmhsh c1 .  Αn h arίqmhsh arcίz¶i m¶ c0  (όpwV

s¶  άllouV  suggraj¶ίV)  tόt¶  ta  prάgmata  allάzoun  ¶lajrώV  (blέp¶  thn

bibliograjίa).

Πarάd¶igma:

ΑV  prosέxoum¶  to  mέroV  d  tou  Θ¶wrήmatoV  3.4.1.   ΌpwV  ¶ίdam¶,  to  anάptugma

tou 8ÅÅÅÅ5  s¶ sun¶cέV klάsma ¶ίnai: 

8ÅÅÅÅ5 = {1, 1, 1, 2} = 1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1 + 1ÅÅÅÅ2

. 

Οi sugklίnous¶V ¶ίnai: r1  = p1ÅÅÅÅÅÅÅq1
 = c1 p0 + p-1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc1  q0 + q-1

 = 1, r2  = p2ÅÅÅÅÅÅÅq2
 = c2 p1 + p0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc2  q1 + q0

 = 2, r3  = p3ÅÅÅÅÅÅÅq3
 =

c3 p2 + p1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc3  q2 + q1
 = 3ÅÅÅÅ2 , r4  = c4 p3 + p2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc4  q3 + q2

 = 8ÅÅÅÅ5 .  Πrosέxt¶ pwV h timή 8ÅÅÅÅ5  pros¶ggίz¶tai ¶nallάx

mia  jorά  apό  arist¶rά  kai  mίa  apό  ta  d¶xiά.   Γia  tiV  p¶rittέV  timέV  tou  k,  oi

sugklίnous¶V  r1  =  1,  r3  =  3ÅÅÅÅ2  apot¶loύn  aύxousa  akolouqίa  ¶nώ  gia  tiV  άrti¶V

timέV tou k, oi sugklίnous¶V r2  = 2, r4  = 8ÅÅÅÅ5  apot¶loύn jqίnousa akolouqίa.

Τa ίdia apot¶lέsmata brίskoum¶ kai m¶ to Mathematica.

ConvergentsA 8

5
E

91, 2, 3
2

, 8
5
=
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Αxίz¶i na shm¶iwqoύn ta ¶xήV: 

Α.  Η prosέggish ikanopoi¶ί thn scέsh

»a - pkÅÅÅÅÅÅÅqk
» § 1ÅÅÅÅÅÅqk

2 .

Πarάd¶igma:

Σ¶ kάq¶ anάptugma tou p s¶ sun¶cή klάsmata, έstw m¶ 5 όrouV

ContinuedFraction@π, 5D

83, 7, 15, 1, 292<

antistoic¶ί  o  rhtόV  ariqmόV  (h  5-th  sugklίnousa)  r5  =  p5ÅÅÅÅÅÅÅq5
 =  103993

33102 .   Αutό

jaίn¶tai ¶ίt¶ apό thn sunάrthsh

Convergents@ContinuedFraction@π, 5DD êê Last

103993
33102

¶ίt¶ apό thn sunάrthsh

FromContinuedFraction@83, 7, 15, 1, 292<D

103993
33102

Η d¶kadikή morjή thV sugklίnousaV ¶ίnai 3.141592653012

NA 103993

33102
, 13E

3.141592653012

kai sugkrίnontάV thn m¶ to p blέpoum¶ pwV έcoum¶ upologίs¶i ta prώta 10 yhjίa

(tou p). 
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N@π, 20D

3.1415926535897932385

Πrosέxt¶ pwV h poiόthta thV prosέggishV ¶ίnai »p - p5ÅÅÅÅÅÅÅq5
» § 1ÅÅÅÅÅÅq5

2 , 

AbsAN@π, 20D − 103993

33102
E < 1

331022

True

όpou  N@π, 20D − 103993
33102  =  0.0000000005778906344  όpwV  jaίn¶tai  ston

parakάtw pίnaka.  Ο ariqmόV twn mhd¶nikώn maV d¶ίcn¶i pόsa yhjίa tautίzontai.

Table@8rn = FromContinuedFraction@ContinuedFraction@π, iDD,
N@rn, 11D, N@π, 20D − rn<, 8i, 1, 5<D êê MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjjj

3 3.0000000000 0.1415926535897932385
22
7 3.1428571429 −0.0012644892673496187

333
106 3.1415094340 0.0000832196275290875
355
113 3.1415929204 −2.667641890624×10−7

103993
33102 3.1415926530 5.778906344×10−10

y

{

zzzzzzzzzzzzzzzzzzzzzz

Σthn  prώth  s¶irά:  (a)  h  prώth  stήlh  d¶ίcn¶i  thn  1-th  sugklίnousa,  r1 ,  tou  p

pou  ¶ίnai  3,  (b)  h  d¶ύt¶rh  stήlh  d¶ίcn¶i  thn  d¶kadikή  timή  (ta  11  prώta  yhjίa)

thV  sugklίnousa  r1  pou  ¶ίnai  3.0000000000  kai  (g)  h  trίth  stήlh  d¶ίcn¶i  thn

poiόthta  thV  prosέggishV  pou  ¶ίnai  0.1415926535897932385,  dhladή  brήkam¶

mόnon to prώto yhjίo tou p.  Σthn d¶ύt¶rh s¶irά: (a) h prώth stήlh d¶ίcn¶i thn

2-th sugklίnousa, r2 , tou p pou ¶ίnai 22ÅÅÅÅÅÅÅ7 , …   

Β.  Έna  polύ ¶ndiajέron  apotέl¶sma  twn  Gauß-Kuzmin maV  plhrojor¶ί  pwV  sto

anάptugma  s¶  sun¶cή  klάsmata  sc¶dόn  όlwn  twn  ariqmώn,  h  piqanόthta  to

k-stό m¶rikό phlίko ck  na ¶ίnai ίso m¶ έnan q¶tikό akέraio j ¶ίnai

Prob[ck  = j] = log2
H j+1L2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅjH j+2L .
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Αutό shmaίn¶i pwV gia  όlouV  sc¶dόn touV  ariqmoύV h piqanόthta na ¶ίnai ck  = 1

¶ίnai p¶rίpou 0.41.

Γ.   Εndiajέrousa  ¶ίnai  kai  h  istorίa  upologismoύ  tou  p.   Ο  ΑrcimήdhV  (278-212

pΧ)  έdws¶  mίa  g¶wm¶trikή  mέqodo  upologismoύ  tou  p  crhshmopoiώntaV  kanonikά

polύgwna  (m¶  96  pl¶urέV)  p¶rigrammέna  kai  ¶gg¶grammέna  s¶  kύklo.   Αpέd¶ix¶

pwV 3 10ÅÅÅÅÅÅÅ11  < 25344 Hp¶rίm¶troV polugώnouLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ8069 Hdiάm¶troV kύklouL  < p < 29376ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ9347  < 3 1ÅÅÅÅ7 , dhladή up¶lόgis¶ ta prώta

2 d¶kadikά yhjίa tou p (blέp¶ kai thn bibliograjίa).

NA 29376

9347
E − NA 25344

8069
E

0.00191692

Μέcri ton Ν¶ύtwna h g¶wm¶trikή mέqodoV tou Αrcimήdh crhsimopoioύtan gia thn

prosέggish  tou  p.   ΑuxάnontaV  ton  ariqmό  twn  pl¶urώn  twn  kanonikώn

polugώnwn  auxάn¶tai kai h prosέggish tou p.  

Ο  ΓάlloV  maqhmatikόV  Francois  Viète  (1540-1603)  up¶lόgis¶  to  p  m¶  akrίb¶ia

¶nnέa  d¶kadikώn  yhjίwn  m¶  thn  boήq¶ia  kanonikoύ  polugώnou  m¶  393216 pl¶urέV.

Κai  stiV  arcέV  tou  17ou  aiώna,  o  ΟllandόV  Ludolph van  Ceulen  up¶lόgis¶  to  p

m¶  akrίb¶ia  35  d¶kadikώn  yhjίwn  m¶  thn  boήq¶ia  kanonikώn  polugώnwn  m¶  262

pl¶urέV!

Ο Ν¶ύtwnaV  (p¶rίpou  to  1670) crhsimopoiώntaV  t¶cnikέV ap¶irostikoύ logismoύ

kai  mόliV  ¶nnέa  όrouV  ¶nόV  anaptύgmatoV  dunamos¶irάV,  m¶  έna  apό  ta

wraiόt¶ra  q¶wrήmata  twn  Μaqhmatikώn,  up¶lόgis¶  to  p  m¶  akrίb¶ia  ¶jtά

d¶kadikώn yhjίwn! 

∆.   Εύloga  g¶nniέtai  h  ¶rώthsh  s¶  ti  maV  crhsim¶ύ¶i  o  upologismόV  όlo  kai

p¶rissόt¶rwn  yhjίwn  tou  p.   Η  apάnthsh  ¶ίnai  pwV  o  upologismόV  pollώn

yhjίwn  tou  p  ¶pitugcάn¶tai  m¶  thn  boήq¶ia  grήgorwn  algorίqmwn  gia  m¶gάlhV

akrίb¶iaV  ak¶raίouV  kai  ariqmoύV  kinhtήV  upodiastolήV  kai  ¶ίnai  έna  kalό  t¶st

gia to computer hardware.  
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Τo  t¶st  autό  d¶n  sugcwr¶ί  kanέna  katask¶uastikό  lάqoV  kai  ¶kt¶l¶ίtai

sunήqwV  s¶  up¶rupologistέV  prin  jύgoun  apό  to  ¶rgastάsio.   Μ¶  έna  m¶gάlhV

klίmakaV  t¶st  apό thn q¶wrίa twn ariqmώn (twin primes), anakalύjthk¶ to 1996

to katask¶uastikό lάqoV pou ¶ίcan pάnw apό έna ¶katommύrio Pentium CPU's kai

h ¶tairίa Intel anagkάsthk¶ na ta antikatastήs¶i m¶ dikά thV έxoda.

Αkolouqoύn dύo trόpoi parάstashV sun¶cώn klasmάtwn: o prώtoV crhsimopoi¶ί

tiV  l¶gόm¶n¶V  grammikέV  klasmatikέV  sunartήs¶iV  (linear  fractional  functions,

or Möbius substitutions) kai o d¶ύt¶roV ta sun¶cόm¶na poluώnuma (continuants).
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ü 3.4.1    Πarάstash  sun¶cώn  klasmάtwn  m¶  pίnak¶V  grammikώn  klasmatikώn
sunartήs¶wn

Έstw  g  έnaV  q¶tikόV  pragmatikόV  ariqmόV  kai  {c1 ,  c2 ,  c3 ,  …} to  anάptugmά  tou

s¶ sun¶cή klάsmata.  ΑV q¶wrήsoum¶ touV (q¶tikoύV pragmatikoύV) ariqmoύV g1

= {c2 , c3 , …} kai g2  = {c3 , c4 , …}.

Οi ariqmoί g1  kai g2  sundέontai m¶ ton g m¶ tiV ¶xήV scέs¶iV:

g = c1  + 1ÅÅÅÅÅÅÅg1
 = c1  g1 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅg1

 = j(g1 )

¶nώ

g1  = c2  + 1ÅÅÅÅÅÅÅg2
 = c2  g2 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅg2

 = c(g2 ).

Έtsi έcoum¶

g = (jëc)(g2 ) = Hc1  c2+1L g2+c1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc2  g2+1 .

Οi  sunartήs¶iV  j  kai  c  pou  ¶ίnai  klάsmata  dύo  grammikώn  poluwnύmwn

onomάzontai  grammikέV  klasmatikέV  sunartήs¶iV  (linear  fractional  functions,  or

Möbius substitutions), kai h drάsh touV antiproswp¶ύ¶tai apό έnan pίnaka.  Έtsi, 

j(x) = a x+bÅÅÅÅÅÅÅÅÅÅÅÅÅc x+d  ó J a b
c d

N .

Η  sύnq¶sh  twn  sunartήs¶wn  j  kai  c  antiproswp¶ύ¶tai  apό  to  ginόm¶no  twn

pinάkwn

J c1 1
1 0

NJ c2 1
1 0

N  = J c1 c2 + 1 c1

c2 1
N

pou  sumjwn¶ί  m¶  to  apotέl¶sma  g  =  (jëc)(g2 )  pou  upologίsam¶  parapάnw.

Τonίzoum¶ pwV h orίzousa twn pinάkwn autώn ¶ίnai ±1, kai sun¶pώV upάrc¶i kai o

antίstrojoV pίnakaV.

Αpό  ta  parapάnw  sump¶raίnoum¶  pwV  sto  anάptugma  tou  g  s¶  sun¶cή

klάsmata mporoύm¶ na antistoicίsoum¶ to ginόm¶no twn pinάkwn 
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J c1 1
1 0

NJ c2 1
1 0

NJ c3 1
1 0

N…

kai an rk-1  = pk-1ÅÅÅÅÅÅÅÅÅÅÅqk-1
 kai rk  = pkÅÅÅÅÅÅÅqk

 ¶ίnai dύo diadocikέV sugklίnous¶V tόt¶ έcoum¶ (m¶

thn boήq¶ia twn anagwgikώn tύpwn upologismoύ twn sugklinousώn):

J pk pk-1

qk qk-1
NJ ck+1 1

1 0
N  = J ck+1 pk + pk-1 pk

ck+1 qk + qk-1 qk
N  = J pk+1 pk

qk+1 qk
N .

Έtsi έcoum¶ ton ¶xήV sumbolismό:

g = {c1 , c2 , …} = J c1 1
1 0

NJ c2 1
1 0

N∫.

Αn crhsimopoiήsoum¶ touV k prώtouV όrouV qa έcoum¶

J pk pk-1

qk qk-1
N  = J c1 1

1 0
NJ c2 1

1 0
N∫J ck 1

1 0
N ,

όpou 

pkÅÅÅÅÅÅÅqk
 = { c1 , c2 , …, ck }.

ü 3.4.2   Πarάstash sun¶cώn klasmάtwn m¶ sun¶cόm¶na poluώnuma (continuants)

Τa  poluώnuma  autά  m¶l¶tήqhkan  di¶xodikά  apό  ton  Euler.   Τo  sun¶cόm¶no

poluώnumo Kn (x1 , x2 , …, xn ) έc¶i n paramέtrouV kai orίz¶tai anagwgikά wV ¶xήV:

K0 () = 1,

K1 (x1 ) = x1 ,

Kn (x1 , …, xn ) = xn ·Kn-1 (x1 , …, xn-1 ) + Kn-2 (x1 , …, xn-2 ).

Σto  Mathematica  ta  poluώnuma  orίzontai  anagwgikά  wV  ¶xήV  (o  d¶ίkthV  n  d¶n

cr¶iάz¶tai όtan sun¶pάg¶tai):

K@D := 1;
K@x_D := K@xD = x ;
K@a___, x_, y_D := K@a, x, yD = y K@a, xD + K@aD
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(ΣtiV  askhs¶iV  zht¶ίtai  na  programmatisq¶ί  m¶  έnan  άllo  trόpo,  pou  d¶n

sthrίz¶tai s¶ pattern matching.)  Γia parάd¶igma, m¶tά to K1 (x1 ) έcoum¶:

K@x1, x2D

1 + x1 x2

K@x1, x2, x3D êê Expand

x1 + x3 + x1 x2 x3

K@x1, x2, x3, x4D êê Expand

1 + x1 x2 + x1 x4 + x3 x4 + x1 x2 x3 x4

Μ¶  ¶pagwgή  ¶ύkola  blέpoum¶  pwV  Kn (1, 1,  …, 1) = Fn+1 ,  o  (n + 1)-stόV  ariqmόV

Fibonacci.   Αutό  ¶pib¶baiώn¶tai  kai  apό  to  Mathematica.   Πrάgmati,  an

¶n¶rgopoiήsoum¶ ton kώdika

F@0D = 0; F@1D = 1;
F@n_D := F@nD = F@n − 1D + F@n − 2D

gia ton upologismό twn ariqmώn thV akolouqίaV Fibonacci έcoum¶:

n = 18;
K@Apply@Sequence, Table@1, 8i, n<DDD F@n + 1D

True

όpou  h  ¶ntolή  Apply[Sequence,Table[1,{i,  n}]]  maV  dhmiourg¶ί  thn

akolouqίa twn 1 mέsa sthn sunάrthsh K[].

Ο  Euler  paratήrhs¶  pwV  to  Kn (x1 ,  …,  xn )  mpor¶ί  na  br¶q¶ί  an  arcίsoum¶  m¶  to

ginόm¶no  x1 ÿ x2  ∫  xn  kai  m¶tά  diagrάyoum¶  sun¶cόm¶na  z¶ugάria  xk ÿ xk+1  m¶

όlouV touV dunatoύV trόpouV.  Μ¶ ton trόpo autό mporoύm¶ na katask¶uάsoum¶

thn  akolouqίa  twn  kώdikwn  Morse twn  n  paramέtrwn.   Μia  t¶lίtsa  sun¶isjέr¶i

mίa monάda sto mήkoV kai antistoic¶ί s¶ m¶tablhtή pou p¶riέc¶tai ston όro ¶nώ
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mia paύla sun¶isjέr¶i dύo monάd¶V sto mήkoV kai antistoic¶ί s¶ έna z¶ύgoV pou

¶xair¶ίtai.

Γia parάd¶igma, an n = 4, tόt¶ έcoum¶ thn ¶xήV akolouqίa kώdikwn Morse: 

. . . .      . . __      . __ .      __ . .      __ __ 

Έtsi,  gia  parάd¶igma,   .  .  __   antistoic¶ί  ston  όro  x1 ÿ x2 .   ΈnaV  kώdikaV  Morse

mήkouV  n  m¶  k  paύl¶V  έc¶i  n  -  2k t¶lίts¶V  kai  n  -  k sύmbola  sunolikά.   ΑutέV  oi

t¶lίts¶V  kai  paύl¶V  mporoύn  na  taktopoihqoύn  m¶  Jn - k
k

N  trόpouV.   Αn  loipόn

antikatastήsoum¶  kάq¶  t¶lίtsa  m¶  to  grάmma  z kai  kάq¶  paύla  m¶  ton  ariqmό  1

prokύpt¶i:

Kn (z , z, …, z) = „
k=0

n
 Jn - k

k
N  zn-2 k .

Ξέroum¶  ¶pίshV  pwV  o  ariqmόV  twn  όrwn  ¶nόV  sun¶cόm¶nou  poluwnύmou  ¶ίnai

έnaV ariqmόV Fibonacci.  Έtsi έcoum¶

Fn+1  = „
k=0

n
 Jn - k

k
N  zn-2 k .

Εx  aitίaV  thV  scέshV  m¶  ton  kώdika  Morse ta  sun¶cόm¶na  poluώnuma  έcoun  thn

akόlouqh summ¶trίa

K (x1 , x2 , …, xn ) = K (xn , …, x2 , x1 ),

h  opoίa  stiV  askήs¶iV  apod¶iknύ¶tai  ¶pagwgikά.   Η  summ¶trίa  autή  έc¶i  san

apotέl¶sma na iscύ¶i kai o summ¶trikόV orismόV

Kn (x1 , …, xn ) = x1 ·Kn-1 (x2 , …, xn ) + Kn-2 (x3 , …, xn ).

Τa  sun¶cόm¶na  poluwnύma  sc¶tίzontai  kai  m¶  ton  Εukl¶ίd¶io  algόriqmo.   Έstw

gia  parάd¶igma  όti  o  upologismόV  gcd(a,  b)  t¶l¶iώn¶i  s¶  trίa  bήmata.   ∆hladή

έstw όti έcoum¶:
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        gcd(a, b) = gcd(a0 , a1 )           a0  = a,     a1  = b,    

           = gcd(a1 , a2 )           a2  = rem(a0 , a1 ),

           = gcd(a2 , a3 )           a3  = rem(a1 , a2 ),

           = gcd(a3 , 0) = a3 .     0  = rem(a2 , a3 ).

Τόt¶, έcoum¶:

a3  = a3 = a3 ·K()

a2  = q3 a3  = a3 ·K(q3 )

a1  = q2 a2  + a3  = a3 ·K(q2 , q3 )

a0  = q1 a1  + a2   = a3 ·K(q1 , q2 , q3 ) 

Γ¶nikά,  an  o  Εukl¶ίd¶ioV  algόriqmoV  brίsk¶i  ton  mkd  d  twn  a  kai  b  s¶  k  bήmata,

έcontaV upologίs¶i thn akolouqίa twn phlίkwn q1 , q2 , …, qk , tόt¶ a = d ·K(q1 , q2 ,

…, qk ) kai b = d ·K(q2 , …, qk ).

Τa sun¶cόm¶na poluώnuma sc¶tίzontai  ¶pίshV kai m¶ ta sun¶cή klάsmata, apό

όpou pήran kai to όnomά touV.  Έtsi έcoum¶ gia parάd¶igma

 a1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a2 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

a3 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∏

+
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅak

 = KH a1, a2, …, akLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKHa2, …, akL .

∆hladή, έcoum¶ tiV scέs¶iV

pk  = KHa1, a2, …, akL ,

qk  = KHa2, a2, …, akL ,

όpou rk  = pkÅÅÅÅÅÅÅqk
 h k-stή sugklίnousa.  Άra

KH a1, a2, …, akLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKHa2, …, akL  = {a1, a2, …, ak }.

Πrάgmati, m¶ to Mathematica έcoum¶ gia parάd¶igma
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FromContinuedFraction@81, 2, 3, 4<D == K@1, 2, 3, 4D
K@2, 3, 4D

True
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3.5  ΓrammikέV ∆iojantikέV ¶xisώs¶iV

Η  lύsh  grammikώn  ∆iojantikώn  ¶xisώs¶wn  ¶ίnai  akόma  mίa  ¶jarmogή  tou

¶p¶ktamέnou  Εukl¶ίd¶iou  algόriqmou.   Έstw  a,b,d  œ    kai  qέloum¶  na  broύm¶

akέrai¶V lύs¶iV s,t œ  thV ¶xίswshV

(1)sa + tb = d.

Τo  sύnolo  όlwn  twn  pragmatikώn  lύs¶wn  thV  ¶xίswshV  autήV  ¶ίnai  mίa  ¶uq¶ίa

sto  ¶pίp¶do  2 ,  pou  mpor¶ί  na  grajt¶ί  san  to  άqroisma  u  +  U,  miaV

sugk¶krimέnhV  lύshV  u  =  {s0 ,  t0 }  œ  2  kai  tou  sunόlou  U  thV  omog¶noύV

¶xίswshV 

(2)sa + tb = 0.

Η  idiόthta  autή  g¶nik¶ύ¶tai  kai  gia  tiV  akέrai¶V  lύs¶iV,  όpwV  jaίn¶tai  sto

akόlouqo q¶ώrhma.

Θ¶ώrhma 3.5.1:

Έstw  R  mίa  Εukl¶ίd¶ia  p¶riocή,  a,b,d  œ  R  όpou  a,  b  d¶n  ¶ίnai  kai  ta  dύo  mhdέn

(opόt¶ gcd(a, b) ∫ 0).  

a.  Η ¶xίswsh (1) έc¶i lύsh ¶άn kai mόnon ¶άn gcd(a, b) diair¶ί to d. 

b.   Αn  {s0 ,  t0 }  œ  R2  ¶ίnai  mίa  lύsh  thV  ¶xίswshV  (1),  tόt¶  to  sύnolo  όlwn  twn

lύs¶wn ¶ίnai {s0 , t0 } + U, όpou

 U = R·( bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL , -aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL ) Œ R2 .

¶ίnai to sύnolo twn lύs¶wn thV omog¶noύV ¶xίswshV (2).

g.   Αn  R  =  F[x],  όpou  F  ¶ίnai  έna  sώma,  h  ¶xίswsh  (1)  έc¶i  lύsh  kai  deg(a)  +

deg(b) - deg(gcd(a, b)) > deg(d), tόt¶ upάrc¶i mίa monadikή lύsh {s , t} œ R2  thV (1)

ώst¶ deg(s) < deg(b) - deg(gcd(a, b)) kai deg(t) < deg(a) - deg(gcd(a, b)).
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Αpόd¶ixh:

a.  Αn {s , t} œ R2  ¶ίnai lύsh thV (1), tόt¶ gcd(a, b) diair¶ί sa + tb kai ¶pomέnwV d.

Αntίstroja,  έstw  όti  gcd(a,  b)  diair¶ί  d kai  iscύ¶i  d  =  k·gcd(a,  b).   Τόt¶  m¶  ton

¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  brίskoum¶  sg ,  tg  ώst¶  sg a  +  tg b  =  gcd(a,  b),

opόt¶ mίa lύsh thV (1) ¶ίnai {s , t} = {sg ·k, tg ·k}

b.   Εp¶idή  ta  stoic¶ίa  aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  kai  bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  ¶ίnai  prώta  m¶taxύ  touV  έcoum¶  apό

thn (2):

s aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  = -t bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  ñ $k œ R » s = k bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  kai t = k -aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  ñ {s , t} œ U.

(Τa  prόshma  twn  s ,  t  qa  mporoύsan  na  ¶ίnai  kai  antίq¶ta.   Η  parousίasή  maV

akolouq¶ί to Mathematica

Reduce@3 s + 5 t 0, 8s, t<, IntegersD

C@1D ∈ Integers && s 5 C@1D && t −3 C@1D

όpwV blέpoum¶ sto parάd¶igma.)

Η apόd¶ixh tou (b) t¶l¶iώn¶i m¶ thn paratήrhsh όti apό thn (1) έcoum¶ 

(s - s0 )a + (t - t0 )b = 0 ñ {s - s0 , t - t0 } œ U.

g.   Έstw  {s0 ,  t0 } œ  R2  mίa  lύsh  thV  (1).   Γia  na  apod¶ίxoum¶  thn  ύparxh  lύshV

pou  plhr¶ί  tiV sunqήk¶V  diairoύm¶  kat'  arcάV  to  t0  m¶ to  aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  gia  na  lάboum¶

q,t œ R ώst¶ t0  = q aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  + t.  ΠrojanώV deg(t) < deg(a) - deg(gcd(a, b)), όpwV to

qέloum¶, kai t =  t0  - q aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL .  Θέtoum¶ tώra s = s0  + q bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL  kai blέpoum¶ (apό

to (b)) pwV {s, t} = {s0 , t0 } + q{ bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL , -aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL } ¶ίnai lύsh thV (1).  

Μέn¶i  na  d¶ίxoum¶  pwV  deg(s)  <  deg(b)  -  deg(gcd(a,  b)).   ΌmwV  έcoum¶,  ¶x

upoqέs¶wV,  deg(d) < deg(a) + deg(b) - deg(gcd(a, b)), kai ¶x orismoύ deg(t) < deg(a)

-  deg(gcd(a,  b)).   Αpό  autά  sun¶pάg¶tai  prώta  deg(tb)  <  deg(a)  +  deg(b)  -

deg(gcd(a,  b)) kai  έp¶ita  deg(s) + deg(a) = deg(sa) = deg(d - tb) < deg(a) + deg(b) -

deg(gcd(a, b)), ap' όpou prokύpt¶i h zhtoύm¶nh anisόthta.
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Η apod¶ίxh thV monadikόthtaV  thV lύshV sun¶pάg¶tai apό to g¶gonόV όti (όpwV

xέroum¶ apό thn (b)) mia άllh lύsh qa ήtan thV morjήV {sother  = s + k bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL , tother

= t - k bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL }.  ΌmwV deg(sother  = s + k bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL ) = deg( k bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, bL ) ¥ deg(b) - deg(gcd(a, b))

kai ¶pomέnwV deg(sother ) d¶n plhr¶ί thn sunqήkh.

Πarad¶ίgmata:

Η ¶ύr¶sh miάV lύshV thV grammikήV ∆iojantikήV ¶xίsώshV 3s + 5t = 1 m¶ to Mathe-

matica ¶pitugcάn¶tai m¶ thn sunάrthsh ExtendedGCD[]

ExtendedGCD@3, 5D

81, 82, −1<<

kai  ¶ίnai  {2,  -1}.   Η  ¶ύr¶sh  thV  g¶nikήV  lύshV  thV  ίdiaV  ¶xίswshV  (ή  thV

antίstoichV omog¶noύV ¶xίswshV) ¶pitugcάn¶tai m¶ thn sunάrthsh Reduce[]

Reduce@3 s + 5 t 1, 8s, t<, IntegersD

C@1D ∈ Integers && s 2 + 5 C@1D && t −1 − 3 C@1D

ΣtiV  askήs¶iV  zht¶ίtai  na  grajt¶ί  gia  thn  p¶rίptwsh  autή  (kai  cwrίV  thn  crήsh

thV Reduce[]) έna mikrό prόgramma sto Mathematica.

Όson ajorά ta poluώnuma έcoum¶ thn monadikή lύsh

<< Algebra`PolynomialExtendedGCD`;
8d, 8s, t<< = PolynomialExtendedGCD@a = x3 − 7 x + 7, b = 3 x2 − 7D

91, 9− 27
7

−
18 x

7
, −4 +

9 x
7

+
6 x2

7
==

s a + t b êê Expand

1

pou plhr¶ί tiV sunqήk¶V
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Exponent@s, xD < Exponent@b, xD − Exponent@d, xD

True

Exponent@t, xD < Exponent@a, xD − Exponent@d, xD

True

3.5  ∆iojantikέV ¶xisώs¶iV
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Αskήs¶iV 

1:  ΚάnontaV crήsh twn orismώn apod¶ίxt¶ pwV:

a.  Αn a ª b mod m kai d » m, tόt¶ a ª b mod d. 

b.  Αn a ª b mod m kai a ª b mod n, tόt¶ a ª b mod lcm(m, n), όpou lcm(m, n) ¶ίnai

to ¶lάcisto koinό pollaplάsio twn m, n.

g.  Αn a ª c mod m kai b ª d mod m, tόt¶  a + b ª c + d mod m, a - b ª c - d mod m,

kai  a·b ª c·d mod m.

d.  (Αpaloijή) Αn a·b ª a·c mod m, tόt¶ b ª c mod mÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅgcdHa, mL .  Αn gcd(a, m) = 1, tόt¶

apό a·b ª a·c mod m, sun¶pάg¶tai b ª c mod m.

2:  Αpod¶ίxt¶  pwV  o  akέraioV  a  = ⁄0§i§k ai 10i  diair¶ίtai  apό  to  11 ¶άn  kai  mόnon

¶άn  to  ¶nallassόm¶no  άqroisma  twn  yhjίwn  tou  a0  -  a1  +  a2  -  a3  ±  ∫  H-1Lk ak

diair¶ίtai apό to 11.  Υpόd¶ixh: 10k  ª H-1Lk+1  mod 11.

3:  Αn F έna sώma kai f œ F[x] έna mh paragontopoiήsimo poluώnumo baqmoύ n kai

m¶  monadiaίo  kύrio  sunt¶l¶stή,  apod¶ίxt¶  pwV  oi  ariqmhtikέV  prάx¶iV

(prόsq¶shV,  pollaplasiasmoύ,  diaίr¶shV  m¶  antistrέyimo  stoic¶ίo)  sto  sώma

E  =  F[x]/Xf\  ¶kt¶loύntai  m¶  Ο(n2 )  prάx¶iV  sto  F.   (Υpόd¶ixh:  Λήmmata  2.3.1  kai

2.3.2.)

4:  Αpod¶ίxt¶ pwV oi ariqmhtikέV prάx¶iV sto n , ¶kt¶loύntai m¶ Ο(lHnL2 ) prάx¶iV

s¶ lέx¶iV tou upologistή, όpou l(n) ¶ίnai to mήkoV tou n wV proV thn bάsh b.

5:   Αpod¶ίxt¶  to  “mikrό”  q¶ώrhma  tou  Fermat  m¶  thn  crήsh  tou  “kanόna  twn

arcarίwn”.

6:  Αpod¶ίxt¶ pwV o antίstrojoV ¶nόV ariqmoύ mod p upologίz¶tai m¶ to q¶ώrhma

tou  Fermat  m¶  Ο(lHpL3 )  prάx¶iV  s¶  lέx¶iV  tou  upologistή.   (Η  mέqodoV  autή

protimάtai  gia  upologismoύV  m¶  to  cέri.)   Σ¶  antίq¶sh,  m¶  ton  ¶p¶ktamέno

Εukl¶ίd¶io  algόriqmo  apaitoύntai  Ο(lHpL2 )  prάx¶iV  s¶  lέx¶iV  tou  upologistή,

όpou n = l(a), kai m = l(b).  (Υpόd¶ixh: Άskhsh 4 kai Τmήma 3.3.)

3:   ΕjarmogέV tou ΕΑ
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7:  Τropopoiήst¶ ton algόriqmo gia thn duadikή mέqodo ύywshV s¶ dύnamh ώst¶ na

doul¶ύ¶i  apό d¶xiά  proV  ta  arist¶rά  kai  na  mhn  cr¶iάz¶tai  na  apoqhk¶ύontai  ta

duadikά yhjίa tou ¶kqέth.

8:   Πrogrammatίst¶  sto  Mathematica  thn  duadikή  mέqodo  ύywshV  s¶  dύnamh  m¶

th  akolouqίa  twn  grammάtwn  “S”  kai  “M”,  dhladή  όpwV  akribώV  p¶rigrάj¶tai

sto parάd¶igma tou ΤmήmatoV 3.3.

9:  Μ¶ thn boήq¶ia thV scέshV

i
k
jjj

pk pk-1

qk qk-1

y
{
zzz  = i

k
jjj

c1 1
1 0

y
{
zzzik
jjj

c2 1
1 0

y
{
zzz∫i

k
jjj

ck 1
1 0

y
{
zzz ,

apod¶ίxt¶  όti   pk qk-1  -  pk-1 qk  =  H-1Lk ,  gia  k  ¥  0  (scέsh  (a)  tou  Θ¶wrήmatoV

3.4.1).  (Υpόd¶ixh:  Υpologίst¶ tiV orίzous¶V.)

10:  Αpod¶ίxt¶ m¶ ¶pagwgή thn scέsh summ¶trίaV gia ta sun¶cόm¶na poluώnuma

K (x1 , x2 , …, xn ) = K (xn , …, x2 , x1 ),

11:  a.  Αpod¶ίxt¶ thn scέsh

K (x1 , …, xn ) = x1 ·K (x2 , …, xn ) + K (x3 , …, xn ).

crhsimopoiώntaV thn scέsh

KH x1, x2, …, xnLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKHx2, …, xnL  = {x1, x2, …, xn } = x1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ8x2, …, xn< .

b.   Πrogrammatίst¶  ton  anagwgikό  orismό  tou  sun¶cόm¶nou  poluώnumou  cwrίV

pattern matching.

12:  Γrayt¶ έna prόgramma sto Mathematica  pou na lύn¶i grammikέV ∆iojantikέV

¶xisώs¶iV.

Αskήs¶iV
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ü Λύs¶iV orismέnwn askήs¶wn

Λύsh thV άskhshV 8:

binaryExp2@a_ ê; a ∈ Integers, k_ ê; k ∈ Integers && k > 0D :=
ModuleA8code, code2<,

code = ToCharacterCode@
ToString@IntegerDigits@k, 2D ê. 81 → SM, 0 → S<DD;

code2 = Drop@Select@code, 77 ≤ # ≤ 83 &D, 2D;

FoldAIfA#2 83, #12, #1 aE &, a, code2E
E

Λύsh thV άskhshV 10:

Είnai projanέV όti iscύ¶i gia n = 0, 1.  Γia thn ¶pagwgή έcoum¶

K (x1 , …, xn ) = xn ·K (x1 , …, xn-1 ) + K (x1 , …, xn-2 ) 

= xn ·K (xn-1 , …, x1 ) + K (xn-2 , …, x2 )

= K (xn , …, x1 ).

Λύsh thV άskhshV 11:

a.  Εdώ έcoum¶:

KH x1, x2, …, xkLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKHx2, …, xkL  = {x1, x2, …, xk } = x1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ8x2, …, xk<
= x1  + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKH x2, …, xk LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKHx3, …, xk L

 

= x1ÿKH x2, …, xkL+ KHx3, …, xkLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅKH x2, …, xkL

ΕxisώnontaV touV ariqmhtέV brίskoum¶ thn scέsh.

b.  

Clear@KD;
K@8<D := 1;
K@8q_<D := q;
K@q_ListD := Last@qD K@Drop@q, −1DD + K@Drop@q, −2DD ê; Length@qD > 1

K@8x1, x2, x3, x4<D êê Expand

1 + x1 x2 + x1 x4 + x3 x4 + x1 x2 x3 x4
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Λύsh thV άskhshV 12:

To  akόlouqo  prόgramma  maV  ¶pistrέj¶i  mίa  m¶rikή  lύsh  mazί  m¶  to  z¶ύgoV  { bÅÅÅÅÅd ,

- aÅÅÅÅÅd } pou maV dίn¶i thn g¶nikή lύsh όtan prost¶q¶ί sthn m¶rikή.

linearDiophantine@a_ x_ + b_ y_ c_D := Module@
8d, s, t<,
8d, 8s, t<< = ExtendedGCD@a, bD;
If@Mod@c, dD 0, 88x → c sêd, y → c têd<, 8bêd, −aêd<<, 8<D
D

Clear@s, tD; sol = linearDiophantine@3 s + 5 t 1D

88s → 2, t → −1<, 85, −3<<

Αn tώra qέsoum¶

expr = 3 s + 5 t

3 s + 5 t

blέpoum¶ pwV gia diάjora k έcoum¶ diajor¶tikέV lύs¶iV

Table@expr ê. 8s → k First@Last@solDD + Last@First@First@solDDD,
t → k Last@Last@solDD + Last@Last@First@solDDD<, 8k, 3, 11<D

81, 1, 1, 1, 1, 1, 1, 1, 1<

Αskήs¶iV
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Κ¶jάlaio 4:  Πar¶mbolή
Μίa  basikή  idέa  thV  ΥpologistikήV  Άlg¶braV  ¶ίnai  h  crήsh  diajόrwn  morjώn

parastάs¶wn  twn  upό  ¶xέtash  antik¶imέnwn  gia  thn  ¶pitάcunsh  twn

upologismώn.  

Έtsi,  gia  parάd¶igma,  an  gia  thn  parάstash  twn  poluwnύmwn

crhsimopoiήsoum¶ touV  sunt¶l¶stέV o pollaplasiasmόV touV  gίn¶tai  s¶ crόno

Ο(n2 ),  ¶nώ  an  crhsimopoiήsoum¶  tiV  timέV  touV  s¶  ark¶ta  shm¶ίa  o

pollaplasiasmόV touV gίn¶tai (όpwV qa doύm¶) s¶ crόno Ο(n  log n).

Υpάrcoun basikά dύo trόpoi parάstashV twn upό ¶xέtash antik¶imέnwn.  

Ο  prώtoV  trόpoV  basίz¶tai  sthn  ¶pilogή  miaV  bάshV,  opόt¶  to  antik¶ίm¶no

parίstatai san anάptugma s¶ dunάm¶iV autήV thV bάshV.  

Πarad¶ίgmata  amέsou  ¶ndiajέrontoV  ¶ίnai:  (a)  h  parάstash  twn  poluwnύmwn

m¶ touV sunt¶l¶stέV touV, όpou h bάsh ¶ίnai h m¶tablhtή x, kai (b) h d¶kadikή ή

duadikή  ή  b-dikή  parάstash  twn  ak¶raίwn  όpou  h  bάsh  ¶ίnai  to  10  ή  2  ή  b

antίstoica.

Ο  d¶ύt¶roV  trόpoV  basίz¶tai  sthn  ¶pilogή  miaV  n-diάstathV  bάshV,  m¶

sunέp¶ia to antik¶ίm¶no na parίstatai kai autό san έna n-diάstato diάnusma.  

Πarad¶ίgmata  amέsou  ¶ndiajέrontoV  ¶ίnai:  (a)  h  parάstash  twn  poluwnύmwn

m¶ tiV timέV touV s¶ diάjora  shm¶ίa u0 , …, un-1 , όpou h bάsh ¶ίnai x - u0 , …, x -

un-1  kai  (b)  h  parάstash  ak¶raίwn  m¶  ta  upόloipa  modulo  diάjorouV  prώtouV

ariqmoύV p0 , …, pn-1 , oi opoίoi apot¶loύn kai thn bάsh.

Οtan  έcoum¶  na  ¶pilύsoum¶  έna  prόblhma  prέp¶i  na  ¶pilέxoum¶  thn  parάstash

sthn  opoίa  lύn¶tai  ¶ukolόt¶ra.   Σhmantikό  ¶ίnai  ¶pίshV  na  mporoύm¶  na

m¶tatrέpoum¶ to prόblhma apό thn mίa parάstash sthn άllh. 
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Εdώ  axίz¶i  na  tonίsoum¶  thn  omoiόthta  m¶taxύ  tou  upologismoύ  thV  timήV  ¶nόV

poluwnύmou  sto  shm¶ίo  u  kai  tou  upoloίpou  ¶nόV  ak¶raίou  modulo  έnan  prώto

ariqmό p .

ΌpwV  όmwV  έcoum¶  d¶ί,  o  upologismόV  thV  timήV  ¶nόV  poluwnύmou  sto  shm¶ίo  u

¶ίnai to ίdio m¶ ton upologismό tou upoloίpou tou poluwnύmou modulo x - u.  Κatά

sunέp¶ia,  o  upologismόV  tou  upoloίpou  ¶nόV  ak¶raίou  modulo  ton  prώto  ariqmό

p  mpor¶ί na q¶wrhq¶ί wV “o upologismόV thV timήV tou ak¶raίou sto shm¶ίo p.”

Η  antίstrojh  prάxh  upologismoύ  twn  sunt¶l¶stώn  tou  poluwnύmou  apό  tiV

timέV tou s¶ diάjora shm¶ίa lέg¶tai par¶mbolή (interpolation).  

Γia  touV  ak¶raίouV  autό ¶pitugcάn¶tai  m¶ ton Κin¶zikό algόriqmo  upoloίpwn o

opoίoV,  m¶  bάsh  ta  parapάnw,  antistoic¶ί  m¶  thn  “par¶mbolή  tou  ak¶raίou  apό

tiV timέV tou s¶ diάjorouV prώtouV.”

Σthn  sunέc¶ia  qa  ¶x¶tάsoum¶  autά  ta  qέmata  allagήV  parάstashV

poluwnύmwn  kai  ak¶raίwn  kai  qa  doύm¶  pwV  o  Κin¶zikόV  algόriqmoV  upoloίpwn

gia ta poluώnuma ¶ίnai h pio g¶nikή morjή par¶mbolήV.

4:Πar¶mbolή
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4.1  Εktίmhsh kai m¶tάq¶sh poluwnύmwn m¶ thn mέqodo twn Ruffini-Horner

Εstw  to  poluώnumo  f(x)  =  ⁄i=0
n-1 fi xi  œ  F[x],  όpou  F  ¶ίnai  έna  sώma.   Εktίmhsh

(evaluation)  tou  poluwnύmou  f(x)  s¶  έna  shm¶ίo  u  œ  F  ¶ίnai  o  upologismόV  thV

timήV f(u).  Η ¶ktίmhsh  tou poluwnύmou f(x) sta diajor¶tikά shm¶ίa u0 , …, un-1 ,

kai  h  (antίstrojh  prάxh)  par¶mbolή  tou  poluwnύmou  apό  tiV  timέV  f(u0 ),  …,

f(un-1 ),  sunistoύn  thn  pio  shmantikή  allagή  parάstashV  kai  ¶ίnai  to  qέma

autoύ tou k¶jalaίou. 

Σt¶nά  sund¶d¶mέnh  m¶  thn  ¶ktίmhsh  ¶ίnai  kai  h  m¶tάq¶sh  (translation)  —  twn

rizώn  —  tou  poluwnύmou  f(x),  dhladή  o  upologismόV  twn  sunt¶l¶stώn  tou

poluwnύmou   f(x  +  u).   Η  m¶tάq¶sh  qa  maV  cr¶iast¶ί  sthn  suzήthsh  p¶rί

apomόnwshV rizώn poluwnύmwn.

Σto  ¶dάjio  autό  qa  m¶l¶tήsoum¶  touV  algόriqmouV  twn  Ruffini-Horner  gia  thn

¶ktίmhsh kai m¶tάq¶sh poluwnύmwn.  

Γia thn istorίa anajέroum¶ pwV apό touV p¶rissόt¶rouV suggraj¶ίV, oi mέqodoi

autoί  onomάzontai  aplά  Horner.   ΌmwV,  apό  thn  bibliograjίa  blέpoum¶  pwV  o

Ruffini  (1804)  prohgήqhk¶  tou  Horner  katά  15  crόnia.   ΕktόV  twn  άllwn,  sthn

¶rgasίa  tou  1804  o  Ruffini  apέd¶ix¶  pwV  d¶n  mporoύm¶  m¶  “tύpo”  na

upologίsoum¶  tiV  rίz¶V  poluwnύmou  baqmoύ  5.   Τo  apotέl¶sma  autό  g¶nik¶ύqhk¶

apό ton Abel gia poluώnuma baqmoύ ¥ 5. 

Αrcίzoum¶  loipόn  m¶  thn  ¶ktίmhsh  sto  shm¶ίo  u  œ  F  tou  poluwnύmou  f(x)  œ  F[x],

όpou F ¶ίnai έna sώma kai 

f(x) = f0  + f1 x + ∫ + fn-1 xn-1 .

Θέloum¶  dhladή  na  upologίsoum¶  thn  timή  f(u).   Η  mέqodoV  twn  Ruffini-Horner

sunίstatai ston (apot¶l¶smatikό) upologismό tou f(u) m¶ thn boήq¶ia tou tύpou 

f(u) = f0  + u( f1  + ∫ + u( fn-2  + u fn-1 )…).
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Αn  o  baqmόV  tou  poluwnύmou  ¶ίnai  n  -  1  =  5,  o  tύpoV  autόV  programmatίz¶tai

aploύstata sto Mathematica m¶ thn sunάrthsh Fold[]

Fold@H#1 u + #2 L &, 0, Reverse@8f0, f1, f2, f3, f4, f5<DD

f0 + u Hf1 + u Hf2 + u Hf3 + u Hf4 + u f5LLLL

Έtsi  to  prόgramma  gia  thn  ¶ktίmhsh  ¶nόV  poluwnύmou  sto  shm¶ίo  u  m¶  thn

mέqodo twn Ruffini-Horner ¶ίnai

RuffiniHornerEvaluation@f_, u_D :=

Fold@H#1 u + #2 L &, 0, Reverse@CoefficientList@f, Variables@fDDDD

Αn  gia  parάd¶igma  f(x)  =  x3  -7x  +  7,  tόt¶  thn  timή  f(3)  mporoύm¶  na  thn

upologίsoum¶ kai m¶ thn kainoύrgia maV sunάrthsh

RuffiniHornerEvaluation@x3 − 7 x + 7, 3D == x3 − 7 x + 7 ê. x → 3

True

ΠrojanώV  gia  ton  upologismό  thV  timήV  f(u) cr¶iάzontai  n  pollaplasiasmoί  kai

prosqέs¶iV.   Αn  d¶  upoqέsoum¶  pwV  f(x)  œ  [x],  kai  lάboum¶  up'  όyh  to  mέg¶qoV

twn sunt¶l¶stώn tou f(x) kai tou u, tόt¶ sthn c¶irόt¶rh p¶rίptwsh apaitoύntai

Ο(n2 l(u)l(»»f»»¶ ) ariqmhtikέV prάx¶iV (blέp¶ kai thn bibliograjίa).

Λόgw  thV  shmasίaV  thV  m¶qόdou  autήV,  axίz¶i  na  doύm¶  m¶rikέV  akόmh

l¶ptomέri¶V.  Σugk¶krimέna, aV pάroum¶ to g¶nikό poluώnumo 3ou baqmoύ f0  + f1 x

+  f2 x2  +  f3 x3 ,  kai  aV  crhsimopoiήsoum¶  thn  sunάrthsh  FoldList[]  gia  na

doύm¶ ta ¶ndiάm¶sa apot¶lέsmata gia thn ¶ktίmhsh tou poluwnύmou sto shm¶ίo

u.

Drop@FoldList@H#1 u + #2 L &, 0, 8f3, f2, f1, f0<D, 1D

8f3, f2 + u f3, f1 + u Hf2 + u f3L, f0 + u Hf1 + u Hf2 + u f3LL<

Αn  tώra  grάyoum¶  s¶  mίa  s¶irά  touV  sunt¶l¶stέV  { f3, f2 ,  f1 ,  f0 }  tou

poluwnύmou  (sump¶rilambanomέnwn  kai  twn  mhd¶nikώn  sunt¶l¶stώn)  kai  s¶  mίa
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d¶ύt¶rh  s¶irά  (apό  kάtw)  grάyoum¶  ta  ¶ndiάm¶sa  apot¶lέsmata  mazί  m¶  thn

timή f(u), tόt¶ prokύpt¶i h ¶xήV mέqodoV gia ton upologismό m¶ to cέri:  

        {  f3 ,   f2 ,       f1 ,          f0          }

        {a = f3 ,       b = f2  + ua ,       c = f1  + ub,      f(u) = f0  + uc  }

Ο  prώtoV  όroV,  a,  thV  d¶ύt¶rhV  s¶irάV  ¶ίnai  o  kύrioV  sunt¶l¶stήV  tou

poluwnύmou  kai  aplά  antigrάj¶tai  apό  thn  prώth  s¶irά.   Ο  d¶ύt¶roV  όroV,  b,

upologίz¶tai  pollaplasiάzontaV  ton  a  ¶pί  u kai  prosqέtontaV  ton  f2 .   Ο  trίtoV

όroV,  c,  upologίz¶tai  pollaplasiάzontaV  ton  b  ¶pί  u  kai  prosqέtontaV  ton  f1 .

Κai  tέloV,  o  t¶l¶utaίoV  όroV,  f(u),  upologίz¶tai  pollaplasiάzontaV  ton  c  ¶pί  u

kai prosqέtontaV ton f0 .  Αkolouq¶ί h ¶rmhn¶ίa twn a, b, c wV sunt¶l¶stώn ¶nόV

poluwnύmou.

Μ¶  gnwstή  thn  isodunamίa  f(x) ª  f(u) mod (x  - u) — dhladή  h ¶ktίmhsh  tou  f(x) s¶

έna  shm¶ίo  u  ¶ίnai  to  ίdio  m¶  ton  upologismό  tou  upoloίpou  modulo (x  -  u)  — to

parapάnw  scήma  (m¶  ta  ¶ndiάm¶sa  apot¶lέsmata)  ¶ίnai  gnwstό  kai  san

sunq¶tikή  diaίr¶sh  (synthetic  division  algorithm).   ∆hladή,  an  diairέsoum¶  to

f3 x3  + f2 x2  + f1 x + f0  m¶ to (x - u), tόt¶ to phlίko ¶ίnai to poluώnumo ax2  + bx + c

kai to upόloipo f(u).  (Οi sunt¶l¶stέV a, b, c upologίsthkan mazί m¶ to upόloipo.)

Έtsi gia parάd¶igma gia thn ¶ktίmhsh tou poluwnύmou x3  -7x + 7 sto shm¶ίo u =

3 έcoum¶:

        { f3  = 1,     f2  =  0,     f1  =  -7, f0  =  7   }

        { a =1,        b = 3,         c = 2,        f(u) = 13 }

ή aplά

        {1,     0,     -7, 7}

        {1,     3,       2,    13}

όpou to phlίko ¶ίnai x2  + 3x + 2 kai to upόloipo 13.  Σto Mathematica  h sunq¶tikή

diaίr¶sh  programmatίz¶tai  wV  ¶xήV  (prosocή:  ta  poluώnuma  m¶  sumbolikoύV

sunt¶l¶stέV prέp¶i na έcoun m¶tablhtή x):
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syntheticDivision@f_, u_D := Module@
8newCoefs<,
newCoefs = FoldList@H#1 u + #2 L &, 0, Reverse@CoefficientList@

f, If@Length@Variables@fDD > 1, x, Variables@fDDDDD;
8Drop@Drop@newCoefs, 1D, −1D, Last@newCoefsD<
D

kai gia to parάd¶igmά maV έcoum¶:

f = x3 − 7 x + 7; 8quo, rem< = syntheticDivision@f, 3D

881, 3, 2<, 13<

ΠrojanώV  to  phlίko  parίstatai  apό  thn  lίsta  twn  sunt¶l¶stώn  tou.   Εύkola

όmwV to m¶tatrέpoum¶ sthn sunήqh morjή poluwnύmou wV ¶xήV: 

n = Length@quoD; var = First@Variables@fDD;
powers = Reverse@Table@vari−1, 8i, n<DD;
quo.powers

2 + 3 x + x2

Εn  gέn¶i,  an  έcoum¶  mίa  lίsta  sunt¶l¶stώn  ¶nόV  poluwnύmou  (m¶  ton  kύrio

sunt¶l¶stή prώto stoic¶ίo thV lίstaV) kai qέloum¶ na thV dώsoum¶ thn sunήqh

morjή poluwnύmou crhsimopoioύm¶ to akόlouqo prόgramma:

polyForm@coefList_, var_D := Module@8n, powers<,
n = Length@coefListD; powers = Reverse@Table@vari−1, 8i, n<DD;
coefList.powersD

ΑV  doύm¶  tώra  pwV  m¶  thn  crήsh  sunq¶tikώn  diairέs¶wn  upologίzontai  oi

sunt¶l¶stέV  tou  poluwnύmou   f(x  +  u),  dhladή  pwV  gίn¶tai  h  m¶tάq¶sh

poluwnύmwn.   Η  prάxh  autή  ¶ίnai  tόso  shmantikή  ώst¶  prέp¶i  na  mporoύm¶  na

thn kάnoum¶ m¶ to cέri.

Γia mίa m¶rikή apόd¶ixh gia poluώnuma baqmoύ trίa crhsimopoioύm¶ to Mathemat-

ica, kai ajήnoum¶ thn g¶nίk¶usή thV gia άskhsh.
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Έstw loipόn to g¶nikό poluώnumo trίtou baqmoύ f(x) = f0  + f1 x + f2 x2  + f3 x3  

f@x_D = ‚
i=0

3

fi xi

f0 + x f1 + x2 f2 + x3 f3

kai  έstw  όti  qέloum¶  na  upologίsoum¶  touV  sunt¶l¶stέV  tou  f(x  +  u).   Μ¶  to

Mathematica ¶ύkola blέpoum¶ pwV oi zhtoύm¶noi sunt¶l¶stέV ¶ίnai 

f@x_ + u_D = CollectAExpandA‚
i=0

3

fi Hx + uLiE, xE

f0 + u f1 + u2 f2 + u3 f3 + x3 f3 + x2 Hf2 + 3 u f3L + x Hf1 + 2 u f2 + 3 u2 f3L

allά to ¶rώthma ¶ίnai pwV proέkuyan.  ΑV touV doύm¶ έnan-έnan.

Πrosέxt¶ pwV o sunt¶l¶stήV tou x0  sto poluώnumo f(x + u) ¶ίnai

Coefficient@f@x + uD, x, 0D

f0 + u f1 + u2 f2 + u3 f3

o opoίoV isoύtai m¶ to upόloipo thV sunq¶tikήV diaίr¶shV tou f(x) m¶ to (x - u)

8quo, rem< = syntheticDivision@f@xD, uD;
Expand@remD

f0 + u f1 + u2 f2 + u3 f3

Εp¶idή to (prώto) phlίko quo ¶ίnai s¶ morjή lίstaV sunt¶l¶stώn

Expand@quoD

8f3, f2 + u f3, f1 + u f2 + u2 f3<

to m¶t¶trέpoum¶ s¶ sunήq¶V poluώnumo
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f@x_D = polyForm@Expand@quoD, xD

f1 + u f2 + u2 f3 + x2 f3 + x Hf2 + u f3L

Σthn sunέc¶ia prosέxt¶ pwV o sunt¶l¶stήV tou x1  sto poluώnumo f(x + u) ¶ίnai:

Coefficient@f@x + uD, x, 1D

f1 + 2 u f2 + 3 u2 f3

o opoίoV isoύtai m¶ to upόloipo thV sunq¶tikήV diaίr¶shV tou prώtou phlίkou —

nέou f(x) — m¶ to (x - u)

8quo, rem< = syntheticDivision@f@xD, uD;
Expand@remD

f1 + 2 u f2 + 3 u2 f3

Εp¶idή pάli to d¶ύt¶ro phlίko quo ¶ίnai s¶ morjή lίstaV sunt¶l¶stώn

Expand@quoD

8f3, f2 + 2 u f3<

to m¶t¶trέpoum¶ s¶ sunήq¶V poluώnumo

f@x_D = polyForm@Expand@quoD, xD

f2 + 2 u f3 + x f3

ΤέloV blέpoum¶ pwV o sunt¶l¶stήV tou x2  sto poluώnumo f(x + u) ¶ίnai:

Coefficient@f@x + uD, x, 2D

f2 + 3 u f3

o  opoίoV  isoύtai  m¶  to  upόloipo  thV  sunq¶tikήV  diaίr¶shV  tou  d¶ύt¶rou  phlίkou

— nέou f(x) — m¶ to (x - u)
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8quo, rem< = syntheticDivision@f@xD, uD;
Expand@remD

f2 + 3 u f3

Τo trίto phlίko quo ¶ίnai s¶ morjή lίstaV sunt¶l¶stώn

Expand@quoD

8f3<

allά  autήn  thn  jorά  stamatάm¶  thn  diadikasίa,  ¶p¶idή  isόutai  m¶  ton  kύrio

sunt¶l¶stή  tou  arcikoύ  poluwnύmou  f(x)  —  o  opoίoV  ¶ίnai  kai  o  kύrioV

sunt¶l¶stήV tou f(x + u).

Coefficient@f@x + uD, x, 3D

f3

Βlέpoum¶  loipόn  pwV  h  m¶tάq¶sh  ¶nόV  poluwnύmou  ¶pitugcάn¶tai  m¶

¶pan¶ilhmmέnh ¶jarmogή tou algorίqmou thV sunq¶tikήV diaίr¶shV kai sto Mathe-

matica  to  prόgramma  ¶ίnai  wV  ¶xήV  (prosέxt¶  pwV  gia  ¶xoikonomίa  crόnou  d¶n

crhsimopoioύm¶ thn sunάrthsh polyForm[] pou orίsam¶ parapάnw):

polyTranslation@f_, u_D := Module@8n, powersPoly, quo, rem, temp = f,
translatedCoefficients = 8<, var = First@Variables@fDD<,
8quo, rem< = syntheticDivision@temp, uD;
n = Length@quoD;
powersPoly = Reverse@Table@vari−1, 8i, n + 1<DD;
powers = Drop@powersPoly, 1D;
PrependTo@translatedCoefficients, Expand@remDD;
While@n ≥ 2,

temp = quo.powers; 8quo, rem< = syntheticDivision@temp, uD;
PrependTo@translatedCoefficients, Expand@remDD;
n = n − 1; powers = Drop@powers, 1DD;

PrependTo@translatedCoefficients, First@quoDD;
translatedCoefficients.powersPoly
D

Έtsi έcoum¶ gia parάd¶igma
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polyTranslation@f@xD, uD

f0 + u f1 + u2 f2 + u3 f3 + x3 f3 + x2 Hf2 + 3 u f3L + x Hf1 + 2 u f2 + 3 u2 f3L

ή gia f(x) = x3  -7x + 7 kai u = 1,

f@x_D = x3 − 7 x + 7; polyTranslation@f@xD, 1D

1 − 4 x + 3 x2 + x3

Γia  to  t¶l¶utaίo  autό  ariqmhtikό  parάd¶igma  oi  upologismoί  m¶  to  cέri

sugk¶ntrώnontai stouV parakάtw pίnak¶V

      Ruffini (1804)       Horner (1819)

{1,     0,     -7, 7} {1,     0,     -7, 7}

        {1,       1,   – 6,     1}     {1,     1,     – 6,     1}

                  {1,     2,   – 4}                   {1,     2,     – 4}

                          {1,     3}                      {1,     3}

                                  {1}                      {1}

kai  oi  sunt¶l¶stέV  tou  poluwnύmou  f(x + 1) diabάzontai  apό  kάtw  proV  ta  pάnw

(ή d¶xiά-¶pάnw).  Αxίz¶i na shm¶iwq¶ί pwV sthn p¶rίptwsh pou u = 1 d¶n gίnontai

kaqόlou pollaplasiasmoί!

Εp¶idή h sunq¶tikή diaίr¶sh ¶jarmόz¶tai ¶pan¶ilhmmέna s¶ poluώnuma sun¶cώV

m¶iwmέnou  baqmoύ,  gia  ton  upologismό  twn  sunt¶l¶stώn  tou  poluwnύmou  f(x  +

u),  cr¶iάzontai  ⁄i=1
n i  = nHn + 1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2  = O(n2 )  pollaplasiasmoί  kai  prosqέs¶iV.   Αn  d¶

upoqέsoum¶ pwV f(x) œ [x], kai lάboum¶ up' όyh to mέg¶qoV twn sunt¶l¶stώn tou

f(x)  kai  tou  u,  tόt¶  sthn  c¶irόt¶rh  p¶rίptwsh  apaitoύntai  Ο(n3 l(uL2 l(»»f»»¶ )

ariqmhtikέV prάx¶iV (blέp¶ kai thn bibliograjίa).
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4.2  Πίnak¶V Vandermonde

Οi pίnak¶V Vandermonde έcoun dύo idiόtht¶V pou touV kάnoun idiaίt¶ra crήsimouV

stouV  algόriqmouV  ¶ktίmhshV  kai  par¶mbolήV:  (a)  ¶ύkola  diapistώn¶tai  an  h

orίzousά  touV  d¶n  ¶ίnai  mhdέn  (dhladή  an  o  pίnakaV  ¶ίnai  non-singular),  kai  (b)

sustήmata  grammikώn  ¶xisώs¶wn  oi  sunt¶l¶stέV  twn  opoίwn  schmatίzoun

pίnaka Vandermonde lύnontai ¶ύkola m¶ ariqmhtikή ap¶ίrou akrib¶ίaV.

Οi  pίnak¶V  Vandermonde  maV  dίnoun  mia  sjairikή  ¶ikόna  thV  ¶ktίmhshV  kai

par¶mbolήV.   Γia  na  doύm¶  thn  ¶ikόna  autή  έstw  ta  poluώnuma  baqmoύ

mikrόt¶rou tou n,  f(x) = ⁄i=0
n-1 fi xi  œ F[x], F sώma, kai ta shm¶ίa u0 , u1 , …, un-1  œ

F.  Τόt¶ h ap¶ikόnish ¶ktίmhshV ¶ : Fn  Ø Fn  orίz¶tai wV:

¶( f0 , …, fn-1 ) = (⁄i=0
n-1 fi u0

i , …, ⁄i=0
n-1 fi un-1

i )

kai parίstatai apό ton pίnaka Vandermonde 

Vn  = Vdm(u0 , …, un-1 ) = 

i

k

jjjjjjjjjjjjjjjjjjjj

1 u0 u0
2 … u0

n-1

1 u1 u1
2 … u1

n-1

1 u2 u2
2 … u2

n-1

ª ª ª ∏ ª

1 un-1 un-1
2 … un-1

n-1

y

{

zzzzzzzzzzzzzzzzzzzz

 œ Fnän.

Τo akόlouqo prόgramma maV dίn¶i ton pίnaka Vandermonde tάxhV n ä n

Vandermonde@u_ListD := Module@
8i, j, mat = 8<, r, n = Length@uD<,
For@j = 0, j < n, j++, r = 8<;

r = For@i = 0, i < n, i++, AppendTo@r, u@@j + 1DDiDD 

AppendTo@mat, rDD; mat
D

Αkolouqoύn έna sumbolikό kai έna ariqmhtikό parάd¶igma.
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Vandermonde@8u0, u1, u2<D êê MatrixForm

i

k

jjjjjjjjj

1 u0 u02

1 u1 u12

1 u2 u22

y

{

zzzzzzzzz

Σto  sumbolikό  parάd¶igma  shm¶iώst¶  pwV  an  έcoun  apodoq¶ί  timέV  stiV

m¶tablhtέV  ui  autέV  qa  prέp¶i  na  kaqarίsqoύn  ¶kt¶lώntaV  thn  ¶ntolή
For[i=0, i<n, i++, ui=.]

Vandermonde@81, 2, 3<D êê MatrixForm

i

k

jjjjjjj
1 1 1
1 2 4
1 3 9

y

{

zzzzzzz

Η  orίzousa  ¶nόV  pίnaka  Vandermonde  upologίz¶tai  polύ  ¶ύkola  wV  ¶xήV:   Γia

kάq¶  0  §  i  §  n  -  2,  pollaplasiάzoum¶  thn  i-stή  stήlh  tou  pίnaka  m¶  u0  kai

ajairoύm¶  to  apotέl¶sma  apό  thn  (i  +  1)-stή  stήlh.   Οpόt¶,  h  orίzousa  tou

pίnaka, Det(Vn ), isoύtai m¶ thn orίzousa:

Det

i

k

jjjjjjjjjjjjjjjjjjjj

1 0 0 … 0
1 u1 - u0 u1

2 - u0 u1 … u1
n-1 - u0 u1

n-2

1 u2 - u0 u2
2 - u0 u2 … u2

n-1 - u0 u2
n-2

ª ª ª ∏ ª

1 un-1 - u0 un-1
2 - u0 un-1 … un-1

n-1 - u0 un-1
n-2

y

{

zzzzzzzzzzzzzzzzzzzz

prάgma  pou  shmaίn¶i  pwV  an  anaptύxoum¶  katά  mήkoV  thV  prώthV  s¶irάV  — kai

bgάloum¶ ton koinό parάgonta Hui - u0L  apό kάq¶ s¶ira — έcoum¶:

Det(Vn ) = Det(Vn-1 ) ¤i=1
n-1 Hui - u0L

  = Det(Vn-2 ) ¤i=2
n-1 Hui - u1L¤i=1

n-1 Hui - u0L
  = …

  = ¤i> j=0
n-1 Hui - u jL .

ΠrojanώV,  an  ui  =  u j  gia  kάpoio  i  ∫  j,  tόt¶  oi  s¶irέV  i  kai  j  ¶ίnai  ίs¶V  kai  h

orίzousa ¶ίnai mhdέn (o pίnakaV ¶ίnai singular).  Αntίq¶ta, an ui  ∫ u j  gia όla ta i,
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j  tόt¶  o  pίnakaV  (kai  ¶pomέnwV  h  ap¶ikόnish  ¶)  antistrέj¶tai  kai  Vn
-1  ¶ίnai  o

pίnakaV thV ap¶ikόnishV par¶mbolήV.

Γia  n  =  3  h  orίzousa  tou  pίnaka  Vandermonde,  όpwV  maV  to  ¶pib¶baiώn¶i  kai  to

Mathematica, ¶ίnai Hu1 - u0LHu2 - u0LHu2 - u1L .

Det@Vandermonde@8u0, u1, u2<DD êê Factor

−Hu0 − u1L Hu0 − u2L Hu1 − u2L

Βlέpoum¶  loipόn  kaqarά  pwV  h  orίzousa  ¶nόV  pίnaka  Vandermonde  ¶ίnai  mh

mhd¶nikή ¶άn kai mόnon ¶άn ui  ∫ u j  gia όla ta i, j.

Ο  antίstrojoV  ¶nόV  pίnaka  Vandermonde  Vn  mpor¶ί  na  upologisq¶ί  m¶  to

akόlouqo  “trik” m¶ O(n2 ) prάx¶iV sto sώma F: Πollaplasiάzoum¶ ton pίnaka Vn

m¶ έnan g¶nikό pίnaka A diastάs¶wn n ä n.

i

k

jjjjjjjjjjjjjjj

1 u0 … u0
n-1

1 u1 … u1
n-1

ª ª ∏ ª

1 un-1 … un-1
n-1

y

{

zzzzzzzzzzzzzzz
 

i

k

jjjjjjjjjjjjjj

a01 a02 … a0,n-1

a11 a12 … a1,n-1

ª ª ∏ ª

an-1,1 an-1,2 … an-1,n-1

y

{

zzzzzzzzzzzzzz

Τa stoic¶ίa aij  pίnaka A ¶pilέgontai έtsi ώst¶ to parapάnw ginόm¶no na ¶ίnai o

tautotikόV  pίnakaV.   Γia  na  doύm¶  pwV  qa  ¶pilέxoum¶  ta  stoic¶ίa  aij  tou  pίnaka

A,  parathroύm¶  pwV  ta  stoic¶ίa  thV  prώthV  grammήV  tou  ginomέnou  ¶ίnai

¶ktimήs¶iV  poluwnύmwn  baqmoύ  n  -  1  thV  akόlouqhV  morjήV  (to  grάmma  L  ¶ίnai

gia ton Lagrange):

a0 j  + u0 a1 j  + u0
2 a2 j  + ∫ + u0

n-1 an-1, j  = L j (u0 ),     0 § j § n - 1.

ΕpomέnwV, to ginόm¶no twn dύo parapάnw pinάkwn qa ¶ίnai thV morjήV

i

k

jjjjjjjjjjjjjj

L0 Hu0L L1 Hu0L … Ln-1 Hu0L
L0 Hu1L L1 Hu1L … Ln-1 Hu1L

ª ª ∏ ª

L0 Hun-1L L1 Hun-1L … Ln-1 Hun-1L

y

{

zzzzzzzzzzzzzz
,
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kai  qέloum¶  na  isoύtai  m¶  ton  tautotikό  pίnaka  —  gia  na  ¶ίnai  o  pίnakaV  A  o

antίstrojoV tou Vn .  Πrέp¶i loipόn na ¶ίnai L j (ui ) = 0 gia i ∫ j kai Li (ui ) = 1.  Γia

na p¶tύcoum¶ to zhtoύm¶no, qέtoum¶

L j (x) = ‰
i∫ j, 0§i§n-1

x - uiÅÅÅÅÅÅÅÅÅÅÅÅÅÅu j- ui
,

kai  ¶xasjalίzoum¶  dύo  prάgmata:  (a)  apό  ton  paranomastή  όti  ta  diagώnia

stoic¶ίa ¶ίnai 1 kai (b) apό ton ariqmhtή όti ta mh diagώnia stoic¶ίa ¶ίnai 0.

ΈcontaV prosdiorίs¶i ta baqmoύ  n - 1 poluώnuma L j (x), 0 § j § n - 1, brίskoum¶

kai  ta  stoic¶ίa  aij ,  0  §  i  §  n  -  1,  (thV  stήlhV  j)  tou  pίnaka  A  apό  touV

sunt¶l¶stέV twn antίstoicwn dunάm¶wn tou x .  ∆hladή έcoum¶

A = Vn
-1  = {stήlh0 , stήlh1 , …, stήlhn-1 }

όpou gia 0 § j § n - 1,

          stήlh j = sunt¶l¶stέV tou ‰
i∫ j, 0§i§n-1

x - uiÅÅÅÅÅÅÅÅÅÅÅÅÅÅu j- ui

= coef(L j (x)).

Τa  poluώnuma  L j (x),  0  §  j  §  n  -  1,  prosdiorίzontai  m¶  thn  boήq¶ia  tou  g¶nikoύ

poluwnύmou

L(x) = ¤i=0
n-1 x - ui

baqmoύ  n.   Τo  anάptugma  tou  poluwnύmou  autoύ  upologίz¶tai  m¶  O(n2 )

ariqmhtikέV prάx¶iV sto sώma F kai o sunt¶l¶stήV tou όrou xn  ¶ίnai h monάda.  

ΈcontaV orίs¶i to g¶nikό poluώnumo L(x) kάq¶ έna apό ta poluώnuma L j (x), 0 § j

§  n  -  1,  upologίzontai  m¶  O(n)  ariqmhtikέV  prάx¶iV  wV  ¶xήV:   Ο  ariqmhtήV  tou

L j (x) ¶ίnai to phlίko LHxLÅÅÅÅÅÅÅÅÅÅÅÅx-u j
 pou upologίz¶tai m¶ O(n) prάx¶iV sto sώma F — ¶p¶idή o

diairέthV  ¶ίnai  prώtou  baqmoύ.   Ο  d¶  paranomastήV  tou  L j (x)  ¶ίnai  h  timή  tou

ariqmhtή  LHxLÅÅÅÅÅÅÅÅÅÅÅÅx-u j
 sto  shm¶ίo  x  =  u j ,  prάxh  pou  ¶pίshV  upologίz¶tai  m¶  O(n)  prάx¶iV

sto sώma F.
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Πarάd¶igma:

Γia  na  upologίsoum¶  ton  3ä3  pίnaka  A  (ton  antίstrojo  tou  pίnaka

Vandermonde V3  pou  orίsam¶  parapάnw)   prέp¶i  na  orίsoum¶  ta  baqmoύ  2

poluώnuma

L j (x) = ‰
i∫ j, 0§i§2

x - uiÅÅÅÅÅÅÅÅÅÅÅÅÅÅu j- ui
,      0 § j § 2.

Γia  ton  skopό  autό  orίzoum¶  prώta  to  g¶nikό  poluώnumo  L(x)  =  ¤i=0
2 x - ui ,

baqmoύ 3

n = 3; L@x_D := ‰
i=0

n−1

 Hx − uiL; L@xD

Hx − u0L Hx − u1L Hx − u2L

ΌpwV  anajέram¶,  apό  to  L(x)  upologίzoum¶  kάq¶  έna  apό  ta  (baqmoύ  2)

poluώnuma  L j (x),  0  §  j  §  2,  wV  ¶xήV:  Ο  ariqmhtήV  tou  poluwnύmou  L j (x)  ¶ίnai
LHxLÅÅÅÅÅÅÅÅÅÅÅÅÅÅx - u j

 ¶nώ o paranomastήV tou ¶ίnai h timή tou ariqmhtή sto shm¶ίo x = u j . 

Γia to poluώnumo L0 (x) έcoum¶: 

num =
L@xD
x − u0

; denom = num ê. x → u0; L0 =
num

denom

Hx − u1L Hx − u2L
Hu0 − u1L Hu0 − u2L

kai  oi  sunt¶l¶stέV  tou  (pou  apot¶loύn  kai  thn  prώth  stήlh  tou  antίstrojou

pίnaka A) ¶ίnai

row0 = CoefficientList@L0, xD êê Simplify

9 u1 u2
Hu0 − u1L Hu0 − u2L , −

u1 + u2
Hu0 − u1L Hu0 − u2L ,

1
Hu0 − u1L Hu0 − u2L =

Γia to poluώnumo L1 (x) kai thn d¶ύt¶rh stήlh tou A έcoum¶: 
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num =
L@xD
x − u1

; denom = num ê. x → u1; L1 =
num

denom
;

row1 = CoefficientList@L1, xD êê Simplify

9 u0 u2
H−u0 + u1L Hu1 − u2L ,

u0 + u2
Hu0 − u1L Hu1 − u2L ,

1
H−u0 + u1L Hu1 − u2L =

ΤέloV, gia to poluώnumo L2 (x) kai thn trίth stήlh tou A έcoum¶: 

num =
L@xD
x − u2

; denom = num ê. x → u2; L2 =
num

denom
;

row2 = CoefficientList@L2, xD êê Simplify

9 u0 u1
Hu0 − u2L Hu1 − u2L , −

u0 + u1
Hu0 − u2L Hu1 − u2L , 1

Hu0 − u2L Hu1 − u2L =

Έtsi έcoum¶ ton pίnaka A

Transpose@8row0, row1, row2<D êê MatrixForm

i

k

jjjjjjjjjjj

u1 u2
Hu0−u1L Hu0−u2L

u0 u2
H−u0+u1L Hu1−u2L

u0 u1
Hu0−u2L Hu1−u2L

− u1+u2
Hu0−u1L Hu0−u2L

u0+u2
Hu0−u1L Hu1−u2L − u0+u1

Hu0−u2L Hu1−u2L
1

Hu0−u1L Hu0−u2L
1

H−u0+u1L Hu1−u2L
1

Hu0−u2L Hu1−u2L

y

{

zzzzzzzzzzz

kai to apotέl¶sma ¶ίnai to ίdio m¶ autό pou upologίzoum¶ m¶ to Mathematica  

Inverse@Vandermonde@8u0, u1, u2<DD êê Simplify êê MatrixForm

i

k

jjjjjjjjjjj

u1 u2
Hu0−u1L Hu0−u2L − u0 u2

Hu0−u1L Hu1−u2L
u0 u1

Hu0−u2L Hu1−u2L
− u1+u2

Hu0−u1L Hu0−u2L
u0+u2

Hu0−u1L Hu1−u2L − u0+u1
Hu0−u2L Hu1−u2L

1
Hu0−u1L Hu0−u2L − 1

Hu0−u1L Hu1−u2L
1

Hu0−u2L Hu1−u2L

y

{

zzzzzzzzzzz

Τo  akόlouqo  prόgramma  sto Mathematica upologίz¶i  ton  antίstrojo  ¶nόV  pίnaka

Vandermonde diastάs¶wn n ä n s¶ crόno O(n2 ).
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inverseVandermonde@u_ListD :=

ModuleA8denom, i, mat, n = Length@uD, num, L, poly, r, x<,

L@x_D := ‰
i=0

n−1

 Hx − u@@i + 1DDL; mat = 8<; ForAi = 0, i < n, i++,

num =
L@xD

x − u@@i + 1DD
; denom = num ê. x → u@@i + 1DD; poly =

num

denom
;

r = CoefficientList@poly, xD êê Expand êê Simplify; AppendTo@mat, rDE;

Transpose@matDE

Πrάgmati έcoum¶:

inverseVandermonde@8u0, u1, u2<D êê MatrixForm

i

k

jjjjjjjjjjj

u1 u2
Hu0−u1L Hu0−u2L

u0 u2
H−u0+u1L Hu1−u2L

u0 u1
Hu0−u2L Hu1−u2L

− u1+u2
Hu0−u1L Hu0−u2L

u0+u2
Hu0−u1L Hu1−u2L − u0+u1

Hu0−u2L Hu1−u2L
1

Hu0−u1L Hu0−u2L
1

H−u0+u1L Hu1−u2L
1

Hu0−u2L Hu1−u2L

y

{

zzzzzzzzzzz

Κai t¶l¶iώnoum¶ m¶ έna ariqmhtikό parάd¶igma, 

inverseVandermonde@81, 2, 3<D êê MatrixForm

i

k

jjjjjjjjj

3 −3 1

− 5
2 4 − 3

2
1
2 −1 1

2

y

{

zzzzzzzzz

όpou to apotέl¶sma sumjwn¶ί m¶ autό pou upologίz¶i to Mathematica.

Inverse@Vandermonde@81, 2, 3<DD êê MatrixForm

i

k

jjjjjjjjj

3 −3 1

− 5
2 4 − 3

2
1
2 −1 1

2

y

{

zzzzzzzzz
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4.3  Πar¶mbolή Lagrange

Σthn  aploύst¶rh  morjή  tou  to  prόblhma  thV  poluwnumikήV  par¶mbolήV

(polynomial interpolation) maV zhtά na broύm¶ έna poluώnumo miaV m¶tablhtήV apό

tiV  timέV  tou  s¶  wrismέna  shm¶ίa.   Σthn  ¶nόthta  autή  qa  doύm¶  pwV  sto

prόblhma  autό  upάrc¶i  pάnta  mίa  monadikή  lύsh  kai  qa  mάqoum¶  na  thn

upologίzoum¶.

Έstw  loipόn  oti  qέloum¶  na  upologίsoum¶  to  poluώnumo  f(x)  œ  F[x],  F  sώma,

baqmoύ < n

f(x) = f0  + f1 x + f2 x2  + ∫ + fn-1 xn-1

gia to opoίo xέroum¶ tiV timέV tou wi  œ F sta shm¶ίa ui  œ F, dhladή f(ui ) = wi , 0 §

i  §  n  -  1.   Αpό  tiV  scέs¶iV  f(ui )  =  wi  prokύpt¶i  to  ¶xήV  sύsthma  grammikώn

¶xisώs¶wn m¶ agnώstouV touV n sunt¶l¶stέV fi :

f0  + f1 u0     +  f2 u0
2      + ∫ +     fn-1 u0

n-1  = w0

f0  + f1 u1     +  f2 u1
2      + ∫ +     fn-1 u1

n-1  =  w1

ª         ª                           ª

f0  + f1 un-1  + f2 un-1
2   + ∫ +     fn-1 un-1

n-1  =  wn-1

Σto  sύsthma  autό  diakrίnoum¶  ton  pίnaka  Vandermonde   Vn  =  Vdm(u0 ,  u1 ,  …,

un-1 ) kai to grάjoum¶:  

Vn .8 f0, f1, …, fn-1<  = {w0 , w1 , …, wn-1 }

Αpό  thn  t¶l¶utaίa  scέsh  blέpoum¶  pwV  oi  sunt¶l¶stέV  tou  poluwnύmou

dίnontai apό thn scέsh

8 f0, f1, …, fn-1<  = Vn
-1 .{w0 , w1 , …, wn-1 }

h  opoίa  upologίz¶tai  m¶  O(n2 )  prάx¶iV  sto  sώma  F  — prάx¶iV  apaitoύm¶n¶V  gia

ton upologismό tou pίnaka Vn
-1 .
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ΌpwV όmwV έcoum¶ d¶i sthn prohgoύm¶nh ¶nόthta,

    Vn
-1  = {stήlh0 , stήlh1 , …, stήlhn-1 }

= {coef(L0 (x)), coef(L1 (x)), …, coef(Ln-1 (x))}

opόt¶ oi sunt¶l¶stέV tou poluwnύmou ¶ίnai:

8 f0, f1, …, fn-1<  

= 8stήlh0, stήlh1, …, stήlhn-1< .{w0 , w1 , …, wn-1 }

= stήlh0 w0  + stήlh1 w1  + ∫ + stήlhn-1 wn-1

= coefHL0 HxLLw0  + coefHL1 HxLLw1  + ∫ + coefHLn-1 HxLLwn-1

Αn d¶ sumbolίsoum¶ m¶ coefHL j HxL, xiL  ton sunt¶l¶stή tou xi  sto poluώnumo 

L j HxL  = ‰
i∫ j, 0§i§n-1

x - uiÅÅÅÅÅÅÅÅÅÅÅÅÅÅu j- ui
,  

tόt¶ έcoum¶ gia 0 § j § n - 1

      f j  =  coefHL0 HxL, x jLw0  +  coefHL1 HxL, x jLw1  +  ∫    +
coefHLn-1 HxL, x jLwn-1

Αntikaqistώnt¶V touV parapάnw tύpouV twn sunt¶l¶stώn sto poluώnumo

f(x) = f0  + f1 x + f2 x2  + ∫ + fn-1 xn-1

kai  crhshmopoiώntaV  olόklhra  ta  poluώnuma  L j HxL  —  antί  gia  touV

sunt¶l¶stέV dunάm¶wn tou x — prokύpt¶i 

f(x) = ⁄ j=0
n-1 L jHxL w j  = L0 (x)w0  + L1 (x)w1  + ∫ + Ln-1 (x)wn-1

ή ¶p¶idή 

f(x) = ‚
j=0

n-1 J‰
i∫ j, i=0

n-1 x-uiÅÅÅÅÅÅÅÅÅÅÅÅÅu j-ui
N w j .
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ΑutόV ¶ίnai o tύpoV par¶mbolήV tou Lagrange (Lagrange interpolation formula) m¶

thn  boήq¶ia  tou  opoίou  upologίzoum¶  to  poluώnumo  f(x)  —  m¶  thn  boήq¶ia  twn

poluώnumwn L jHxL  kai twn timώn wi  = f(ui ) œ F sta shm¶ίa ui  œ F, 0 § i § n - 1.  

Τo  akόlouqo  prόgramma  sto  Mathematica  ulopoi¶ί  ton  tύpo  par¶mbolήV  tou

Lagrange  katά  ton  aploύst¶ro  trόpo.   ΌpwV  anajέram¶  to  poluώnumo

upologίz¶tai m¶ O(n2 ) prάx¶iV sto sώma F. 

LagrangeInterpolation@w_List, u_List, x_D ê;
Length@wD Length@uD := Module@
8i, n = Length@uD<,
HinverseVandermonde@uD.wL.Table@xi, 8i, 0, n − 1<D
D

Έtsi gia parάd¶igma, an έcoum¶ ta shm¶ίa {u0 , u1 , u2 } kai tiV timέV {w0 , w1 , w2 }

tou  poluwnύmou  s¶  autά,  blέpoum¶  pwV  to  poluώnumo  ¶ίnai  baqmoύ  2  (gia  na

¶ktl¶sq¶ί  h  sunάrthsh  LagrangeInterpolation[]  prέp¶i  na  έcoum¶

¶n¶rgopoiήs¶i  thn  sunάrthsh  inverseVandermonde[]  apό  thn  prohgoύm¶nh

¶nόthta)

f@x_D = LagrangeInterpolation@8w0, w1, w2<, 8u0, u1, u2<, xD;
Exponent@f@xD, xD

2

kai, prάgmati, oi timέV tou sta shm¶ίa ui , 0 § i § 3, ¶ίnai wi .

Table@f@uiD, 8i, 0, 2<D êê Simplify

8w0, w1, w2<

Πarάd¶igma 1 (sumbolikό):

Έstw  όti  qέloum¶  na  upologίsoum¶  touV  sunt¶l¶stέV  { f0 ,  f1 ,  f2 }  tou

poluwnύmou f(x) έtsi ώst¶ f(ui ) = wi , 0 § i § 2, u0 ,u1 ,u2  œ F.  Θa dώsoum¶ lύsh m¶

dύo diajor¶tikoύV trόpouV.
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ΧrhshmopoiώntaV  thn  sunάrthsh  LagrangeInterpolation[]  pou  orίsam¶

έcoum¶

f@x_D = LagrangeInterpolation@8w0, w1, w2<, 8u0, u1, u2<, xD;

kai oi sunt¶l¶stέV tou f(x) ¶ίnai

CoefficientList@f@xD, xD êê Together

9Hu1
2 u2 w0 − u1 u2

2 w0 − u0
2 u2 w1 + u0 u2

2 w1 + u0
2 u1 w2 − u0 u1

2 w2Lê

HHu0 − u1L Hu0 − u2L Hu1 − u2LL,
−u1

2 w0 + u2
2 w0 + u0

2 w1 − u2
2 w1 − u0

2 w2 + u1
2 w2

Hu0 − u1L Hu0 − u2L Hu1 − u2L ,

u1 w0 − u2 w0 − u0 w1 + u2 w1 + u0 w2 − u1 w2

Hu0 − u1L Hu0 − u2L Hu1 − u2L =

Οi ίdioi sunt¶l¶stέV prokύptoun crhshmopoiώntaV thn sunάrthsh Solve[] tou

Mathematica  gia  na  lύsoum¶  to  sύsthma  Vn .8 f0, f1 , f2<  =  {w0 ,  w1 ,  w2 }  (gia  na

¶ktl¶sq¶ί  h  sunάrthsh  Solve[]  prέp¶i  na  έcoum¶  ¶n¶rgopoiήs¶i  thn

sunάrthsh Vandermonde[] apό thn prohgoύm¶nh ¶nόthta)

Solve@Vandermonde@8u0, u1, u2<D.8f0, f1, f2< == 8w0, w1, w2<,
8f0, f1, f2<D êê Simplify

99f0 → Hu0 u2 H−u0 + u2L w1 + u1
2 Hu2 w0 − u0 w2L + u1 H−u2

2 w0 + u0
2 w2LLê

HHu0 − u1L Hu0 − u2L Hu1 − u2LL,

f1 →
u2

2 Hw0 − w1L + u0
2 Hw1 − w2L + u1

2 H−w0 + w2L
Hu0 − u1L Hu0 − u2L Hu1 − u2L ,

f2 →
u2 H−w0 + w1L + u1 Hw0 − w2L + u0 H−w1 + w2L

Hu0 − u1L Hu0 − u2L Hu1 − u2L ==

Εx¶tάzontaV pros¶ktikά touV sunt¶l¶stέV tou poluώnumou f(x) wV proV wi , όpou

wi  = f(ui ),  0 § i § 2, blέpoum¶ pwV iscύoun ta όsa ¶ίpam¶ parapάnw:

Coefficient@f@xD, w0D êê Simplify

Hx − u1L Hx − u2L
Hu0 − u1L Hu0 − u2L
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Coefficient@f@xD, w1D êê Simplify

−
Hx − u0L Hx − u2L
Hu0 − u1L Hu1 − u2L

Coefficient@f@xD, w2D êê Simplify

Hx − u0L Hx − u1L
Hu0 − u2L Hu1 − u2L

∆hladή iscύ¶i o tύpoV par¶mbolήV tou Lagrange 

f(x) = ‚
j=0

2 J‰
i∫ j, i=0

2 x-uiÅÅÅÅÅÅÅÅÅÅÅÅÅu j-ui
N w j .

ΑV  doύm¶ tώra  tiV grajikέV  parastάs¶iV  twn poluwnύmwn  L j HxL , gia  ta  shm¶ίa

ui  = i.

n = 3; L@x_D = ‰
i=0

n−1

Hx − uiL; L@xD;

For@i = 0, i < 3, i++, ui = iD;

ForAi = 0, i < 3, i++, num =
L@xD
x − ui

;

denom = num ê. x → ui; Li =
num

denom
E; Clear@iD;

Plot@8L0, L1, L2<, 8x, 0, 2<, Frame → True, PlotLabel → "L0, L1, L2"D;

0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1
L0, L1, L2

ΑmέswV m¶tά thn crήsh touV kaqarίzoum¶ ta shm¶ίa ui , kai ta poluώnuma Li , 0 §

i § 2.
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For@i = 0, i < 3, i++, ui =.D; For@i = 0, i < 3, i++, Li =.D; Clear@iD;

Πarάd¶igma 2 (ariqmhtikό):

ΑV  doύm¶  tώra  mίa  ¶jarmogή  tou  tύpou  par¶mbolήV  tou  Lagrange  s¶  έna

ariqmhtikό  parάd¶igma.   Έstw  loipόn  όti  qέloum¶  na  broύm¶  to  poluώnumo  f(x)

έtsi ώst¶ f(ui ) = wi , 0 § i § 3, όpou u0  = 1, u1  = 2, u2  = 3 kai u3  = 4, ¶nώ w0  = 5, w1

= -3, w2  = 6 kai w3  = -4.  Η apάnthsh dίn¶tai άm¶sa

f@x_D = LagrangeInterpolation@85, −3, 6, −4<, 81, 2, 3, 4<, xD

66 −
199 x

2
+

89 x2

2
− 6 x3

kai iscύoun oi sunqήk¶V tou problήmatoV

Table@f@xD, 8x, 1, 4<D

85, −3, 6, −4<

ü 4.3.1  ΕjarmogέV sthn diatήrhsh koinoύ mustikoύ

Έstw  όti  qέloum¶  na  dώsoum¶  s¶  n  άtoma  έna  koinό  mustikό  (p.c.  ton  kwdikό

ariqmό  ¶nόV  trap¶zikoύ  logariasmoύ)  έtsi  ώst¶  όloi  mazί  na  mporoύn  na  to

broun,  allά  kanέna  gnήsio  uposύnolo  twn  n atόmwn  na  mhn  ¶ίnai  s¶  qέsh  na  to

br¶i. 

Γia  na  ¶pitύcoum¶  ton  skopό  maV  tautίzoum¶  ta  piqanά  mustikά  m¶  stoic¶ίa  tou

p¶p¶rasmέnou  sώmatoV  p  = /Xp\  gia  kάpoio  katάllhlo  p.  Αn  loipόn  o  kwdikόV

tou  trap¶zikoύ  logariasmoύ  (PIN)  ¶ίnai  t¶trayήjioV  dialέgoum¶  έnan  prώto

ariqmό p > 10000, έstw 10099. 

Κatόpin dialέgoum¶ 2n - 1 tucaίouV ariqmoύV f1 , f2 , …, fn-1 , u0 , u1 , …, un-1  όpou

ta  ui  ¶ίnai  όla  diάjora  tou  mhd¶nόV  kai  m¶taxύ  touV,  (dhladή  ui  ∫  u j  gia  i  ∫  j),

qέtoum¶ f0  = koinό mustikό, orίzoum¶ to poluώnumo

f HxL  = f0  + f1 x + f2 x2  + ∫ + fn-1 xn-1  œ p [x]
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kai dίnoum¶ sto άtomo i thn timή wi  = f(ui ) œ p , 0 § i § n - 1.  

Αn  tώra  br¶qoύn  όloi  mazί  qa  mporέsoun  na  upologίsoun  to  poluώnumo  f(x)  apό

ton  tύpo  par¶mbolήV  tou  Lagrange  kai  na  broun  ton  staq¶rό  όro  f0 .   Αn  όmwV

br¶qoύn ligόt¶roi apό n - 1 tόt¶ d¶n qa έcoun kamίa έnd¶ixh gia ton staq¶rό όro

kai όloi oi ariqmoί tou p  ¶ίnai to ίdio piqanoί.

Πarάd¶igma:

Έstw  όti  o  kwdikόV  tou  trap¶zikoύ  logariasmoύ  (PIN)  ¶ίnai  5665  (to  koinό

mustikό),  kai  qέloum¶  na  ton  moirάsoum¶  s¶  5 άtoma.   Οrίzoum¶  touV  9 tucaίouV

ariqmoύV sto diάsthma apό 0 mέcri 10000

Table@ui = Random@Integer, 80, 10000<D, 8i, 0, 4<D

89559, 3575, 3213, 5462, 5968<

Table@fi = Random@Integer, 80, 10000<D, 8i, 1, 4<D

86538, 4746, 200, 1193<

kai ton dέkato

f0 = 5665;

Κatόpin orίzoum¶ to poluώnumo 4ou baqmoύ apό touV sunt¶l¶stέV tou fi , 0 § i §

4.

f@x_D = Table@fi, 8i, 0, 4<D.Table@xi, 8i, 0, 4<D

5665 + 6538 x + 4746 x2 + 200 x3 + 1193 x4

kai upologίzoum¶ tiV timέV wi  = f(ui ) sto sώma 10099 , tiV opoί¶V moirάzoum¶ sta 5

άtoma

Table@wi = Mod@f@uiD, 10099D, 8i, 0, 4<D

87770, 4249, 85, 8717, 5702<
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Πrosέxt¶  pwV  mόnon  όtan  br¶qoύn  kai  ta  5 άtoma  kai  crhsimopoiήsoun  tiV  timέV

wi , 0 § i § 4, mporoύn na broύn ton kwdikό (5665)

PolynomialMod@LagrangeInterpolation@
8w0, w1, w2, w3, w4<, 8u0, u1, u2, u3, u4<, xD, 10099D

5665 + 6538 x + 4746 x2 + 200 x3 + 1193 x4

Αn br¶qoύn 4 ή ligόt¶ra άtoma qa apotύcoun

PolynomialMod@
LagrangeInterpolation@8w1, w2, w3, w4<, 8u1, u2, u3, u4<, xD, 10099D

7131 + 6315 x + 8461 x2 + 1226 x3
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4.4  Κin¶zikόV algόriqmoV upoloίpwn

ΌpwV  anajέram¶  kai  sthn  ¶isagwgή  tou  Κ¶jalaίou  autoύ,  o  Κin¶zikόV

algόriqmoV  upoloίpwn  (Chinese  remainder  algorithm,  CRA)  ¶ίnai  gia  touV

ak¶raίouV όti ¶ίnai h par¶mbolή Lagrange gia ta poluώnuma.  ∆hladή o Κin¶zikόV

algόriqmoV  upoloίpwn  par¶mbάl¶i  έnan  akέraio  apό ta  upόloipa  (tiV  “timέV” wi )

pou  prokύptoun  an  diair¶q¶ί  o  akέraioV  m¶  diάjorouV  ariqmoύV  mi  (ta  “shm¶ίa”

ui )  pou  ¶ίnai  prώtoi  m¶taxύ  touV,  dhladή  gcd(mi ,  m j )  = 1 gia  i  ∫  j.   Η  t¶l¶utaίa

sunqήkh ikanopoi¶ίtai άm¶sa an oi ariqmoί mi  ¶ίnai prώtoi.  

Σto  Mathematica  h  sunάrthsh  ChineseRemainder[]  iscύ¶i  mόno  gia

ak¶raίouV kai brίsk¶tai sto pakέto 

<< NumberTheory`NumberTheoryFunctions`

to  opoίo  prέp¶i  prώta  na  ¶n¶rgopoiήsoum¶.   Αn  tώra  gia  parάd¶igma  xέroum¶

pwV έnaV akέraioV dίn¶i upόloipa w0  = 1, w1  = 2 kai w2  = 5 όtan diair¶q¶ί m¶ touV

prώtouV  m0  =  2,  m1  =  5  kai  m2  =  7  antίstoica,  tόt¶  o  monadikόV  akέraioV  sto

diάsthma apό 0 mέcri 70 = 2·5·7 pou ikanopoi¶ί tiV sunqήk¶V autέV ¶ίnai o 47

ChineseRemainder@81, 2, 5<, 82, 5, 7<D

47

Πrάgmati blέpoum¶ pwV 

Mod@47, 82, 5, 7<D

81, 2, 5<

ΑV doύm¶ l¶ptom¶rώV pwV lύn¶tai to parάd¶igma autό pou grάj¶tai kai san 

x ª 1 mod 2,

x ª 2 mod 5,

x ª 5 mod 7.
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Η  prώth  isodunamίa  ikanopoi¶ίtai  apό  tiV  timέV  x  =  1  +  2i,  i  œ  .   Γia  na

upologίsoum¶  to  i  antikaqistoύm¶  thn  timή  tou  x  sthn  d¶ύt¶rh  isodunamίa  pou

gίn¶tai  1 + 2i  ª  2 mod 5 ή  2i  ª  (2 -  1) mod 5 ª  1 mod 5.  Εjarmόzoum¶  tώra  ton

¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  (ΕΕΑ)  stouV  ak¶raίouV  2  kai  5  kai  brίskoum¶

ton pollaplasiastikό antίstrojo  tou 2 mod 5, pou ¶ίnai 3.  ΕpomέnwV έcoum¶ 3·2i

ª 3 mod 5 ή i ª 3 mod 5 ή i = 3 + 5j, j œ .  

Άra  h  lύsh  x  twn  dύo  prώtwn  isodunamiώn  ¶ίnai  x  = 1 + 2i  = 1 + 2(3 + 5j)  = 7 +

2·5j, ή x ª 7 mod 2·5 kai mέn¶i na lύsoum¶ to akόlouqo sύsthma 2 isodunamiώn:

 x ª 7 mod 2·5,

x ª 5 mod 7  .

ΌpwV  kai  prohgoύm¶na,  h  prώth  isodunamίa  ikanopoi¶ίtai  apό  tiV  timέV  x  =  7  +

2·5j  kai  gia  na  broύm¶  thn  timή  j  antikaqistoύm¶  thn  timή  tou  x  sthn  d¶ύt¶rh

isodunamίa pou gίn¶tai 7 + 2·5j ª 5 mod 7 ή 2·5j ª (5 -7) mod 7 ή 2·5j ª -2 mod 7 ª

5  mod  7.   Ο  pollaplasiastikόV  antίstrojoV  tou  10  mod  7  ¶ίnai  o  ίdioV  m¶  ton

antίstrojo tou 3 mod 7, dhladή 5.  ΕpomέnwV j ª 5·5 mod 7 ª 4 mod 7 kai j = 4 +

7k, k œ .  

Άra h lύsh x kai twn triώn isodunamiώn ¶ίnai x = 1 + 2i = 1 + 2(3 + 5j) = 7 + 2·5j =

7 + 2·5(4 + 7k) , ή x ª 47 mod 2·5·7.  

Αxίz¶i  na  tonisq¶ί  pwV  h  lύsh  sto  parapάnw  parάd¶igma  brέqhk¶  prώta  mod 2,

m¶tά mod 2·5 kai tέloV mod 2·5·7.  Ο trόpoV autόV thV “stadiakήV” prosέggishV

thV lύshV — ¶ίnai pάra polύ shmantikόV kai — qa crhsimopoihq¶ί sthn ¶pόm¶nh

¶nόthta.

Αkolouq¶ί  έnaV  polύ  wraίoV  programmatismόV  sto  Mathematica  tou  Κin¶zikoύ

algόriqmou  upoloίpwn  —  mόno  gia  ak¶raίouV.   Βlέp¶  kai  thn  bibliograjίa.

Πrosέxt¶  pwV  antί  gia  ton  ΕΕΑ  crhsimopoioύm¶  thn  sunάrthsh  PowerMod[]

kai  ¶km¶tall¶uόmast¶  sto  έpakro  thn  ikanόthta  tou  Mathematica  na  kάn¶i

prάx¶iV s¶ lίst¶V (h idiόthta Listable diajόrwn sunartήs¶wn).
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ourIntCRA@w_List, m_ListD ê; Length@wD Length@mD :=
Module@8mProd = Apply@Times, mD, mm<,

mm = mProdê m;
Mod@Apply@Plus, w mm PowerMod@mm, −1, mDD, mProdD

D

ourIntCRA@81, 2, 5<, 82, 5, 7<D

47

Τo prόgramma autό qέl¶i pros¶ktikή m¶lέth gia na gίn¶i katanohtή h dύnamh kai

omorjiά  tou  Mathematica.   ΣtiV  askήs¶iV  mpor¶ί  kan¶ίV  na  d¶i  pwV

crhsimopoiώntaV ton ΕΕΑ cάnoum¶ thn aplόthta tou progrάmmatoV!

Σthn sunέc¶ia ¶x¶tάzoum¶ to Κin¶zikό q¶ώrhma upoloίpwn sthn g¶nikή tou morjή

gia  daktulίouV,  blέp¶  kai  thn  bibliograjίa,  kai  anaptύssoum¶  ton  g¶nikό

algόriqmo.

Πrώta  orίzoum¶  to  ginόm¶no  ¶nόV  sunόlou  (m¶taq¶tikώn)  daktulίwn  (direct  prod-

uct of rings) wV to ginόm¶no m¶taq¶tikώn (ab¶lianώn) omάdwn pou gίn¶tai daktύlioV

orίzontaV ton pollaplasiasmό wV proV tiV sunistώs¶V.  

Σugk¶krimέna, an R1  kai R2  ¶ίnai dύo m¶taq¶tikoί daktύlioi, tόt¶ to ginόm¶nό touV

¶ίnai R1  ä R2  = {(r1 , r2 ) » r1  œ R1 , r2  œ R2 }, dhladή to sύnolo twn diat¶tagmέnwn

z¶ugariώn (r1 , r2 ) όpou prόsq¶sh kai pollaplasiasmόV ¶kt¶loύntai wV proV tiV

sunistώs¶V:

(r1 , r2 ) + (s1 , s2 ) = (r1  + s1 , r2  + s2 ) 

kai 

(r1 , r2 )(s1 , s2 ) = (r1 s1 , r2 s2 ).

Σthn sunέc¶ia thV suzήthsή maV upoqέtoum¶ pwV R ¶ίnai mίa Εukl¶ίd¶ia p¶riocή kai

pwV έcoum¶ ¶pilέx¶i ta stoic¶ίa m0 , m1 , …, mn-1  œ R, έtsi ώst¶ gcd(mi , m j ) = 1

gia i ∫ j, 0 § i, j § n - 1.  ΕpίshV orίzoum¶ to stoic¶ίo m = m0 m1∫ mn-1  = lcm(m0 ,

m1, …, mn-1 ) œ R, to ¶lάcisto koinό pollaplάsio twn m0 , m1 , …, mn-1 .
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Γia kάq¶ έnan apό ta stoic¶ίa mi , 0 § i § n - 1, orίzoum¶ to kύrio id¶ώd¶V Xmi \ sto R,

opόt¶ έcoum¶ touV kanonikoύV omoiomorjismoύV daktulίwn 

ji  : R Ø R/Xmi \

όpou gia r œ R έcoum¶

ji (r) Ø r mod mi .

ΣundiάzontaV  όlouV  touV  kanonikoύV  omoiomorjismoύV  ji  orίzoum¶  ton

omoiomorjismό daktulίwn

j : R Ø R/Xm0 \ä∫äR/Xmn-1 \

όpou gia r œ R έcoum¶

j(r) Ø {r mod m0 , …, r mod mn-1 }.

Θ¶ώrhma 4.4.1 (Κin¶zikό Θ¶ώrhma Υpoloίpwn):

Έstw m0 , m1 , …, mn-1  œ R, R Εukl¶ίd¶ia p¶riocή, έtsi ώst¶ gcd(mi , m j ) = 1 gia i

∫ j,  0 § i, j  § n  - 1.  Τόt¶ o omoiomorjismόV j :  R Ø R/Xm0 \ä∫äR/Xmn-1 \  ¶ίnai mίa

ap¶ikόnish monosήmantoV  kai  ¶pί (surjection), m¶ purήna Xm\, όpou m = m0 m1∫ mn-1 ,

kai iscύ¶i tόso o isomorjismόV daktulίwn

R/Xm\ @ R/Xm0 \ä∫äR/Xmn-1 \

όso kai o isomorjismόV omάdwn twn pollaplasiastikώn omάdwn

(R/Xm\Lä  @ (R/Xm0 \Lä ä∫ä(R/Xmn-1 \Lä

Αpόd¶ixh:

∆ίnoum¶  mίa  katask¶uastikή  apόd¶ixh  pou  qa  apot¶lέs¶i  thn  bάsh  tou

antίstoicou algorίqmou.  

Έstw όti r œ R.  Τόt¶ 
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r œ ker(j) 

ñ  j(r) = {r mod m0 , …, r mod mn-1 } = {0, …, 0}

  ñ  mi  » r, 0 § i § n - 1

  ñ  lcm(m0 , m1, …, mn-1 ) » r
  ñ  m  » r

kai ¶pomέnwV ker(j) = Xm\.  

Γia  na  apod¶ίxoum¶  pwV  h  ap¶ikόnhsh  ¶ίnai  monosήmantoV  kai  ¶pί  ark¶ί  na  d¶ίxoum¶

pwV gia  kάq¶ monadiaίo diάnusma  ei  = {0, …, 0, 1, 0, …, 0} œ R/Xm0 \ä∫äR/Xmn-1 \
upάrc¶i  έna  stoic¶ίo  Li  œ  R,  —  antίstoico  twn  poluwnύmwn  Li (x)  thV  m¶qόdou

par¶mbolήV  Lagrange  —  έtsi  ώst¶  j(Li )  =  ei ,  0  §  i  §  n  -  1.   Εxhgήs¶iV  stiV

askήs¶iV. 

Τo  Li  brίsk¶tai  an  ¶jarmόsoum¶  ton  ¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  (ΕΕΑ)

sta  stoic¶ίa  mi  kai  mÅÅÅÅÅÅÅmi
 (όpou  mÅÅÅÅÅÅÅmi

 = m0∫mi-1 mi+1∫  mn-1 ),  broύm¶  si ,ti  œ  R  έtsi

ώst¶ si
mÅÅÅÅÅÅÅmi

 + ti mi  = 1 = gcd( mÅÅÅÅÅÅÅmi
, mi ), kai qέsoum¶ Li  = si

mÅÅÅÅÅÅÅmi
.

Έtsi έcoum¶ aj' ¶nόV m¶n Li  ª 0 mod m j , 0 § j ∫ i § n - 1, aj' ¶tέrou d¶ Li  ª 1 mod

mi  diόti

 Li  = si
mÅÅÅÅÅÅÅmi

 ª si
mÅÅÅÅÅÅÅmi

 + ti mi  = 1 mod mi .

Άra, j(Li ) = ei  όpwV to qέlam¶.  

Σhm¶ίwsh:  ∆¶n  prέp¶i  na  x¶cnάm¶  pwV  gia  kάq¶  i,  0  §  i  §  n  -  1,  m¶  ton  ΕΕΑ

brίskoum¶ to si  pou ¶ίnai to pollaplasiastikό antίstrojo tou mÅÅÅÅÅÅÅmi
 mod mi .

Όson ajorά ton isomorjismό daktulίwn

R/Xm\ @ R/Xm0 \ä∫äR/Xmn-1 \

autόV  iscύ¶i  apό  to  q¶ώrhma  omoiomorjismoύ  daktulίwn   kai  ta  parapάnw.   Ο  d¶

isomorjismόV omάdwn twn pollaplasiastikώn omάdwn
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(R/Xm\Lä  @ (R/Xm0 \Lä ä∫ä(R/Xmn-1 \Lä

iscύ¶i diόti an r œ R, tόt¶ έcoum¶

to r antistrέj¶tai mod m 

ñ gcd(r, m) = 1 

ñ gcd(r, mi ) = 1, gia 0 § i § n - 1

ñ to r antistrέj¶tai mod mi , gia 0 § i § n - 1.//

ΑlgόriqmoV: Κin¶zikόV algόriqmoV upoloίpwn (ΚΑΥ ή CRA)

ΕίsodoV:  w0 , w1 , …, wn-1  œ R, όpou R Εukl¶ίd¶ia p¶riocή, kai m0 , m1 , …, mn-1  œ

R, έtsi ώst¶ gcd(mi , m j ) = 1 gia i ∫ j, 0 § i, j § n - 1.

ΈxodoV:   r  =  ⁄i=0
n-1 Li wi  œ  R,  έtsi  ώst¶  r  ª  wi  mod  mi  gia  0  §  i  §  n  -  1.   (ΌpwV

anajέram¶ sthn apόd¶ixh Li  ª 0 mod m j , 0 § j ∫ i § n - 1, kai Li  ª 1 mod mi .)

===========   

1.  m ≠ m0 m1∫ mn-1 ; r ≠ 0.

2.  for 0 § i < n  do {

¶jarmόzoum¶ ton ΕΕΑ (¶nόthta 2.2) sta mÅÅÅÅÅÅÅmi
, mi

kai  upologίzoum¶  si ,  ti  œ  R,  έtsi  ώst¶  si
mÅÅÅÅÅÅÅmi

 +  ti mi  =  1  (si  ¶ίnai  to

pol/kό antίstrojo tou mÅÅÅÅÅÅÅmi
 mod mi );

Li  ≠ si
mÅÅÅÅÅÅÅmi

; 

r ≠ r + Li wi

}.

3.  return rem(r, m).

===========

Πrάgmati,  o  algόriqmoV  kάn¶i  autό  pou  qέloum¶  diόti  gia  kάq¶  i,  0  §  i  §  n  -  1,

έcoum¶

⁄i=0
n-1 Li wi  = ‚

i=0

n-1
 si 

mÅÅÅÅÅÅÅmi
 wi  ª si 

mÅÅÅÅÅÅÅmi
 wi  mod mi  

ª wi  mod mi
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¶p¶idή si 
mÅÅÅÅÅÅÅmi

 ª 1 mod  mi .  

Γia thn p¶rίptwsh R =  έcoum¶ to parakάtw prόgramma sto Mathematica

ourIntegerCRA@w_List, m_ListD ê; Length@wD Length@mD :=
ModuleA8a, b, g, L, mProd = Apply@Times, mD, n = Length@wD, r = 0<,

ForAi = 0, i < n, i++, b = m@@i + 1DD; a =
mProd

b
; 8g, 8s, t<< =

ExtendedGCD@a, bD; L = s a; r += L w@@i + 1DDE; Mod@r, mProdD
E

Έtsi brίskoum¶ ton akέraio 47

ourIntegerCRA@81, 2, 5<, 82, 5, 7<D

47

gia ton opoίo 

Mod@47, 82, 5, 7<D

81, 2, 5<

kai  to  apotέl¶sma  ¶ίnai  to  ίdio  m¶  autό  pou  upologίsam¶  sthn  arcή  thV

¶nόthtaV autήV.

Αn tώra pάroum¶ R = F[x], F sώma, kai mi  = x - ui , gia 0 § i § n - 1, όpou u0 , u1 ,

…, un-1  œ F ¶ίnai anά dύo diάjora, tόt¶ gia f œ F[x] qa έcoum¶ 

f ª f(ui ) mod (x - ui ),    0 § i § n - 1

kai ¶pomέnwV o omoiomorjismόV daktulίwn qa ¶ίnai

j : F[x] Ø F[x]/Xx - u0 \ä∫äF[x]/Xx - un-1 \

όpou gia f œ F[x] έcoum¶

j(f) Ø {f(u0 ), …, f(un-1 )}.
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Ξέroum¶  όmwV  pwV  o  omoiomorjismόV  autόV  ¶inai  o  omoiomorjismόV  diatίmhshV  ή

¶ktίmhshV (evaluation homomorphism) sta shm¶ίa u0 , u1 , …, un-1  œ F.  Εpiplέon, ta

stoic¶ίa  Li  œ  R  =  F[x],  baqmoύ  <  n,  ¶ίnai  tώra  akribώV  ta  poluώnuma  Li HxL  =

‰
i∫ j, 0§ j§n-1

x - u jÅÅÅÅÅÅÅÅÅÅÅÅÅÅui- u j
,  pou orίsam¶ sthn mέqodo par¶mbolήV Lagrange.

Αn loipόn  w0 , w1 , …, wn-1  œ F, to poluώnumo f = ⁄i=0
n-1 Li wi  œ F[x] d¶n ¶ίnai  άllo

apό to poluώnumo par¶mbolήV Lagrange pou ikanopoi¶ί 

f(ui ) = wi ,     0 § i § n - 1.

Τo  akόlouqo  prόgramma  sto  Mathematica  iscύ¶i  gia  R  =  F[x].   Πrosέxt¶  pwV

tώra  crhsimopoioύm¶  PolynomialExtendedGCD[]  kai  PolynomialMod[]

antί ExtendedGCD[] kai Mod[] antίstoica.  Βlέp¶ kai tiV askήs¶iV.

<< Algebra`PolynomialExtendedGCD`;
ourPolyCRA@w_List, m_ListD ê; Length@wD Length@mD :=

ModuleA8a, b, g, L, mProd = Apply@Times, mD, n = Length@wD, f = 0<,

ForAi = 0, i < n, i++, b = m@@i + 1DD; a =
mProd

b
;

8g, 8s, t<< = PolynomialExtendedGCD@a, bD; L = s a; f += L w@@i + 1DDE;

PolynomialMod@f, mProdD
E

Έtsi brίskoum¶ to poluώnumo

f@x_D = ourPolyCRA@85, −3, 6, −4<, 8x − 1, x − 2, x − 3, x − 4<D

66 −
199 x

2
+

89 x2

2
− 6 x3

gia to opoίo iscύ¶i

Map@f@#D &, 81, 2, 3, 4<D

85, −3, 6, −4<
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Τo  apotέl¶sma  autό  ¶ίnai  to  ίdio  m¶  ¶k¶ίno  pou  upologίzoum¶  m¶  par¶mbolή

Lagrange  (gia  na  ¶ktl¶sq¶ί  h  sunάrthsh  LagrangeInterpolation[]  prέp¶i

na thn έcoum¶ ¶n¶rgopoiήs¶i sthn prohgoύm¶nh ¶nόthta).

fL@x_D = LagrangeInterpolation@85, −3, 6, −4<, 81, 2, 3, 4<, xD

66 −
199 x

2
+

89 x2

2
− 6 x3

Map@fL@#D &, 81, 2, 3, 4<D

85, −3, 6, −4<

Εpishmaίnoum¶  pwV  sta  dύo  t¶l¶utaίa  progrάmmata  ¶jarmόsam¶  pistά  thn

p¶rigrajή  tou  Κin¶zikoύ  algόriqmou  upoloίpwn  kai  έtsi  crhsimopoiήsam¶  thn

¶ntolή  For[].   ΣtiV  askήs¶iV  zht¶ίtai  na  programmatίs¶t¶ ton  algόriqmo  cwrίV

thn For[], ¶km¶tall¶uόm¶noi thn idiόthta tou Mathematica na dra s¶ lίst¶V.

Σumpέrasma:

Όtan  crhsimopoioύm¶  ton  Κin¶zikό  algόriqmo  upoloίpwn  m¶  ta  mi  na  ¶ίnai  n

diajor¶tikά  grammikά  poluώnuma,  mi  = x  -  ui ,  0 §  i  §  n  -  1, ¶ίnai  to  ίdio  san  na

kάnoum¶ par¶mbolή poluwnύmou sta n diajor¶tikά shm¶ίa ui , 0 § i § n - 1.  

Εpiplέon o Κin¶zikό algόriqmo upoloίpwn maV lέ¶i pwV to poluώnumo par¶mbolήV

¶ίnai  monadikό  modulo  ¤i=0
n-1 Hx - uiL  kai  άra  upάrc¶i  έna  mόno  poluώnumo  f  =

⁄i=0
n-1 Li wi  œ F[x] baqmoύ < n pou lύn¶i to prόblhma thV par¶mbolήV.  

Άra  prέp¶i  na  q¶wroύm¶  ton  Κin¶zikό  algόriqmo  upoloίpwn  san  g¶nίk¶ush  thV

par¶mbolήV.   Η  g¶nίk¶ush  autή  jaίn¶tai  όtan  ta  poluώnuma  mi  d¶n  ¶ίnai

grammikά  kai  oi  timέV  wi ,  0  §  i  §  n  -  1,  ¶ίnai  kai  autέV  poluώnuma.   Έna

parάd¶igma pou maV odhg¶ί sto ¶pόm¶no qέma ¶ίnai kai to akόlouqo

fH@x_D = ourPolyCRA@8x, 1, 8<, 8x2, Hx − 1L3, x − 4<D

x +
383 x2

108
−

239 x3

36
+

131 x4

36
−

59 x5

108
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gia to opoίo iscύ¶i

Map@PolynomialMod@fH@xD, #D &, 8x2, Hx − 1L3, x − 4<D

8x, 1, 8<

Αutό  antistoic¶ί  sthn  par¶mbolή  Hermite,  pou  ¶ίnai  kai  to  qέma  thV  akόlouqhV

upo¶nόthtaV.

ü 4.4.1  Πar¶mbolή Hermite

Η  par¶mbolή  Hermite  ¶ίnai  mίa  g¶nίk¶ush  thV  par¶mbolήV  poluώnumwn  όpou  s¶

kάq¶ shm¶ίo dίn¶tai όci mόno h timή thV sunάrthshV allά kai oi timέV m¶rikώn apό

tiV  prώt¶V  paragώgouV  thV.   Ιsodύnama  lέm¶  όti  s¶  kάq¶  shm¶ίo  dίn¶tai  έna

m¶rikό anάptugma thV sunάrthshV katά Taylor.

Όtan  o  daktύlioV  R  ¶ίnai  [x]  ή  [x]  ή  [x]  ή  tέloV  [x],  to  anάptugma  katά

Taylor  tou  f  gύrw  apό  to  u  (pou  anήk¶i  sto    ή  sto    ή  sto    ή  tέloV  sto  )

¶ίnai thV gnwstήV maV morjήV

f(x) = f HnL HuLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅn! (x - u)n  + ∫ + f H1L (u)(x - u) + f(u),

όpou  f HiL  ¶ίnai  h  i-stή  parάgwgoV.   Τonίzoum¶  pwV  gia  R  =  [x]  kai  u  œ  ,  oi

sunt¶l¶stέV  f HkL HuLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk!  ¶ίnai  όloi  touV  akέraioi  (blέp¶  kai  tiV  askήs¶iV).   Γia  k  §  n,

apό to parapάnw anάptugma sun¶pάg¶tai pwV

f(x) ª fk-1 ·(x - u)k-1  + ∫ + f1 ·(x - u) + f0    mod (x - u)k  

kai  lέm¶  pwV  έcoum¶  to  anάptugma  katά  Taylor  tou  f  gύrw  apό  to  u tάxhV  k.

Όtan  R  ¶ίnai  έnaV  m¶taq¶tikόV  daktύlioV,  u  œ  R  kai  f  œ  R[x],  deg(f)  §  n,  h

onomasίa  autή  ¶ίnai  s¶  plήrh  sumjwnίa  m¶  ton  g¶nikό  orismό  tou

anaptύgmatoV katά Taylor tou f gύrw apό to u, pou ¶ίnai

f(x) = fn ·(x - u)n  + ∫ + f1 ·(x - u) + f0 .

Έstw  tώra  όti  F  ¶ίnai  sώma,  u0 ,u1 ,…,un-1  œ  F,  kai  diάjora  m¶taxύ  touV,

e0 ,e1 ,…,en-1  œ  ,  kai  w0 ,w1 ,…,wn-1  œ  F[x],  έtsi  ώst¶  deg(wi )  <  ei  gia  όla  ta  i.
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Τo prόblhma thV par¶mbolήV tou Hermite ¶ίnai na upologίsoum¶ f œ F[x], deg(f)

< s  = e0  + e1  + ∫  + en-1  έtsi  ώst¶  gia  όla  ta  i,  to  wi  ¶ίnai  to  anάptugma  katά

Taylor tou f gύrw apό to ui  tάxhV ei .  Ιsodύnama, prέp¶i na upologίsoum¶ f œ F[x],

m¶ ton Κin¶zikό algόriqmo upoloίpwn (gia poluώnuma) έtsi ώst¶

f(x) ª wi    mod (x - ui )ei ,  0 § i § n - 1. 

Πarάd¶igma:

Έstw  όti  qέloum¶  na  broύm¶  έna  poluώnumo  f  œ  [x]  baqmoύ  < 6 έtsi  ώst¶:  sto

shm¶ίo  u0  = 0, έcoum¶  f(0)  = 0 kai  f H1L (0)  = 1, sto  shm¶ίo  u1  = 1, έcoum¶  f(1) = 1,

f H1L (1) = 0 kai f H2L (1) = 0, kai sto shm¶ίo u2  = 4, έcoum¶ f(4) = 8.  Γia na broύm¶ to

f œ [x] parathroύm¶ ta ¶xήV:

a.  Σto shm¶ίo u0  = 0, to m¶rikό anάptugma katά Taylor tou f gύrw apό to u0  ¶ίnai

tάxhV e0  = 2, ¶p¶idή dίdontai f(0) = 0 kai f H1L (0) = 1.  ∆hladή, έcoum¶

w0  = f(0) + f H1L (0)·x = x

Σthn orologίa tou Κin¶zikoύ algόriqmou upoloίpwn έcoum¶ thn isodunamίa

f(x) ª x    mod x2 .

b.  Σto shm¶ίo u1  = 1, to m¶rikό anάptugma katά Taylor tou f gύrw apό to u1  ¶ίnai

tάxhV e1  = 3, ¶p¶idή dίdontai f(1) = 1, f H1L (1) = 0 kai f H2L (1) = 0.  ∆hladή, έcoum¶ 

w1  = f(1) + f H1L (1)·(x - 1) + f H2L (1)·(x - 1)2  = 1

Σthn orologίa tou Κin¶zikoύ algόriqmou upoloίpwn έcoum¶ thn isodunamίa

f(x) ª 1   mod (x - 1)3 .

g.  ΤέloV  sto shm¶ίo  u2  = 4, to  m¶rikό anάptugma  katά Taylor tou f  gύrw  apό to

u2  ¶ίnai tάxhV e2  = 1, ¶p¶idή dίd¶tai f(4) = 8.  ∆hladή, έcoum¶

w2  = f(4) = 8

Σthn orologίa tou Κin¶zikoύ algόriqmou upoloίpwn έcoum¶ thn isodunamίa
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f(x) ª 8   mod (x - 4).

Μ¶  άlla  lόgia,  qέloum¶  na  lύsoum¶ to  prόblhma  par¶mbolήV  tou  Hermite m¶  ta

¶xήV d¶domέna: u0  = 0, u1  = 1, u2  = 4, e0  = 2, e1  = 3, e2  = 1, w0  = x, w1  = 1, w2  = 8.

Μ¶  ton  Κin¶zikό  algόriqmo  upoloίpwn  (gia  poluώnuma)  brίskoum¶  amέswV  to

poluώnumo f œ [x], 5ou baqmoύ

f@x_D = ourPolyCRA@8x, 1, 8<, 8x2, Hx − 1L3, x − 4<D

x +
383 x2

108
−

239 x3

36
+

131 x4

36
−

59 x5

108

gia to opoίo iscύoun oi arcikέV sunqήk¶V

8f@0D 0, f'@0D 1<

8True, True<

8f@1D 1, f'@1D 0, f''@1D 0<

8True, True, True<

f@4D 8

True

ή isodύnama

Map@PolynomialMod@f@xD, #D &, 8x2, Hx − 1L3, x − 4<D

8x, 1, 8<

Τo  prόblhma  par¶mbolήV  tou  Hermite  cr¶iάz¶tai  tόso  crόno  gia  na  luq¶ί  όso

apait¶ί o Κin¶zikόV algόriqmoV upoloίpwn.  Η anάlush tou t¶l¶utaίou akolouq¶ί. 
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ü 4.4.2  Αnάlush tou Κin¶zikoύ algόriqmou upoloίpwn

Όson  ajorά  ton  crόno  upologismoύ  tou  Κin¶zikoύ  algόriqmou  upoloίpwn  (ΚΑΥ)

diakrίnoum¶ dύo p¶riptώs¶iV:

a.  R = F[x]  

Σthn  p¶rίptwsh  autή  upologίzoum¶  prώta  to  poluώnumo  m  =  m0 m1∫mn-1

¶kt¶lώntaV  touV  diadocikoύV  pollaplasiasmoύV  m0 m1 ,  (m0 m1 )m2 ,  …,  (m0 m1∫

mn-2 )mn-2 .  Ξέroum¶ όmwV pwV to ginόm¶no dύo poluwnύmwn a, b, baqmoύ na  kai nb

antίstoica, upologίz¶tai  m¶ 2(na  + 1)(nb  + 1) prάx¶iV.  Έtsi, ta diadocikά ginόm¶na

upologίzontai m¶ 

2⁄i=0
n-1 Hd0 + ∫ + di-1 + 1L Hdi + 1L  

= 2⁄0§ j<i§n-1 d jHdi + 1L  + 2⁄i=1
n-1 Hdi + 1L  

< ⁄i, j=0
n-1 d jHdi + 1L  = 2(⁄ j=0

n-1 d j )(⁄i=0
n-1 Hdi + 1L) 

= 2 nm (nm  + n) 

= O(nm
2 )

prάx¶iV sto sώma F.

Κatόpin, gia 0 § i § n - 1, ¶kt¶loύm¶ diairέs¶iV thV morjήV mÅÅÅÅÅÅÅmi
, ¶jarmόzoum¶ ton

¶p¶ktamέno  Εukl¶ίd¶io  algόriqmo  sta  poluώnuma  mÅÅÅÅÅÅÅmi
 kai  mi ,  kai  ¶kt¶loύm¶

pollaplasiasmoύV thV morjήV si ( mÅÅÅÅÅÅÅmi
) kai wi (si

mÅÅÅÅÅÅÅmi
).

Όson  ajorά  th  diaίr¶sh  dύo  poluwnύmwn  a,  b,  baqmoύ  na  kai  nb  antίstoica,

xέroum¶ pwV  upologίz¶tai  m¶ (2nb  + 1)(na  - nb  +1) prάx¶iV.  ΕpomέnwV, όl¶V mazί oi

diairέs¶iV upologίzontai m¶

⁄i=0
n-1 H2 di + 1L Hnm - di + 1L  

§ 2nm⁄i=0
n-1 Hdi + 1L  

= 2 nm (nm  + n)

= O(nm
2 )

prάx¶iV sto sto sώma F.
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Όson  ajorά  thn  ¶jarmogή  tou  ¶p¶ktamέnou  Εukl¶ίd¶iou  algόriqmou  sta

poluώnuma  a,  b,  baqmoύ  na  kai  nb  antίstoica,  xέroum¶  pwV  upologίz¶tai  m¶  na nb

prάx¶iV kai ¶pistrέj¶i s kai t ώst¶ sa + tb = gcd(a, b), όpou deg(s) < deg(b). 

ΕpomέnwV,  kάq¶  ¶ktέl¶sh  tou  ¶p¶ktamέnou  Εukl¶ίd¶iou  algόriqmou  sta

poluώnuma mÅÅÅÅÅÅÅmi
 kai mi  ¶kt¶l¶ίtai m¶ O((nm  - di )di ) prάx¶iV, kai sunolikά όl¶V mazί

m¶  O(nm
2 )  prάx¶iV  (όpwV  kai  oi  diairέs¶iV  parapάnw).   Εpiplέon,  ¶p¶idή  deg(si )  <

deg(mi )  =  di  kάq¶  pollaplasiasmόV  twn  poluwnύmwn  si  kai  mÅÅÅÅÅÅÅmi
 ¶kt¶l¶ίtai  m¶

O(di
2 ) prάx¶iV kai sunolikά όloi mazί m¶

⁄i=0
n-1 di

2   

§ nm⁄i=0
n-1 di  

= O(nm
2 )

prάx¶iV  sto  sώma  F.   Όson  ajorά  ton  pollaplasiasmό  twn  poluwnύmwn  wi  kai

si
mÅÅÅÅÅÅÅmi

 — ¶p¶idή  deg(wi )  <  deg(mi )  =  di ,  kai  deg(si
mÅÅÅÅÅÅÅmi

)  <  deg(m)  = nm  — kάq¶  έnaV

¶kt¶l¶ίtai m¶ O(di nm ) prάx¶iV kai sunolikά όloi mazί m¶ O(nm
2 ) prάx¶iV sto sώma

F.

Σto  tέloV  έcoum¶  na  upologίsoum¶  to  upόloipo  thV  diaίr¶shV  tou  poluwnύmou

‚
i=0

n-1
 si 

mÅÅÅÅÅÅÅmi
 wi  m¶  to m.   Εp¶idή  όmwV deg(‚

i=0

n-1
 si 

mÅÅÅÅÅÅÅmi
 wi ) < 2nm  kai deg(m) = nm  h

diaίr¶sh autή gίn¶tai m¶ (nm  + 1)(2nm  - nm  + 1) ή O(nm
2 ) prάx¶iV sto sώma F.

Λήmma 4.4.1:

Έstw m0 , m1 , …, mn-1  œ R = F[x], όpou F sώma, deg(mi ) = di  ¥ 1, gia kάq¶ i, 0 § i §

n - 1, m = m0 m1∫ mn-1 , kai nm  = deg(m) = ⁄i=0
n-1 di .  Έstw ¶pίshV w0 , w1 , …, wn-1  œ

R = F[x],  m¶  deg(wi )  <  deg(mi )  =  di .   Τόt¶  o  Κin¶zikόV  algόriqmoV  upoloίpwn  gia

poluώnuma upologίz¶i to monadikό f œ F[x], deg(f) < nm , 

 f ª wi  mod mi  gia 0 § i § n - 1

m¶ O(nm
2 ) prάx¶iV sto sώma F.

b.  R = 
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Γia touV ak¶raίouV έcoum¶ to akόlouqo Λήmma thn apόd¶ixh tou opoίou ajήnoum¶

gia άskhsh.

Λήmma 4.4.2:

Έstw m0 , m1 , …, mn-1  œ , m = m0 m1∫ mn-1  kai nm  =l(m) to mήkoV  tou ak¶raίou

m.  Έstw ¶pίshV w0 , w1 , …, wn-1  œ , όpou 0 § »wi » < mi  gia kάq¶ i, 0 § i § n - 1.

Τόt¶  o  Κin¶zikόV  algόriqmoV  upoloίpwn  gia  ak¶raίouV  upologίz¶i  ton  monadikό

akέraio f œ , 0 § f < m , 

 f ª wi  mod mi  gia 0 § i § n - 1

m¶ O(nm
2 ) prάx¶iV s¶ lέx¶iV tou upologistή.
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4.5  Πar¶mbolή Newton

ΌpwV  ¶ίdam¶  sthn  prohgoύm¶nh  ¶nόthta,  an  pάroum¶  R  =  F[x],  F  sώma,  kai

crhsimopoiήsoum¶ ton Κin¶zikό algόriqmo upoloίpwn m¶ ta grammikά poluώnuma

mi  = x - ui , gia 0 § i § n - 1, όpou u0 , u1 , …, un-1  œ F ¶ίnai anά dύo diάjora, tόt¶

qa broύm¶ f œ F[x] έtsi ώst¶

f ª f(ui ) mod (x - ui ),    0 § i § n - 1.

Ο  algόriqmoV  upologίz¶i  to  poluώnumo  par¶mbolήV  f  m¶  thn  boήq¶ia  twn

stoic¶ίwn Li  œ R = F[x], baqmoύ < n, ta opoίa ¶ίnai akribώV ta poluώnuma Li HxL  =

‰
i∫ j, 0§ j§n-1

x - u jÅÅÅÅÅÅÅÅÅÅÅÅÅÅui- u j
,  pou orίsam¶ sthn mέqodo par¶mbolήV Lagrange.

Σthn  ¶nόthta  autή  qa  parousiάsoum¶  mίa  diajor¶tikή  morjή  tou  algόriqmou

autoύ,  όpou  to  poluώnumo  par¶mbolήV  f  qa  pros¶ggίz¶tai  stadiakά:  prώta  mod

x - u0 , m¶tά mod (x - u0 )·(x - u1 ), …, kai tέloV mod (x - u0 )∫(x - un-1 ) (blέp¶ kai to

antίstoico  parάd¶igma  gia  touV  ak¶raίouV  sthn  prohgoύm¶nh  ¶nόthta).   ΌpwV  qa

doύm¶, to apotέl¶sma ¶ίnai o tύpoV par¶mbolήV tou Ν¶ύtwna.

Αkolouq¶ί  o  Κin¶zikόV  algόriqmoV  upoloίpwn  όpou  h  lύsh  pros¶ggίz¶tai

stadiakά.  Ο g¶nikόV algόriqmoV pou parousiάzoum¶ basίz¶tai sto parάd¶igma thV

prohgoύm¶nhV  ¶nόthtaV  kai  apot¶l¶ίtai  apό  dύo  algorίqmouV:  ton  CRA2, gia  thn

p¶rίptwsh  2  isodunamiώn,  kai  ton  CRAn,  gia  thn  p¶rίptwsh  n  isodunamiώn.   Ο

CRAn  crhsimpopoi¶ί  ton  CRA2  kai  lύn¶i  tiV  isodunamί¶V  katά  z¶ύgh.   ΜaV

¶ndiajέr¶i όmwV mόno h p¶rίptwsh twn poluwnύmwn (blέp¶ kai thn bibliograjίa). 

ΑlgόriqmoV:  Κin¶zikόV  algόriqmoV  upoloίpwn  gia  poluώnuma  —  dύo

isodunamί¶V (ΚΑΥ2 ή CRA2)

ΕίsodoV:  w0 , w1  pou anήkoun sthn  Εukl¶ίd¶ia p¶riocή R = F[x], F sώma, kai m0 ,

m1  œ  R,  έtsi  ώst¶   gcd(m0 ,  m1 )  = 1 kai  deg(m0 )  §  n -  2,  gia  n pou  orίz¶tai  ston

CRAn, kai deg(m1 ) = 1. 

ΈxodoV:  f œ R, έtsi ώst¶ f ª wi  mod mi  gia i = 0, 1.  
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===========   

1.  f ≠ rem(w0 , m0 ).

2.   ¶jarmόzoum¶  ton  ΕΕΑ  (¶nόthta  2.2)  sta  m0 ,  m1  kai  upologίzoum¶  s ,  t  œ  R,

έtsi  ώst¶  sm0  +  tm1  =  1  (s  ¶ίnai  to  pollaplasiastikό  antίstrojo  tou  m0

mod m1 );

     q ≠ rem(s(w1  - f), m1 ) 

3.  return f ≠ f + qm0 .

===========

ΑlgόriqmoV:  Κin¶zikόV  algόriqmoV  upoloίpwn  gia  poluώnuma  —  n

isodunamί¶V (ΚΑΥn ή CRAn)

ΕίsodoV:  w0 , w1 , …, wn-1  pou anήkoun sthn Εukl¶ίd¶ia p¶riocή R = F[x], F sώma,

kai  m0 ,  m1 ,  …, mn-1  œ  R,  έtsi  ώst¶  gcd(mi ,  m j )  = 1 gia  i  ∫  j,  0  §  i,  j  §  n  -  1 kai

deg(mi ) = 1 gia 0 § i § n - 1.

ΈxodoV:  f œ R, έtsi ώst¶ deg(f) < n kai f ª wi  mod mi  gia 0 § i § n - 1.  

===========   

1.  m ≠ 1; W0  ≠ w0 .

2.  for 0 § i < n - 1  do {

m ≠ m·mi ;

¶jarmόzoum¶  ton  CRA2  sta  z¶ύgh  {Wi ,  wi+1 }  kai  

{m0 m1∫  mi ,  mi+1 },  kai  upologίzoum¶  Wi+1 ,  thn  

prosέggish mod m0 m1∫ mi mi+1 .

}.

3.  return f ≠ Wn-1 .

===========

Τa parakάtw progrάmmata sto Mathematica iscύoun gia R = F[x].
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H∗∗ 2 congruencies ∗∗L
<< Algebra`PolynomialExtendedGCD`;
ourPolyCRA2@w_List, m_ListD ê; Length@wD Length@mD := Module@
8g, q, f, s, t<,
f = PolynomialMod@w@@1DD, m@@1DDD;
8g, 8s, t<< = PolynomialExtendedGCD@m@@1DD, m@@2DDD;
q = PolynomialMod@s Hw@@2DD − fL, m@@2DDD;
f = f + q m@@1DD
D

H∗∗ n congruencies ∗∗L
ourPolyCRAn@w_List, m_ListD ê; Length@wD Length@mD :=

Module@8mProd = 1, V, W = w@@1DD<,
H∗∗ Print@"η προσέγγιση ∂ίναι ",

PolynomialMod@W,137D," mod ",mProd m@@1DDD; ∗∗L
For@i = 0, i < Length@wD − 1, i++,
mProd = mProd m@@i + 1DD;
V = ourPolyCRA2@8W, w@@i + 2DD<, 8mProd, m@@i + 2DD<D;
W = V; H∗∗ Print@"η προσέγγιση ∂ίναι ",

PolynomialMod@W,137D," mod ",mProd m@@i+2DDD ∗∗L
D; W
D

Έstw  tώra  R =  n [x]/Xf\,  όpou  έcoum¶ ariqmhtikή  m¶ diplό  upόloipo, modulo f  kai

modulo n, kai έstw n = 137.  Έstw ¶pί plέon όti paίrnoum¶ 

w0  = 8, w1  = 35, w2  = 50, 

w3  = 37, w4  = 127, w5  = 99, w6  = 39 

kai 

m0  = x + 5, m1  = x + 15, m2  = x + 25, 

m3  = x + 35, m4  = x + 45, m5  = x + 55, m6  = x + 65, 

kai qέloum¶ na broύm¶ to poluώnumo f œ R, baqmoύ § 6, ώst¶ na iscύ¶i f ª wi  mod

mi  gia 0 § i § 6.

Τo apotέl¶sma ¶ίnai f(x) = x6  + 1, kai an ¶n¶rgopoiήsoum¶ tiV Print statements sto

prόgramma blέpoum¶ όti autό pros¶ggίz¶tai stadiakά apό ta ¶xήV poluώnuma:
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PolynomialMod@ourPolyCRAn@88, 35, 50, 37, 127, 99, 39<,
8x + 5, x + 15, x + 25, x + 35, x + 45, x + 55, x + 65<D, 137D

η προσέγγιση ∂ίναι 8 mod 5 + x

η προσέγγιση ∂ίναι 63 + 11 x mod H5 + xL H15 + xL

η προσέγγιση ∂ίναι 127 + 92 x + 52 x2 mod H5 + xL H15 + xL H25 + xL

η προσέγγιση ∂ίναι 132 + 57 x + 85 x2 + 19 x3

mod H5 + xL H15 + xL H25 + xL H35 + xL

η προσέγγιση ∂ίναι 17 + 115 x + 34 x2 + 77 x3 + 11 x4

mod H5 + xL H15 + xL H25 + xL H35 + xL H45 + xL

η προσέγγιση ∂ίναι 120 + 39 x + 48 x2 + 112 x3 + 116 x4 + 94 x5

mod H5 + xL H15 + xL H25 + xL H35 + xL H45 + xL H55 + xL

η προσέγγιση ∂ίναι 1 + x6 mod
H5 + xL H15 + xL H25 + xL H35 + xL H45 + xL H55 + xL H65 + xL

1 + x6

Πrosέxt¶  thn  stadiakή  prosέggish  prώta  mod (x  +  5),   έp¶ita  mod (x  + 5)(x  +

15), … kai tέloV mod (x + 5)(x + 15)(x + 25)(x + 35)(x + 45)(x + 55)(x + 65).  ΕpίshV

prosέxt¶ pόso diajέr¶i to t¶likό poluώnumo x6  + 1 apό ta ¶ndiάm¶sa!  

Τo  jainόm¶no  autό  thV  stadiakήV  prosέggishV  qa  to  sunantήsoum¶  amέswV

parakάtw  sthn  par¶mbolή  tou  Ν¶ύtwna  kai  argόt¶ra  sto  k¶jάlaio  gia  thn

paragontopoίhsh twn poluwnύmwn.

Έstw tώra h Εukl¶ίd¶ia p¶riocή R = F[x], F sώma, f œ R, deg(f) < n kai έstw όti

f(ui ) = wi ,  gia  0 §  i  < n  — dhladή  kai  ¶dώ  ¶ίnai   mi  = x - ui .  Μ¶  thn  par¶mbolή

tou Ν¶ύtwna upologίzoum¶ staq¶rέV li  œ F έtsi ώst¶

 f(x) = l0  + l1 (x - u0 ) + l2 (x - u0 )(x - u1 ) + ∫ 

      + ln (x - u0 )∫(x - un-1 )
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Αn  tώra  sumbolίsoum¶  m¶  f HkL (x) to  poluώnumo  pou  pros¶ggίz¶i  to f m¶  mόno  tiV

prώt¶V k apό tiV staq¶rέV li , tόt¶ έcoum¶ 

f(x) = f HkL (x) + lk (x - u0 )∫(x - uk-1 ) + ∫  

       + ln (x - u0 )∫(x - un-1 ).

Σthn  orologίa  tou  Κin¶zikoύ  algόriqmou  upoloίpwn  lέm¶  pwV  to  f HkL HxL
pros¶ggίz¶i to f(x) modulo (x - u0 )∫(x - uk-1 ).

Οi  staq¶rέV  li ,  0  §  i  <  n,  mporoύn  ¶ύkola  na  upologisqoύn.   Πrάgmati,  gia  thn

staq¶rά l0  έcoum¶

 f(u0 ) = w0  = l0 , 

¶nώ h l1  ¶ίnai h lύsh thV ¶xίswshV

 f(u1 ) = w1  =  w0  + l1 (u1  - u0 ).

Γ¶nikά,  έcontaV  upologίs¶i  tiV  staq¶rέV  l0 ,  l1 ,  …,  lk-1  h  ¶pόm¶nh  staq¶rά  lk

¶ίnai h lύsh thV ¶xίswshV

 f(uk ) = wk  = l0  + l1 (uk  - u0 ) + ∫ 

         + lk (uk  - u0 )∫(uk  - uk-1 ).

Ιsodύnama,  mporoύm¶  na  ¶x¶tάsoum¶  to  qέma  kai  apό  thn  skopiά  twn

pros¶ggistikώn poluwnύmwn.  

Πrάgmati,  m¶  mίa  staq¶rά  —  ή  modulo  (x  -  u0 )  —  to  poluώnumo  par¶mbolήV   f

pros¶ggίz¶tai apό to 

f H1L (x) = w0 ,

¶nώ m¶ dύo staq¶rέV — ή modulo (x - u0 )(x - u1 ) — to poluώnumo f pros¶ggίz¶tai

apό to 

f H2L (x) = w0  + w1 - w0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅu1-u0
(x  - u0 ).
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Πrosέxt¶ pwV iscύ¶i w1  = f H1L Hu0L  + l1 (u1  - u0 ) kai g¶nikά  

wk  =  f HkL Huk-1L  + lk (uk  - u0 )∫(uk  - uk-1 ).

ΛύnontaV  wV  proV  lk  έcoum¶  ton  ¶xήV  ¶pagwgikό  tύpo  gia  ta  pros¶ggistikά

poluώnuma

f Hk+1LHxL  = f HkLHxL  + (wk  - f HkL Huk-1L) Hx-u0L ∫Hx-uk-1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHuk-u0L ∫Huk-uk-1L .

Μ¶  άlla  lόgia,  to  poluώnumo  par¶mbolήV  f  pros¶ggίz¶tai  apό  to  f Hk+1LHxL  mod-

ulo (x - u0 )∫(x - uk ), kai t¶likά f(x) = f Hn-1LHxL .  

Σto akόlouqo prόgramma sto Mathematica orίzoum¶ thn sunάrthsh NewtonInterpo-

lation[], h opoίa maV dίn¶i to poluώnumo par¶mbolήV pros¶ggίzontάV to stadiakά,

όpwV  akribώV  kai  o  Κin¶zikόV  algόriqmoV  upoloίpwn  pou  orίsam¶  sthn  ¶nόthta

autή.    Τo  prόgramma  ¶ίnai  mίa  ¶jarmogή  tou  ¶pagwgikoύ  tύpou  gia  ta

pros¶ggistikά poluώnuma f HkL (x).  

NewtonInterpolation@w_List, m_ListD ê;
Length@wD Length@mD := ModuleA
8approxf, i, k<,
approxf@0, x_D = w@@1DD;
approxf@k_, x_D := approxf@k, xD = approxf@k − 1, xD + Hw@@kDD −

approxf@k − 1, −First@m@@kDDDDL 
i
k
jjjjj‰
i=1

k−1

Hx + First@m@@iDDDL
y
{
zzzzz ì

i
k
jjjjj‰
i=1

k−1

H−First@m@@kDDD + First@m@@iDDDL
y
{
zzzzz;

approxf@Length@mD, xD
E

Έtsi,  m¶  stadiakέV  pros¶ggίs¶iV  brίskoum¶  to  ίdio  poluώnumo  pou  brίkam¶

parapάnw m¶ ton Κin¶zikό algόriqmo upoloίpwn 
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w = 88, 35, 50, 37, 127, 99, 39<;
m = 8x + 5, x + 15, x + 25, x + 35, x + 45, x + 55, x + 65<;

PolynomialMod@NewtonInterpolation@w, mD, 137D

1 + x6

ΌmwV  ta  poluώnuma  pou  upologίzontai  ¶pagwgikά  kai  ta  opoίa  pros¶ggίzoun

diadocikά  to  f HxL  modulo  (x  -  u0 )∫(x  -  uk ),  k  =  0,  1,  …,  n  ¶ίnai  ta  ίdia

pros¶ggistikά  poluώnuma  pou  upologίsam¶  prohgoumέnwV  m¶  ton  Κin¶zikό

algόriqmo  upoloίpwn.  Πrάgmati, an  ¶n¶rgopoiήsoum¶ ton parakάtw  kώdika  (pou

¶ίnai kάn¶i όlh thn doul¶iά sthn sunάrthsh NewtonInterpolation[])

approxf@0, x_D = w@@1DD; approxf@k_, x_D := approxf@k, xD =

approxf@k − 1, xD + Hw@@kDD − approxf@k − 1, −First@m@@kDDDDL 

i
k
jjjjj‰
i=1

k−1

Hx + First@m@@iDDDL
y
{
zzzzz ì

i
k
jjjjj‰
i=1

k−1

H−First@m@@kDDD + First@m@@iDDDL
y
{
zzzzz

gia to ίdio parάd¶igma έcoum¶:
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TableA
PrintA"η προσέγγιση ∂ίναι ", PolynomialMod@approxf@i, xD, 137D,

" mod ", ‰
j=1

i

Hx + First@m@@jDDDLE, 8i, 1, 7<E;

η προσέγγιση ∂ίναι 8 mod 5 + x

η προσέγγιση ∂ίναι 63 + 11 x mod H5 + xL H15 + xL

η προσέγγιση ∂ίναι 127 + 92 x + 52 x2 mod H5 + xL H15 + xL H25 + xL

η προσέγγιση ∂ίναι 132 + 57 x + 85 x2 + 19 x3

mod H5 + xL H15 + xL H25 + xL H35 + xL

η προσέγγιση ∂ίναι 17 + 115 x + 34 x2 + 77 x3 + 11 x4

mod H5 + xL H15 + xL H25 + xL H35 + xL H45 + xL

η προσέγγιση ∂ίναι 120 + 39 x + 48 x2 + 112 x3 + 116 x4 + 94 x5

mod H5 + xL H15 + xL H25 + xL H35 + xL H45 + xL H55 + xL

η προσέγγιση ∂ίναι 1 + x6 mod
H5 + xL H15 + xL H25 + xL H35 + xL H45 + xL H55 + xL H65 + xL

Έtsi  bl¶poum¶  pwV  h  par¶mbolή  tou  Ν¶ύtwna  ¶ίnai  isodύnamh  m¶  ton  Κin¶zikό

algόriqmo  upoloίpwn  —  όtan  autόV  upologίz¶i  to  poluώnumo  par¶mbolήV  m¶

akolouqίa pros¶ggίs¶wn.
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4.6  Μ¶taschmatismόV Fourier

Οi mέqodoi par¶mbolήV pou suzhtήsam¶ mέcri tώra d¶n qέtoun p¶riorismoύV sta

shm¶ίa  ¶ktίmhshV  (evaluation  points)  pou  crhsimopoioύn  kai  apaitoύn  O(n2 )

prάx¶iV  gia  ton  upologismό  tou  poluwnύmou  par¶mbolήV  baqmoύ  §  n  -  1.   Σthn

¶nόthta  autή  qa  parousiάsoum¶  mίa  mέqodo  par¶mbolήV  pou  san  shm¶ίa

¶ktίmhshV  crhsimopoi¶ί  tiV rίz¶V tou poluwnύmou xn  - 1 kai apait¶ί mόno Ο(n  log

n) prάx¶iV.

Έstw loipόn R daktύlioV, w œ R kai n œ .  Αn wn  = 1 tόt¶ to w ¶ίnai mίa n-stή

rίza  thV  monάdaV  ή  riza  thV  monάdaV  tάxhV  n  (n-th  root  of  unity).   ΠrojanώV

kάq¶ mίa rίza tou xn  - 1 ¶ίnai mίa n-stή rίza thV monάdoV.  

Αn  w  ¶ίnai  mίa  n-stή  rίza  thV  monάdoV  kai  ¶piplέon  wnêp  -  1  d¶n  ¶ίnai

mhd¶nodiairέthV  (dhladή  wnêp  ∫  1)  gia  kanέnan  prώto  diairέth  p  tou  n,  tόt¶  lέm¶

pwV  to  w  ¶ίnai  mίa  arcέgonh  n-stή  rίza  thV  monάdaV  ή  arcέgonh  rίza  thV

monάdaV, tάxhV n (primitive n-th root of unity).  

Τo  sύnolo  twn  rizώn  thV  monάdaV,  tάxhV  n,  apot¶l¶ί  mίa  kuklikή

pollaplasiastikή  omάda.   Έtsi,  isodύnama,  onomάzoum¶  arcέgon¶V  n-stέV  rίz¶V

thV  monάdoV  όs¶V  apό  tiV  n  rίz¶V  tou  xn  -  1  έcoun  tάxh  n  —  ¶ίnai  dhladή

g¶nnήtri¶V thV kuklikήV omάdaV (blέp¶ kai thn bibliograjίa).  

Κatά  sunέp¶ia  an  w  ¶ίnai  mίa  arcέgonh  rίza  thV  monάdaV,  tάxhV  n,  oi  άll¶V

arcέgon¶V rίz¶V ¶ίnai ta stoic¶ίa w , όpou 1 §  < n, kai gcd( , n) = 1, diόti autέV

¶ίnai  oi  g¶nnήtri¶V  thV  kuklikήV  omάdaV  tάxhV  n.   Άra  upάrcoun  j(n)  arcέgon¶V

rίz¶V thV monάdaV, tάxhV n, όpou j ¶ίnai h sunάrthsh j tou Euler.

Πarάd¶igma:

Σton daktύlio R = , to poluώnumo x8  - 1 έc¶i tiV ¶xήV 8 rίz¶V
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ΑlkibiάdhV Γ. ΑkrίtaV 212 ΤΜΗΥΤ∆, ΠΘ



sol = Solve@x8 − 1 0D

88x → −1<, 8x → − <, 8x → <, 8x → 1<,
8x → −H−1L1ê4<, 8x → H−1L1ê4<, 8x → −H−1L3ê4<, 8x → H−1L3ê4<<

oi opoί¶V grάjontai kai san

solutions = x ê. sol;
Table@ComplexExpand@solutions@@k + 1DDD, 8k, 0, 7<D

9−1, − , , 1, −
1 +
è!!!2

,
1 +
è!!!2

,
1 −
è!!!2

, −
1 −
è!!!2

=

ΤiV rίz¶V autέV tiV paristάnoum¶ kai wV wk  = ‰2 p Â kê8  = cos( 2 pkÅÅÅÅÅÅÅÅÅÅn ) + Â sin( 2 pkÅÅÅÅÅÅÅÅÅÅn ), k =

0, 1, …,7.  Σto migadikό ¶pίp¶do ta  shm¶ίa autά  parίstantai  apό 8 isoapέconta

shm¶ίa   ston  monadiaίo  kύklo,  arcίzontaV  apό  to  shm¶ίo  {1,  0}, pou  antistoic¶ί

sto  k  = 0.   (Ο  kύkloV  diatrέc¶tai  m¶  jorά  antίq¶th  twn  d¶iktώn  tou  wrologίou.)   

Έtsi έcoum¶

TableAωk =
2 π k

8 , 8k, 0, 7<E

91,
π

4 , ,
3 π

4 , −1, − 3 π
4 , − , − π

4 =

ή isodύnama

TableAComplexExpandAωk =
2 π k

8 E, 8k, 0, 7<E

91, 1 +
è!!!2

, , −
1 −
è!!!2

, −1, −
1 +
è!!!2

, − , 1 −
è!!!2

=

Τo  w1  = ‰2 p Â ê8  ¶ίnai  mίa  arcέgonh  8-h  rίza  thV  monάdoV  diόti  ¶ktόV  tou  όti  ¶ίnai

rίza tou  x8  - 1, h έkjrash w1
nêp  - 1 d¶n ¶ίnai mhd¶nodiairέthV gia n = 8 kai p = 2

n = 8; p = 2; ω1
nêp − 1

−2

Ιsodύnama, h rίza w1  ¶ίnai g¶nnήtria thV kuklikήV omάdaV.
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Table@ComplexExpand@ω1
kD, 8k, 0, 7<D

91, 1 +
è!!!2

, , −
1 −
è!!!2

, −1, −
1 +
è!!!2

, − , 1 −
è!!!2

=

Αntίq¶ta, h rίza w2  d¶n ¶ίnai arcέgonh rίza thV monάdoV tάxhV 8 diόti oi dunάm¶iV

thV d¶n parάgoun ta 8 diajor¶tikά stoic¶ίa thV omάdaV.

Table@ComplexExpand@ω2
kD, 8k, 0, 7<D

81, , −1, − , 1, , −1, − <

Ιsodύnama, h έkjrash w2
nêp  - 1 ¶ίnai mhd¶nodiairέthV gia n = 8 kai p = 2

n = 8; p = 2; ω2
nêp − 1

0

¶p¶idή to 0 ¶ίnai mhd¶nodiairέthV kάq¶ daktulίou.

Σthn p¶rίptwsή maV upάrcoun sunolikά j(8) = 4

EulerPhi@8D

4

arcέgon¶V rίz¶V thV monάdaV, tάxhV 8, kai an ¶xairέsoum¶ thn w1  pou έcoum¶ ήdh

br¶i oi upόloip¶V 3 ¶ίnai oi ¶xήV:

8ω1
3, ω1

5, ω1
7< êê ComplexExpand

9− 1 −
è!!!2

, −
1 +
è!!!2

,
1 −
è!!!2

=

diόti gcd(3, 8) = gcd(5, 8) = gcd(7, 8) = 1.  Πrάgmati, έcoum¶ gia parάd¶igma

4:Πar¶mbolή
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Table@ω1
3 k, 8k, 0, 7<D êê ComplexExpand

91, −
1 −
è!!!2

, − , 1 +
è!!!2

, −1, 1 −
è!!!2

, , −
1 +
è!!!2

=

Αxίz¶i  na  shm¶iwq¶ί  pwV  o  daktύlioV   R  =  ä î{0},  έc¶i  arcέgon¶V  rίz¶V  mόnon

tάxhV   2,  kai  pwV,  g¶nikά,  d¶n  έcoun  όloi  oi  daktύlioi  arcέgon¶V  rίz¶V  kάq¶  tάxhV.

Ιscύ¶i to ¶xήV:

Θ¶ώrhma 4.6.1:

Έstw daktύlioV R kai , n œ  έtsi ώst¶ 1 §  < n.  Αn w œ R ¶ίnai mίa arcέgonh

rίza thV monάdaV, tάxhV n, tόt¶ iscύ¶i:

 ⁄k=0
n-1 w k  = 0.

Αpόd¶ixh:

Εp¶idή  w  ¶ίnai  arcέgonh  rίza  thV  monάdaV,  tάxhV  n,  έp¶tai  pwV  ¶ίnai  g¶nnήtria

όlwn  twn  άllwn  rizώn  thV  monάdaV.   Σun¶pώV,  h  έkjrash  w  -  1  d¶n  ¶ίnai

mhd¶nodiairέthV sto R gia 1 §  < n.  

Αpό thn scέsh

w n  = (wn )  = 1  = 1 

prokύpt¶i

 w n  - 1 = (w  - 1)‚
k=0

n-1 Hw Lk  = 0

kai  ¶p¶idή  w  -  1  d¶n  ¶ίnai  mhd¶nodiairέthV  sto  R  έcoum¶  kat'  anάgkh  ⁄k=0
n-1 w k  =

0.//

Έstw daktύlioV R, n œ  έtsi ώst¶ 1 § n kai έstw όti w œ R ¶ίnai mίa arcέgonh

rίza thV monάdaV, tάxhV n.  Σta ¶pόm¶na to poluώnumo f = ⁄i=0
n-1 fi xi  œ R[x], baqmoύ

< n qa parίstatai apό thn lίsta twn sunt¶l¶stώn tou { f0 , …, fn-1 } œ Rn .  

ΟrismόV  (DFT):   Η  grammikή  ap¶ikόnish  (isomorjismόV)  Vw :  Rn  Ø  Rn ,  pou

upologίz¶i tiV timέV ¶nόV poluwnύmou stiV dunάm¶iV tou w, dhladή Vw : { f0 , …,

4.6 Μ¶taschmatismόV Fourier

ΑlkibiάdhV Γ. ΑkrίtaV 215 ΤΜΗΥΤ∆, ΠΘ



fn-1 } Ø 1ÅÅÅÅÅÅÅÅÅÅè!!!!n {f(1), …, f(wn-1 )}, onomάz¶tai o diakritόV m¶taschmatismόV Fourier

(Discrete Fourier Transform or DFT).  

Εxήghsh tou όrou 1ÅÅÅÅÅÅÅÅÅÅè!!!!n  dίn¶tai parakάtw.  Οi timέV tou poluwnύmou stiV dunάm¶iV

tou  w,  {f(1),  …,  f(wn-1 )},  sumbolίzontai  kai  wV  { f
è

0 ,  …,  f
è

n-1 }.   Πrosέxt¶  pwV  o

pίnakaV  Vw  pou  antistoic¶ί  ston  m¶taschmatismό  tou  Fourier  ¶ίnai  o  gnwstόV

maV pίnakaV Vandermonde — cwrίV na dhlώn¶tai h tάxh tou n.  ∆hladή

8 f
è

0, …, f
è

n-1<
T

= Vw . 8 f0, …, fn-1<T

ή analutikόt¶ra

i

k

jjjjjjjjjjjjjjjjjjjjjjj

f
è

0

f
è

1

f
è

2

ª

f
è

n-1

y

{

zzzzzzzzzzzzzzzzzzzzzzz

=

i

k

jjjjjjjjjjjjjjjjjjjjj

1 1 1 ∫ 1

1
1

w
w2

w2

w4
∫

∫

wn-1

w2 Hn-1L

ª ª ª ∏ ª

1 wn-1 w2 Hn-1L ∫ wHn-1L2

y

{

zzzzzzzzzzzzzzzzzzzzz

 

i

k

jjjjjjjjjjjjjjjjjjjj

f0
f1
f2
ª

fn-1

y

{

zzzzzzzzzzzzzzzzzzzz

Εp¶idή w ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV n, ta stoic¶ίa 1, w, …, wn-1

¶ίnai  diajor¶tikά  m¶taxύ  touV  kai  an  R  ¶ίnai  sώma,  o  pίnakaV  Vandermonde

antistrέj¶tai kai (Vw L-1  ¶ίnai o pίnakaV thV par¶mbolήV gia ta n shm¶ίa.  (Γia thn

sunέc¶ia  ¶n¶rgopoiήst¶  touV  kώdik¶V  gia  touV  pίnak¶V  Vandermonde  sthn

antίstoich ¶nόthta.)

ΟrismόV  (iDFT):   Η  grammikή  ap¶ikόnish  HVw L-1 :  Rn  Ø  Rn ,  pou  upologίz¶i  thn

akolouqίa  8 f0, …, fn-1<  apό  thn  akolouqίa  8 f
è

0, …, f
è

n-1< ,  dhladή  HVw L-1 :

8 f
è

0, …, f
è

n-1<  Ø  1ÅÅÅÅÅÅÅÅÅÅè!!!!n 8 f0, …, fn-1< ,  onomάz¶tai  o  antίstrojoV  diakritόV

m¶taschmatismόV  Fourier  (inverse Discrete  Fourier Transform  or iDFT).   ∆hladή

έcoum¶

8 f0, …, fn-1<T = HVw L-1 . 8 f
è

0, …, f
è

n-1<
T

Πarάd¶igma: 

Αn w = Â ¶ίnai h arcέgonh tέtarth rίza thV monάdaV έcoum¶ ton pίnaka Vw :
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ω = ; V@ω_D := Vandermonde@8ω0, ω1, ω2, ω3<D;
V@ωD êê MatrixForm

i

k

jjjjjjjjjjjj

1 1 1 1
1 −1 −
1 −1 1 −1
1 − −1

y

{

zzzzzzzzzzzz

Μ¶  thn  mέqodo  pou  p¶rigrάyam¶  sthn  ¶nόthta  gia  touV  pίnak¶V  Vandermonde  o

antίstrojoV tou pίnaka Vw , dhladή (Vw  L-1 , ¶ίnai 

VInv@ω_D := inverseVandermonde@8ω0, ω1, ω2, ω3<D;
VInv@ωD êê MatrixForm

i

k

jjjjjjjjjjjjjjjjj

1
4

1
4

1
4

1
4

1
4 − 4 − 1

4 4
1
4 − 1

4
1
4 − 1

4
1
4 4 − 1

4 − 4

y

{

zzzzzzzzzzzzzzzzz

Σthn p¶rίptwsh όmwV pou  w ¶ίnai  mίa arcέgonh  rίza thV monάdaV, tάxhV n, όpwV

sto  parάd¶igmά  maV,  o  antίstrojoV  upologίz¶tai  άm¶sa  apό  ton  tύpo   HVw L-1  =
1ÅÅÅÅn  Vw-1  opόt¶ 

8 f0, …, fn-1<T =
1
ÅÅÅÅÅ
n

 Vw-1 . 8 f
è

0, …, f
è

n-1<
T
.

Αutό sun¶pάg¶tai apό to akόlouqo

Θ¶ώrhma 4.6.2:

Έstw o m¶taq¶tikόV daktύlioV R, n œ  έtsi ώst¶ n ¥ 1,  kai w œ R mίa arcέgonh

rίza thV monάdaV, tάxhV n.  Τόt¶ iscύ¶i

Vw.Vw-1  = nI,

όpou I ¶ίnai o tautotikόV pίnakaV diastάs¶wn n ä n.

Αpόd¶ixh:

Εp¶idή  w  ¶ίnai  mίa  arcέgonh  rίza  thV  monάdaV, tάxhV  n,  iscύ¶i  wn  = 1 kai  w  ∫  1
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gia 1 §  § n - 1.  Σun¶pώV, an gia kάpoio 1 §  § n - 1 έcoum¶ (w-1 L  = (w L-1  = 1 =

1-1 , tόt¶ qa prέp¶i na έcoum¶ anagkastkά kai w  = 1, prάgma adύnato. 

∆hladή, an to w œ R ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV n, to ίdio iscύ¶i

kai gia to w-1  kai o pίnakaV Vw-1  ¶ίnai mh mhd¶nikόV.

Γia 0 § i,j § n - 1, to ij-stό stoic¶ίo tou Vw.Vw-1  ¶ίnai

⁄k=0
n-1 wi k  w- k j  = ⁄k=0

n-1 wkHi- jL  =  Î
n gia i = j

0 gia i ∫ j   

diόti  an  i  =  j  to  stoic¶ίo  HVw.Vw-1Lij  ¶ίnai  ⁄k=0
n-1 1  =  n,  ¶nώ  an  i  ∫  j  to  stoic¶ίo

HVw.Vw-1Lij  ¶ίnai ⁄k=0
n-1 wkHi- jL  = 0 lόgw tou Θ¶wrήmatoV 4.6.1.//

Χr¶iάz¶tai  όmwV  prosocή  diόti  an  upologίsoum¶  ton  antίstrojo

m¶taschmatismό  Fourier  ¶nόV  dianύsmatoV  kat'  autόn  ton  trόpo  qa  broύm¶  to

arcikό  diάnusma  pollaplasiasmέno  ¶pί  n.   Τo  prόblήma  autό  lύn¶tai  ¶ίt¶

diairώntaV to apotέl¶sma dia n ¶ίt¶ ¶nswmatώnontaV ton parάgonta 1ÅÅÅÅÅÅÅÅÅÅè!!!!n  stouV

m¶taschmatismoύV — praktikή pou ¶jarmόz¶tai sto Mathematica kai throύm¶.

Πarάd¶igma (sunέc¶ia tou prohgoύm¶nou): 

Ο antίstrojoV tou pίnaka Vw  ¶ίnai 

1

4
 V@ω−1D êê MatrixForm

i

k

jjjjjjjjjjjjjjjjj

1
4

1
4

1
4

1
4

1
4 − 4 − 1

4 4
1
4 − 1

4
1
4 − 1

4
1
4 4 − 1

4 − 4

y

{

zzzzzzzzzzzzzzzzz

kai iscύ¶i h tautόthta

V@ωD.i
k
jjj

1

4
 V@ω−1Dy

{
zzz IdentityMatrix@4D

True
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Σthn  sunέc¶ia  parousiάzoum¶  έna  polύ  shmantikό  algόriqmo  —  ton  grήgoro

m¶taschmatismό  Fourier  ή  FFT  —  pou  upologίz¶i  ton  diakritό  m¶taschmatismό

Fourier polύ apot¶l¶smatikά.  

Ο  grήgoroV  m¶taschmatismόV  Fourier  ¶ίnai  έnaV  apό  touV  pio

polucrhshmopoioύm¶nouV  algόriqmouV.   Αnaptύcqhk¶  apό  touV  Cooley kai  Tukey to

1965,  allά  h  arcikή  anakάluyh  (1805)  oj¶ίl¶tai  ston  ΓkάouV  (Gauss)  —  dhladή

prin  apό  thn  anakάluyh  tou  Fourier  to  1807.   (ΌmwV   h  ¶rgasίa  tou  ΓkάouV

dhmosi¶ύqhk¶  m¶tά  ton  qάnatό  tou.)   Εndiajέron  έc¶i  kai  to  istorikό  άrqro  sthn

bibliograjίa.

Είnai  tόso  shmantikόV  o  algόriqmoV  autόV  pou  ton  parousiάzoum¶  m¶  dύo

diajor¶tikoύV  trόpouV:  prώta  m¶  paragontopoίhsh  pinάkwn  kai  m¶tά  m¶  sunέlixh

poluwnύmwn.

ü 4.6.1  Ο grήgoroV m¶taschmatismόV Fourier (FFT) — m¶ paragontopoίhsh pinάkwn

Σthn  upo¶nόthta  autή  qa  q¶wrήsoum¶  to  prόblhma  όpou  pollaplasiάzoum¶  ton

n  ä  n  pίnaka  Vw  m¶  mίa  opoiadήpot¶  akolouqίa  n  stoic¶ίwn,  n  œ  .   Μίa

apot¶l¶smatikή  lύsh  sto  prόblhma  autό  sun¶pάg¶tai  έnan  grήgoro  algόriqmo

gia ton upologismό tόso tou m¶taschmatismoύ Fourier όso kai tou antistrόjou

tou.

Ο klassikόV algόriqmoV pollaplasiasmoύ tou n ä n pίnaka Vw  m¶ έna diάnusma

n stoic¶ίwn  apait¶ί O(n2 ) prάx¶iV.  Τόs¶V prάx¶iV όmwV apaitoύntai  kai  apό tiV

prohgoύm¶n¶V  m¶qόdouV  par¶mbolήV.   Μporoύm¶  όmwV  na  paragontopoiήsoum¶

ton pίnaka Vw  s¶ έna ginόm¶no apό log n pίnak¶V, όpou kάq¶ έnaV έc¶i mόno dύo mh

mhd¶nikά stoic¶ίa s¶ kάq¶ s¶irά.  Ο pollaplasiasmόV tou dianύsmatoV m¶ έnan

apό  autoύV  touV  pίnak¶V  apait¶ί  O(n)  prάx¶iV  kai  m¶  όlouV  autoύV  touV  pίnak¶V

apait¶ί O(n  log n) prάx¶iV.  

Γia  na  ¶xhgήsoum¶  thn  paragontopoίhsh,  sumbolίzoum¶  tώra  ton  n ä  n  pίnaka

Vw  m¶ d¶ίkth thn diάstash n, san Vn .  Σto Mathematica orίzoum¶ thn sunάrthsh
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V@n_D := Vandermonde@Table@ωk, 8k, 0, n − 1<DD;

kai gia w = -1, thn arcέgonh rίza thV monάdaV, tάxhV 2, έcoum¶

ω = −1; V@2D êê MatrixForm

J 1 1
1 −1

N

¶nώ gia w = Â , thn arcέgonh rίza thV monάdaV, tάxhV 4, έcoum¶

ω = ; V@4D êê MatrixForm

i

k

jjjjjjjjjjjj

1 1 1 1
1 −1 −
1 −1 1 −1
1 − −1

y

{

zzzzzzzzzzzz

ΑV  sumbolίsoum¶  m¶  P4  ton  (permutation)  pίnaka  pou  antim¶taqέt¶i  tiV  m¶saί¶V

stήl¶V tou V4 .  Ο pίnakaV P4  ¶ίnai

P4 =

i

k

jjjjjjjjjjjj

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

y

{

zzzzzzzzzzzz
;

kai έstw to ginόm¶nό tou m¶ ton parapάnw pίnaka, V4.P4

ω = ; V@4D.P4 êê MatrixForm

i

k

jjjjjjjjjjj

1 1 1 1
1 −1 −
1 1 −1 −1
1 −1 −

y

{

zzzzzzzzzzz

Πrosέxt¶  pwV  ston  pίnaka  V4.P4 ,  m¶trώntaV  apό  to  0,  oi  dύo  prώt¶V  stήl¶V

¶ίnai  oi  άrti¶V  stήl¶V  tou  V4 ,  ¶nώ  oi  t¶l¶utaί¶V  dύo  stήl¶V  ¶ίnai  oi  p¶rittέV

stήl¶V tou V4 .  

Πarathroύm¶ pwV iscύ¶i h ¶xήV paragontopoίhsh:
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ΑlkibiάdhV Γ. ΑkrίtaV 220 ΤΜΗΥΤ∆, ΠΘ



V4.P4  = 

i

k

jjjjjjjjjjjj

1 1 1 1
1 -1 Â -Â
1 1 -1 -1
1 -1 -Â Â

y

{

zzzzzzzzzzzz
 = 

i

k

jjjjjjjjjjjjj

J 1 1
1 -1

N J 1 0
0 Â

N.J 1 1
1 -1

N

J 1 1
1 -1

N J 1 0
0 Â

N.J 1 1
1 -1

N

y

{

zzzzzzzzzzzzz

= 

i

k

jjjjjjjjjjjjj

J 1 0
0 1

N J 1 0
0 Â

N

J 1 0
0 1

N -J 1 0
0 Â

N

y

{

zzzzzzzzzzzzz
.

i

k

jjjjjjjjjjjjj

J 1 1
1 -1

N J 0 0
0 0

N

J 0 0
0 0

N J 1 1
1 -1

N

y

{

zzzzzzzzzzzzz
.

Αn  d¶  sumbolίsoum¶  m¶  In  ton  tautotikό  pίnaka  tάxhV  n,  kai  m¶  Wn  ton  diagώnio

pίnaka  tάxhV  n,  m¶  diagώnia  stoic¶ίa  1,  w,  w2 ,  …, wn-1  tόt¶  h  paragontopoίhsh

tou  V4.P4  paίrn¶i  thn  morjή  (prosέxt¶  pwV  ston  pίnaka  Wn  to  w  ¶ίnai  mίa

arcέgonh rίza thV monάdaV, tάxhV 2n) 

V4.P4  = J I2 W2

I2 -W2
N.J V2 0

0 V2
N  = J V2 W2 V2

V2 -W2 V2
N .

Ο cwrismόV  ¶nόV  pίnaka  s¶ upopίnak¶V  kai  h ¶panasύstasή  tou, ¶pitugcάn¶tai

m¶ thn boήq¶ia twn parakάtw programmάtwn:

blockMatrix@matrix_ ?MatrixQ, blocksize_: 82, 2<D :=

Partition@matrix, blocksizeD ê;
Apply@And, Map@IntegerQ, HDimensions@matrixDê blocksizeLDD

unBlockTensor@blocks_D :=

Partition@Flatten@Transpose@blocks, 81, 3, 2<DD,
8Apply@Times, Dimensions@blocksD@@82, 4<DDD<D

Τonίzoum¶  pwV  stouV  pίnak¶V  Vn  kai  Wnê2  h  arcέgonh  rίza  thV  monάdaV  ¶ίnai

tάxhV n.

Έtsi, ajoύ orίsoum¶ touV pίnak¶V In  kai Wn  m¶ tiV sunartήs¶iV

Id@n_D := IdentityMatrix@nD
W@n_D := DiagonalMatrix@Table@ωk, 8k, 0, n − 1<DD

¶pib¶baiώnoum¶ thn tautόthta V4.P4  = J I2 W2

I2 -W2
N.J V2 0

0 V2
N
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ω =.; HV@4D.P4 ê. 8ω → π ê2< êê NL

unBlockTensorAi
k
jjjj

Id@2D W@2D ê. 8ω → π ê2<
Id@2D −W@2D ê. 8ω → π ê2<

y
{
zzzzE.

unBlockTensorAJ V@2D ê. 8ω → −1< Id@2D ê. 81 → 0<
Id@2D ê. 81 → 0< V@2D ê. 8ω → −1< NE êê N

True

Σthn  g¶nikή  p¶rίptwsh  έcoum¶  to  ¶xήV  q¶ώrhma  to  opoίo  basikά  ¶ίnai  o

algόriqmoV FFT.

Θ¶ώrhma 4.6.3:

Έstw  daktύlioV  R,  n  = 2m,  όpou  m œ  ,  kai  έstw  Pn  o  (permutation)  pίnakaV  pou

antim¶taqέt¶i tiV stήl¶V tou Vn  έtsi ώst¶ oi prώt¶V m stήl¶V tou Vn .Pn  ¶ίnai oi

άrti¶V stήl¶V tou Vn  kai oi t¶l¶utaί¶V m stήl¶V ¶ίnai oi p¶rittέV stήl¶V tou Vn .

Τόt¶

Vn .Pn  = J Im Wm

Im -Wm
N .J Vm 0

0 Vm
N  = J Vm Wm Vm

Vm -Wm Vm
N

Αpόd¶ixh:

Έstw  (Vn .Pn Lij  to  stoic¶ίo  ij  tou  pίnaka  Vn .Pn ,  kai  έstw  wn  mia  arcέgonh  rίza

thV  monάdaV,  tάxhV  n.   Θa  d¶ίxoum¶  pwV  iscύ¶i  h  isόthta  autή  twn  pinάkwn

apod¶iknύontaV  thn  isόthta  twn  stoic¶ίwn  gia  kάq¶  έna  t¶tarthmόrio  cwristά.

Σto prώto t¶tarthmόrio tou Vn .Pn , m¶ tiV άrti¶V stήl¶V tou Vn , έcoum¶

(Vn .Pn Lij  = wn
iH2 jL  = wm

ij  = (Vm Lij

¶p¶idή apό wn
n  = wn

2 m  = 1 έp¶tai wn
2  = wm .  Σto d¶ύt¶ro t¶tarthmόrio tou Vn .Pn ,

m¶ tiV άrti¶V stήl¶V tou Vn , έcoum¶

(Vn .Pn Li+m, j  = wn
Hi+mL H2 jL  = wm

Hi+mL j  = wm
ij  = (Vm Lij

¶p¶idή  wm
m  =  1.   Σto  trίto  t¶tarthmόrio  tou  Vn .Pn ,  m¶  tiV  p¶rittέV  stήl¶V  tou

Vn , έcoum¶

(Vn .Pn Li, j+m  = wn
iH2 j+1L  = wn

i wm
ij  = (Wm Vm Lij
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¶p¶idή  to  diagώnio  stoic¶ίo  thV  i-stήV  s¶irάV  tou  pίnaka  Wm  ¶ίnai  wn
i .   ΤέloV,

sto tέtarto t¶tarthmόrio tou Vn .Pn , m¶ tiV p¶rittέV stήl¶V tou Vn , έcoum¶

(Vn .Pn Li+m, j+m  = wn
Hi+mL H2 j+1L  = wn

i+m wn
iH2 jL  = -wn

i wm
ij  = (-Wm Vm Lij

¶p¶idή apό wn
n  = wn

2 m  = 1 έp¶tai wn
m  = -1 .//

ΑV  doύm¶  tώra  to  kόstoV  upologismoύ  tou  m¶taschmatismoύ  Fourier  ¶nόV

tucaίou  dianύsmatoV  m¶  n  stoic¶ίa.   Αn  crhsimopoiήsoum¶  ton  pίnaka  Vn  tόt¶,

όpwV  xέroum¶,  apaitoύntai  n2  pollaplasiasmoί.   Αn  όmwV  crhsimopoiήsoum¶

thn anάlusή tou Vn .Pn  stouV pίnak¶V J Im Wm

Im -Wm
N .J Vm 0

0 Vm
N  tόt¶ apaitoύntai n2

ÅÅÅÅÅÅ2

+ 2n pollaplasiasmoί, sc¶dόn oi misoί, diόti

ä  o  pίnakaV  J Im Wm

Im -Wm
N ,  pou  lέg¶tai  “p¶taloύda” (butterfly),  έc¶i  s¶  kάq¶  s¶irά

dύo  mh  mhd¶nikά  stoic¶ίa  kai  ¶pomέnwV  to  ginόm¶no  m¶  έna  diάnusma  apait¶ί  2n

pollaplasiasmoύV.

ä o pίnakaV J Vm 0
0 Vm

N  έc¶i s¶ kάq¶ s¶irά nÅÅÅÅ2  mh mhd¶nikά stoic¶ίa kai ¶pomέnwV to

ginόm¶no m¶ έna diάnusma apait¶ί n2
ÅÅÅÅÅÅ2  pollaplasiasmoύV.  

Η diadikasίa  mpor¶ί  na ¶panalhjq¶ί  ¶isagάgontaV  έnan nέo pίnaka  Pnê2
'  pou  έc¶i

dύo antίgraja tou pίnaka Pnê2  kai dra sta dύo antίgraja tou pίnaka Vm  — ston

J Vm 0
0 Vm

N  — antim¶taqέtontaV tiV stήl¶V touV.  Αutό pou prokύpt¶i ¶ίnai h ¶xήV

paragontopoίhsh tou pίnaka Vn .Pn .Pnê2' :

Vn .Pn .Pnê2'  =

 
i
k
jjjj

I nÅÅÅÅ2
W nÅÅÅÅ2

I nÅÅÅÅ2
-W nÅÅÅÅ2

y
{
zzzz.

i

k

jjjjjjjjjjjjjjjj

I nÅÅÅÅ4
W nÅÅÅÅ4

0 0
I nÅÅÅÅ4

-W nÅÅÅÅ4
0 0

0 0 I nÅÅÅÅ4
W nÅÅÅÅ4

0 0 I nÅÅÅÅ4
-W nÅÅÅÅ4

y

{

zzzzzzzzzzzzzzzz
.

i

k

jjjjjjjjjjjjjjjj

V nÅÅÅÅ4
0 0 0

0 V nÅÅÅÅ4
0 0

0 0 V nÅÅÅÅ4
0

0 0 0 V nÅÅÅÅ4

y

{

zzzzzzzzzzzzzzzz

pou  ¶lattώn¶i  ton  ariqmό  twn  pollaplasiasmώn  (sc¶dόn)  akόma  katά  ήmisu.

Πrosέxt¶  ¶pίshV  pwV oi dύo prώtoi  pίnak¶V έcoun mόno dύo  mh mhd¶nikά stoic¶ίa

s¶  kάq¶  s¶irά.   ΕpanalambάnontaV  thn  diadikasίa  autή  log  n  jorέV  prokύpt¶i
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έnaV (t¶likόV) pίnakaV pou ¶ίnai ¶nt¶lώV diagώnioV.  Αutή ¶ίnai h basikή idέa tou

FFT.

Σton  algόriqmo  tou  Θ¶wrήmatoV  4.6.3  mporoύm¶  na  antim¶taqέsoum¶  tiV  stήl¶V

mίa  jorά  apό  thn  arcή.   Τo  apotέl¶sma  ¶ίnai  έna  ¶ndiajέron  scέdio.   ΑV  doύm¶

gia  parάd¶igma  thn  ¶jarmogή  tou  tύpou  tou  Θ¶wrήmatoV  4.6.3  dύo  jorέV  s¶

έnan  8ä8  pίnaka.   Αnaj¶rόmast¶  mόnon  stiV  stήl¶V  tou  pίnaka  V8  pou  tiV

paristάnoum¶ wV Σi , dhladή έcoum¶ V8  = HΣ0, Σ1, Σ2, Σ3, Σ4, Σ5, Σ6, Σ7L .  

Τhn prώth jorά oi stήl¶V tou V8  antim¶taqέtontai kai έcoum¶

V8 .P8  = (Σ0 , Σ2 , Σ4 , Σ6 , Σ1 , Σ3 , Σ5 , Σ7 ).

Κatόpin έcoum¶ ton pίnaka P4  pou dra x¶cwristά stiV prώt¶V 4 stήl¶V kai stiV

t¶l¶utaί¶V 4 stήl¶V:

(Σ0 , Σ2 , Σ4 , Σ6 ).P4  = (Σ0 , Σ4 , Σ2 , Σ6 )

(Σ1 , Σ3 , Σ5 , Σ7 ).P4  = (Σ1 , Σ5 , Σ3 , Σ7 )

έtsi ώst¶ to t¶likό apotέl¶sma ¶ίnai 

V8 .P8.P4
'  = (Σ0 , Σ4 , Σ2 , Σ6 , Σ1 , Σ5 , Σ3 , Σ7 ).

Αutό  ¶ίnai  mia  diάtaxh  pou  prokύpt¶i  apό  “anastrojή  twn  duadikώn  yhjίwn”

(bit reversal) twn d¶iktώn twn sthlώn.  

Αnalutikά, oi d¶ίkt¶V twn sthlώn Σ0 , Σ2 , Σ4 , Σ6 , Σ1 , Σ3 , Σ5 , Σ7  ¶ίnai

n = 3; Table@i, 8i, 0, 2n − 1<D

80, 1, 2, 3, 4, 5, 6, 7<

ή s¶ duadikή morjή
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indeces = Map@Hdig = IntegerDigits@#, 2D; digL = Length@digD;
If@digL < n, Flatten@PrependTo@dig, Table@0, 8i, n − digL<DDD,

IntegerDigits@#, 2DDL &, Table@i, 8i, 0, 2n − 1<DD

880, 0, 0<, 80, 0, 1<, 80, 1, 0<, 80, 1, 1<,
81, 0, 0<, 81, 0, 1<, 81, 1, 0<, 81, 1, 1<<

ΑntistrέjontaV ta duadikά yhjίa kάq¶ d¶ίkth 

indecesReversed = Map@Reverse, indecesD

880, 0, 0<, 81, 0, 0<, 80, 1, 0<, 81, 1, 0<,
80, 0, 1<, 81, 0, 1<, 80, 1, 1<, 81, 1, 1<<

kai ¶panajέrontaV touV d¶ίkt¶V sthn bάsh 10

Map@FromDigits@#, 2D &, indecesReversedD

80, 4, 2, 6, 1, 5, 3, 7<

paίrnoum¶ thn diάtaxh twn sthlώn Σ0 , Σ4 , Σ2 , Σ6 , Σ1 , Σ5 , Σ3 , Σ7 .

Η  “anastrojή  twn  duadikώn  yhjίwn”  ¶ίnai  to  prώto  pou  gίn¶tai  sta  stoic¶ίa

¶nόV  dianύsmatoV  όtan  qέloum¶  na  upologίsoum¶  ton  m¶taschmatismό  Fourier

tou.  Τo parάd¶igma pou akolouq¶ί ¶xhg¶ί tiV l¶ptomέri¶V.  

Πarάd¶igma:

ΧrhsimopoiώntaV  to  Θ¶ώrhma  4.6.3  qa  broύm¶  ton  m¶taschmatismό  Fourier  tou

dianύsmatoV  {0,  1,  2,  3,  4,  5,  6,  7}  m¶  8  stoic¶ίa.   Τonίzoum¶  pwV  o  ariqmόV  twn

stoic¶ίwn tou dianύsmatoV prέp¶i na ¶ίnai dύnamh tou 2. 

Ο άm¶soV trόpoV ¶ίnai na pollaplasiάsoum¶ to diάnusma ¶pί ton pίnaka Vander-

monde tάxhV 8.  Πrάgmati έcoum¶

ω = 2 π ê8;
fTran = V@8D.80, 1, 2, 3, 4, 5, 6, 7< êê N

828., −4. − 9.65685 , −4. − 4. , −4. − 1.65685 ,
−4., −4. + 1.65685 , −4. + 4. , −4. + 9.65685 <
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Τonίzoum¶  pwV  o  antίstrojoV  m¶taschmatismόV  m¶ thn boήq¶ia  tou Θ¶wrήmatoV

4.6.2 maV dίn¶i to arcikό diάnusma pollaplasiasmέno ¶pί 8

ω = H 2 π ê8L−1
;

V@8D.fTran êê Chop êê Rationalize

80, 8, 16, 24, 32, 40, 48, 56<

kai pwV, ¶piplέon, έcoum¶

fTran
è!!!!

8
Fourier@80, 1, 2, 3, 4, 5, 6, 7<D

True

ΌmwV,  o  parapάnw  trόpoV  upologismoύ  tou  m¶taschmatismoύ  Fourier  apait¶ί

O(n2 )  pollaplasiasmoύV.   Γia  na  touV  ¶lattώsoum¶  sto   O(n  log  n)  prέp¶i  na

paragontopoiήsoum¶  ton  pίnaka  V[8] m¶  bάsh  to  Θ¶ώrhma  4.6.3.   ∆hladή  prέp¶i

na  upologίsoum¶ to anάptugma

V8.P8.P4
'  =

 J I4 W4

I4 -W4
N .

i

k

jjjjjjjjjjjjj

J I2 W2

I2 -W2
N 0

0 J I2 W2

I2 -W2
N

y

{

zzzzzzzzzzzzz
.

i

k

jjjjjjjjjjjj

V2 0 0 0
0 V2 0 0
0 0 V2 0
0 0 0 V2

y

{

zzzzzzzzzzzz

Γia ton skopό autό prέp¶i: 

(Α)   na  up¶nqumίsoum¶  ton  orismό  twn  pinάkwn  In ,  kai  Wn ,  kai  na  orίsoum¶  aj'

¶nόV m¶n touV mhd¶nikoύV pίnak¶V zn  aj' ¶tέrou d¶ touV pίnak¶V “p¶taloύda” Bn  =

J In Wn

In -Wn
N .

ω =.;
Id@n_D := IdentityMatrix@nD;
W@n_D := DiagonalMatrix@Table@ωk, 8k, 0, n − 1<DD
z@n_D := IdentityMatrix@nD ê. 81 → 0<

B@n_D := unBlockTensorAJ Id@nD W@nD
Id@nD −W@nD NE
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kai (Β)  na orίsoum¶ touV pίnak¶V: b1: P8  (o P4  έc¶i ήdh orisq¶ί)

P8 =

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

;

h drάsh kai crήsh tou opoίou jaίn¶tai apό to parάd¶igma

80, 1, 2, 3, 4, 5, 6, 7<.P8

80, 2, 4, 6, 1, 3, 5, 7<

kai b2: P4
'  o opoίoV ¶ίnai έnaV 8ä8 pίnakaV pou p¶riέc¶i dύo antίgraja tou P4  gia

na dra sta antίgraja twn pinάkwn V4 .

PP4 = unBlockTensorAJ P4 z@4D
z@4D P4

NE;

Μ¶  touV  orismoύV  autoύV,  kάq¶  έnaV  apό  touV  3  pίnakaV  tou  anaptύgmatoV  tou

V8.P8.P4
'  έc¶i  dύo  mh mhd¶nikά  stoic¶ίa  s¶ kάq¶ s¶irά.   Έtsi  tώra  schmatίzoum¶

ton  prώto  pίnaka  m¶  ta  4  antίgraja  tou  V2  (prosέxt¶  thn  arcέgonh  rίza  thV

monάdaV — ¶ίnai tάxhV 2!)

ω = −1; mat1 = unBlockTensorA
i

k

jjjjjjjjjjjj

V@2D z@2D z@2D z@2D
z@2D V@2D z@2D z@2D
z@2D z@2D V@2D z@2D
z@2D z@2D z@2D V@2D

y

{

zzzzzzzzzzzz
E;

kάnoum¶ “anastrojή twn duadikώn yhjίwn” sto arcikό diάnusma

bitReversed = P8.PP4.80, 1, 2, 3, 4, 5, 6, 7<

80, 4, 2, 6, 1, 5, 3, 7<
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kai upologίzoum¶ to prώto ¶ndiάm¶so apotέl¶sma pou ¶ίnai

firstResult = mat1.bitReversed

84, −4, 8, −4, 6, −4, 10, −4<

Κatόpin  schmatίzoum¶  ton  d¶ύt¶ro  pίnaka  m¶  ta  2  antίgraja  tou  V4  ta  opoίa

έcoun  antikatastaq¶ί  apό  touV  pίnak¶V  “p¶taloύda”  J I2 W2

I2 -W2
N  (prosέxt¶  thn

arcέgonh rίza thV monάdaV — ¶ίnai tάxhV 4!)

ω = π ê2;

mat2 = unBlockTensorAJ B@2D z@4D
z@4D B@2D NE;

kai upologίzoum¶ to d¶ύt¶ro ¶ndiάm¶so apotέl¶sma pou ¶ίnai

secondResult = mat2.firstResult

812, −4 − 4 , −4, −4 + 4 , 16, −4 − 4 , −4, −4 + 4 <

ΤέloV,  schmatίzoum¶  ton  trίto  pίnaka  “p¶taloύda”  Β4  (m¶  arcέgonh  rίza  thV

monάdaV, tάxhV 8!)

ω = 2 π ê8; mat3 = B@4D;

kai upologίzoum¶ to t¶likό apotέl¶sma pou ¶ίnai

finalResult = mat3.secondResult êê N

828., −4. − 9.65685 , −4. − 4. , −4. − 1.65685 ,
−4., −4. + 1.65685 , −4. + 4. , −4. + 9.65685 <

ΠollaplasiάzontάV to m¶ 1ÅÅÅÅÅÅÅÅÅÅè!!!!8 paίrnoum¶ to ίdio apotέl¶sma m¶ autό pou dίn¶i to

Mathematica
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1
è!!!!

8
finalResult == Fourier@80, 1, 2, 3, 4, 5, 6, 7<D

True

ΌpwV έcoum¶ d¶i, an w = ‰2 p Âê8  ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV 8, tόt¶

w2  = ‰p Âê2  ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV 4, kai (w2 L2  = w4  = ‰p Â  ¶ίnai

mίa arcέgonh rίza thV monάdaV, tάxhV 2.

ΈnaV  άlloV  trόpoV  gia  na  kάnoum¶  to  parάd¶igma  basίz¶tai  ston

pollaplasiasmό  dianusmάtwn  m¶  pίnak¶V  “p¶taloύda”.   Ο  trόpoV  autόV

tairiάz¶i m¶ tiV hardware ¶jarmogέV, kai ¶ίnai o ¶xήV:

Arcίzoum¶  kάnontaV  “anastrojή  twn  duadikώn  yhjίwn”  kai  to  diάnusma  gίn¶tai

{0, 4, 2, 6, 1, 5, 3, 7}.  

vector = 80, 4, 2, 6, 1, 5, 3, 7<;

Κatόpin, gia r = 1, pollaplasiazoum¶, anά dύo, ta stoic¶ίa tou dianύsmatoV  ¶pί

ton pίnaka B1  = J 1 1
1 -1

N .  ∆hladή έcoum¶:

vectorPairs1 = Partition@vector, 2D

880, 4<, 82, 6<, 81, 5<, 83, 7<<

opόt¶ to prώto apotέl¶sma ¶ίnai

output1 = Map@Dot@B@1D, #D &, vectorPairs1D

884, −4<, 88, −4<, 86, −4<, 810, −4<<

Γia  r  =  2,  pollaplasiazoum¶,  anά  tέss¶ra,  ta  stoic¶ίa  tou  prώtou

apot¶lέsmatoV  ¶pί ton pίnaka B2  = J I2 W2

I2 -W2
N .  ∆hladή έcoum¶:

vectorPairs2 = Map@Flatten, Partition@output1, 2DD

884, −4, 8, −4<, 86, −4, 10, −4<<
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opόt¶ to d¶ύt¶ro apotέl¶sma ¶ίnai

ω = π ê2; output2 = Map@Dot@B@2D, #D &, vectorPairs2D êê Flatten êê N

812., −4. − 4. , −4., −4. + 4. , 16., −4. − 4. , −4., −4. + 4. <

Γia  r  =  3,  pollaplasiazoum¶  ta  stoic¶ίa  tou  d¶ύt¶rou  apot¶lέsmatoV   ¶pί  ton

pίnaka B4  = J I4 W4

I4 -W4
N  kai έcoum¶ to t¶likό apotέl¶sma

ω = 2 π ê8;

output3 =
1

è!!!!
8

 B@4D.output2 êê N êê Chop

89.89949, −1.41421 − 3.41421 , −1.41421 − 1.41421 ,
−1.41421 − 0.585786 , −1.41421, −1.41421 + 0.585786 ,
−1.41421 + 1.41421 , −1.41421 + 3.41421 <

pou ¶ίnai to ίdio m¶ autό pou dίn¶i to Mathematica

output3 == Fourier@80, 1, 2, 3, 4, 5, 6, 7<D

True

Βasizόm¶noi ston ston pollaplasiasmό dianusmάtwn m¶ pίnak¶V “p¶taloύda” o

algόriqmoV ¶ίnai wV ¶xήV:

ΑlgόriqmoV:  ΓrήgoroV  m¶taschmatismόV  Fourier  (FFT)  —  m¶  pίnak¶V

“p¶taloύda”

ΕίsodoV:   Τo  diάnusma  { f0 ,  …,  fn-1 }  œ  Rn ,  n  =  2k  œ  ,  to  opoίo  q¶wr¶ίtai  kai  h

lίsta  twn  sunt¶l¶stώn  tou  poluwnύmou  f  =  ⁄i=0
n-1 fi xi  œ  R[x],  baqmoύ  <  n.

Υpάrc¶i w œ R, mίa rίza thV monάdaV, tάxhV n.

ΈxodoV:  Vw (f) = 1ÅÅÅÅÅÅÅÅÅÅè!!!!n {f(1), …, f(wn-1 )} œ Rn .

===========   

1.  Κάnoum¶  anadiάtaxh  twn  stoic¶ίwn  tou  dianύsmatoV.   Τo  prώto  apotέl¶sma
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prokύpt¶i  pollaplasiάzontaV  ¶pί  ton  pίnaka  “p¶taloύda”  Β[1]  ta  stoic¶ίa  tou

nέou dianύsmatoV anά z¶ύgh. 

2.  for 2 § i < log2 n  do {cwrίzoum¶ to apot¶lέsmata s¶ omάd¶V twn 2i  stoic¶ίwn,

orίzoum¶  thn  rίza  thV  monάdaV  tάxhV  2i ,  ton  antίstoico  pίnaka  “p¶taloύda”

Β[2i-1 ]  kai  pollaplasiάzoum¶  m¶  autόn  kάq¶  omάda  twn  2i  stoic¶ίwn  gia  na

schmatίsoum¶ to nέo apotέl¶sma.}.

3.   ΤέloV,  an  log2 n  >  1,  orίzoum¶  thn  rίza  thV  monάdaV  tάxhV  2log2  n ,  kai

pollaplasiάzoum¶  to  apotέl¶sma  ¶pί  ton  antίstoico  pίnaka  “p¶taloύda”
1ÅÅÅÅÅÅÅÅÅÅè!!!!n Β[2log2  n-1 ]  gia  na  schmatίsoum¶  to  t¶likό  apotέl¶sma.   Σ¶  p¶rίptwsh  pou

log2 n  =  1,  pollaplasiάzoum¶  to  apotέl¶sma  ¶pί  ton  tautotikό  pίnaka  1ÅÅÅÅÅÅÅÅÅÅè!!!!2 Id[2]

gia na schmatίsoum¶ to t¶likό apotέl¶sma.

===========

Γia  thn  p¶rίptwsh  R  =    έcoum¶  to  parakάtw  prόgramma  sto  Mathematica.

Πrosέxt¶ pwV gia na l¶itourgήs¶i to prόgramma autό ¶ktόV apό ton orismό twn

pinάkwn  “p¶taloύda”  cr¶iάz¶tai  kai  έna  prόgramma  gia  thn  anastrojή  twn

duadikώn yhjίwn (upάrc¶i stiV askήs¶iV).

fourierMatrixFactorization@list_D ê;
Log@2, Length@listDD ∈ Integers :=

ModuleA
8i, n = Length@listD, output, resuffList, vectorTupples<,
resuffList = resuffleList@listD;
vectorTupples = Partition@resuffList, 2D;
output = Map@Dot@B@1D, #D &, vectorTupplesD êê Flatten êê N;
ForAi = 2, i < Log@2, nD, i++,

vectorTupples = Map@Flatten, Partition@output, 2iDD;

ω = 2 π ê2i
;

output = Flatten@Map@Dot@B@2i−1D, #D &, vectorTupplesDD êê N;
E; IfALog@2, nD > 1, ω = 2 π ên;

1
è!!!!

n
 B@2Log@2,nD−1D.output êê N êê Chop,

1
è!!!!

n
 Id@2D.outputE

E
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Έtsi gia to diάnusma {0, 1, …, 15} brίskoum¶ 

fourierMatrixFactorization@Table@i, 8i, 0, 23 − 1<DD

89.89949, −1.41421 − 3.41421 , −1.41421 − 1.41421 ,
−1.41421 − 0.585786 , −1.41421, −1.41421 + 0.585786 ,
−1.41421 + 1.41421 , −1.41421 + 3.41421 <

pou  ¶ίnai  to  ίdio  m¶  to  apotέl¶sma  pou  brίskoum¶  crhsimopoiώntaV  thn

sunάrthsh Fourier[] tou Mathematica 

fourierMatrixFactorization@Table@i, 8i, 0, 23 − 1<DD ==

Fourier@Table@i, 8i, 0, 23 − 1<DD

True

ü 4.6.2  Ο grήgoroV m¶taschmatismόV Fourier (FFT) — m¶ “sunέlixh” poluwnύmwn

ΌpwV kai prin, R ¶ίnai daktύlioV, n œ ¥1 ,  kai to poluώnumo f = ⁄i=0
n-1 fi xi  œ R[x],

baqmoύ < n parίstatai apό thn lίsta twn sunt¶l¶stώn tou { f0 , …, fn-1 } œ Rn .  

Η  sunέlixh  twn  dύo  poluwnύmwn,  (convolution)  f  =  ⁄i=0
n-1 fi xi  kai  g  =  ⁄ j=0

n-1  g j x j

sto R[x] ¶ίnai to poluώnumo

h = f *n  g = ⁄k=0
n-1 hk  xk  œ R[x]

όpou 

hk  = ⁄i+ jªk mod n fi g j  = ⁄i=0
n-1 fi gk-i      gia 0 § k < n,

kai  h  ariqmhtikή  stouV  d¶ίkt¶V  gίn¶tai  modulo  n.   Αn  q¶wrήsoum¶  touV

sunt¶l¶stέV  twn  poluwnύmwn  san  dianύsmata  sto  Rn  tόt¶  kάnoum¶  lόgo  gia

thn kuklikή sunέlixh twn dianusmάtwn f kai g.

Ιscύ¶i to ¶xήV:
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Θ¶ώrhma 4.6.4:

Έstw R daktύlioV, n œ  έtsi ώst¶ n ¥ 1, kai έstw w œ R mίa arcέgonh rίza thV

monάdaV, tάxhV n.  Γia ta poluώnuma f, g œ R[x] baqmoύ § n - 1, iscύ¶i

Vw (f *n  g) = Vw (f) • Vw (g)

όpou • dhlώn¶i ton “stoic¶ίo proV stoic¶ίo” pollaplasiasmό dianusmάtwn. 

Αpόd¶ixh:

Ξέroum¶ pwV f *n  g = fg + q(xn  - 1) gia kάpoio q œ R[x].  Οpόt¶ έcoum¶

(f *n  g)(wi ) =  f(wi )g(wi ) + q(wi )(wi n  - 1) = f(wi )g(wi )

gia 0 § i § n - 1.//

Πarάd¶igma:

Έstw n = 4, f = x3  - 7x + 7 kai g = 3x3  + 2x2  + x + 1.  Τόt¶ h kuklikή sunέlixh twn

poluwnύmwn  f  kai  g  (ή  twn  dianusmάtwn  {7,  -7,  0,  1}  kai{1,  1,  2,  3})  ¶ίnai  to

poluώnumo 

n = 4; fCoef = 87, −7, 0, 1<; gCoef = 81, 1, 2, 3<;
powersX = Table@xi, 8i, 0, n − 1<D;
powersX.ListConvolve@fCoef, gCoef, 81, 1<D

−13 + 2 x + 10 x2 + 8 x3

h to diάnusma

TableA‚
i=0

n−1

fCoef@@i + 1DD gCoef@@Mod@k − i, nD + 1DD, 8k, 0, 3<E

8−13, 2, 10, 8<

pou  prokύpt¶i  isodύnama  ¶ίt¶  crhsimopoiώntaV  thn  sunάrthsh  ListCon-

volve[] tou Mathematica
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ListConvolve@fCoef, gCoef, 81, 1<D

8−13, 2, 10, 8<

¶ίt¶  paίrnontaV,  diadocikά,  to  ¶swt¶rikό  ginόm¶no  thV  prώthV  s¶irάV  tou

parakάtw  pίnaka  m¶  kάq¶  mίa  apό  tiV  ¶pόm¶n¶V.   Πrosέxt¶  pwV  ston  pίnaka

έcoum¶ antistrέy¶i  thn s¶irά tou dianύsmatoV g kai prosqέs¶i  sto tέloV ta 3

prώta stoic¶ίa tou g

i

k

jjjjjjjjjjjjjjjjjjj

3 2 1 1 3 2 1
7 -7 0 1

7 -7 0 1
7 -7 0 1

7 -7 0 1

y

{

zzzzzzzzzzzzzzzzzzz

,

¶ίt¶ crhsimopoiώntaV thn scέsh f *n  g ª fg mod xn  - 1.

PolynomialMod@HfCoef.powersXL HgCoef.powersXL, xn − 1D

−13 + 2 x + 10 x2 + 8 x3

Τonίzoum¶  thn  isodunamίa  anάm¶sa  sthn  sunέlixh  kai  ton  pollaplasiasmό

ston  daktύlio  R[x]/Xxn  -  1\.   Σthn  sunέc¶ia  qa  ¶km¶tall¶utoύm¶  thn  scέsh  autή

gia na anaptύxoum¶ ton grήgoro m¶taschmatismό Fourier.

1h Σhmantikή Πaratήrhsh: ¶pitάcunsh thV sunέlixhV.

Ο t¶l¶utaίoV upologismόV thV sunέlixhV maV odhg¶ί sthn ¶xήV g¶nίk¶ush: Αn f œ

R[x] ¶ίnai baqmoύ n, ¶idikά gia diairέt¶V thV morjήV xnê2  - u, to upόloipo f mod xnê2

- u upologίz¶tai, cwrίV diaίr¶sh, an stouV “camhloύV όrouV” tou f prosqέsoum¶

touV “yhloύV όrouV” tou  f diair¶mέnouV m¶ xnê2  kai pollaplasiasmέnouV ¶pί u.  

Έtsi an pάroum¶ έna poluώnumo baqmoύ 6 < n = 8 wV proV thn m¶tablhtή x kai to

q¶wrήsoum¶ wV baqmoύ 7 (m¶ mhd¶nikό kύrio sunt¶l¶stή) 
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n = 8; f = 7 + 7 x2 + 8 x3 − 20 x4 + 2 x5 + 3 x6; var = First@Variables@fDD;
temp = CoefficientList@f, varD;
AppendTo@temp, 0D

87, 0, 7, 8, −20, 2, 3, 0<

tόt¶ to upόloipo thV diaίr¶sήV tou m¶ to x4  - 1 upologίz¶tai, cwrίV diaίr¶sh, an

prosqέtoum¶ stouV “camhloύV όrouV” tou f

lowerPart = TableAvari, 9i, 0, FloorA n − 1

2
E=E.TakeAtemp, FloorA n

2
EE

7 + 7 x2 + 8 x3

touV “yhloύV όrouV” tou f diair¶mέnouV m¶ x4  kai pollaplasiasmέnouV ¶pί u = 1

higherPart =

TableAvar
n
2 +i, 9i, 0, FloorA n − 1

2
E=E.TakeAtemp, −FloorA n

2
EE ì xnê2 êê

Expand

−20 + 2 x + 3 x2

lowerPart + higherPart

−13 + 2 x + 10 x2 + 8 x3

Πrάgmati, ¶kt¶lώntaV thn diaίr¶sh έcoum¶ to ίdio apotέl¶sma

PolynomialMod@f, x4 − 1D

−13 + 2 x + 10 x2 + 8 x3

Σhm¶iώnoum¶  pwV  h  diaίr¶sh  m¶  x4  pou  έgin¶  parapάnw  d¶n  έc¶i  kόstoV  diόti

aplώV allάzoum¶ touV ¶kqέt¶V. 

Εpiplέon,  an  kai  d¶n  maV  ¶ndiajέr¶i  άm¶sa,  anajέroum¶  pwV  kai  to  phlίko

upologίz¶tai, ¶pίshV cwrίV diaίr¶sh, kai ¶ίnai oi “yhloί όroi” tou  f diair¶mέnoi

m¶ xnê2
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higherPart == PolynomialQuotient@f, x4 − 1, xD

True

2h Σhmantikή Πaratήrhsh: anagwgikή ¶ktίmhsh poluwnύmou.

Αn R daktύlioV, n œ ¥1 , kai w œ R mίa arcέgonh rίza thV monάdaV, tάxhV n, tόt¶

oi timέV tou poluwnύmou f œ R[x], baqmoύ £ n - 1, stiV dunάm¶iV 1, w, w2 , …, wn-1

isoύntai m¶ tiV timέV twn upoloίpwn r0  = f mod xnê2  - 1 kai r1  = f mod xnê2  + 1 stiV

antίstoic¶V dunάm¶iV.

Πrάgmati,  an  upoqέsoum¶  pwV  gia  kάpoia  q0 ,q1 ,r0 ,r1  œ  R[x],  baqmoύ  §  nÅÅÅÅ2  -  1,

έcoum¶

 f = q0 (xnê2  - 1) + r0  = q1 (xnê2  + 1) + r1  

tόt¶ iscύoun

           f(w2 i ) = q0 (w2 i )(wn i  - 1) + r0 (w2 i ) = r0 (w2 i )

         f(w2 i+1 ) = q1 (w2 i+1 )(wn i wnê2  + 1) + r1 (w2 i+1 ) = r1 (w2 i+1 )

Η prώth diόti wn i  = 1, kai h d¶ύt¶rh diόti wn ê2  = -1, d¶domέnou όti 

(wn  - 1) = (wnê2  - 1)(wnê2  + 1) = 0

kai wnê2  ∫ 1.  Εpiplέon, an qέsoum¶ r1
* (x) = r1 (wx) prokύpt¶i r1 (w2 i+1 ) = r1

* (w2 i ).  

Σun¶pώV,  oi  άrti¶V  dunάm¶iV  tou  w  qa  upologίzontai  m¶  to  r0  ¶nώ  oi  p¶rittέV

dunάm¶iV  tou  w  qa  upologίzontai  m¶  to  r1 .   Κai  stiV  dύo  p¶riptώs¶iV,

upologίzoum¶  tiV  timέV  twn  upoloίpwn  r0  kai  r1
*  stiV  ίdi¶V  dunάm¶iV  1,  w2 ,  …,

w2 n-2  όpou w2  ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV nÅÅÅÅ2 .  

ΑV ¶jarmόsoum¶ tώra ta parapάnw ston grήgoro m¶taschmatismό Fourier.  

Έstw  loipόn  άrtioV  n œ  ¥1 , R  daktύlioV,  w œ R mίa  arcέgonh  rίza  thV  monάdaV,

tάxhV n kai f œ R[x] baqmoύ § n - 1.  Αutό pou qέloum¶ ¶ίnai na upologίsoum¶ thn

timή  tou  f  sta  shm¶ίa  1,  w,  w2 ,  …,  wn-1  ¶kt¶lώntaV  O(n  log  n)  prάx¶iV  ston
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daktύlio  R  —  antί  O(n2 ).   Γia  ton  skopό  maV  crhsimopoioύm¶  tiV  parapάnw  2

parathrήs¶iV, dhladή:

ä  apό thn 2h Σhmantikή Πaratήrhsh (anagwgikή ¶ktίmhsh poluwnύmwn) xέroum¶

pwV gia na upologίsoum¶ tiV timέV tou f stiV dunάm¶iV 1, w, w2 , …, wn-1  ark¶ί na

upologίsoum¶  tiV  timέV  twn  upoloίpwn  r0  kai  r1
*  stiV  dunάm¶iV  1,  w2 ,  …,  w2 n-2

όpou w2  ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV nÅÅÅÅ2 .  

ä   apό  thn  1h  Σhmantikή  Πaratήrhsh  (¶pitάcunsh  thV  sunέlixhV)  xέroum¶  pwV

mporoύm¶  na  upologίsoum¶  ta  poluώnuma  f  mod  xnê2  ¡  1  cwrίV  diaίr¶sh!   Οi

sunt¶l¶stέV  tou  r0  upologίzontai  ¶kt¶lώntaV  nÅÅÅÅ2  prosqέs¶iV  ¶nώ  oi

sunt¶l¶stέV  tou  r1
*  upologίzontai  ¶kt¶lώntaV  nÅÅÅÅ2  pollaplasiasmoύV  m¶

dunάm¶iV  tou  w.   Η  ¶jarmogή  autήV  thV  paratήrhshV  maV  ¶pitacύn¶i  ton

m¶taschmatismό!

Αnagwgikή  ¶jarmogή  twn  upoloίpwn  autώn  log  n  jorέV  (όpou  o  sunolikόV

ariqmόV twn pollaplasiasmώn pou apait¶ίtai gia ton upologismώn όlwn twn rk
*

¶ίnai  ⁄k=1
logHnL nÅÅÅÅÅÅ2k  =  n  -  nÅÅÅÅÅÅÅÅÅÅÅÅÅ2logHnL )  maV  dίn¶i  ton  grήgoro  m¶taschmatismό  Fourier  m¶

crόno O(n  log n). 

Πarάd¶igma:

Θa  ¶panalάboum¶  to  parάd¶igma  pou  kάnam¶  sthn  prohgoύm¶nh  upo¶nόthta  m¶

thn paragontopoίhsh twn pinάkwn:

Τo poluώnumό maV baqmoύ n = 8 ¶ίnai

n = 8; powersX = Table@xi, 8i, 0, n − 1<D;
fCoef = Table@i, 8i, 0, n − 1<D; f = fCoef.powersX

x + 2 x2 + 3 x3 + 4 x4 + 5 x5 + 6 x6 + 7 x7

kai  gia  w  =  ‰2 p Âê8 ,  thn  arcέgonh  rίza  thV  monάdaV,  tάxhV  8,  qέloum¶  na

upologίsoum¶ tiV timέV f(1), f(w), …, f(w7 ), dhladή ton m¶taschmatismό Fourier.

ΘέtontaV

4.6 Μ¶taschmatismόV Fourier

ΑlkibiάdhV Γ. ΑkrίtaV 237 ΤΜΗΥΤ∆, ΠΘ



ω = 2 π ên; powersW = Table@ωi, 8i, 0, n − 1<D

91,
π

4 , ,
3 π

4 , −1, − 3 π
4 , − , − π

4 =

έcoum¶ ton m¶taschmatismό Fourier

Hf ê. x → powersW êê NL ëè!!!!
n ==

Fourier@fCoefD êê Chop

True

Σύmjwna όmwV m¶ thn 2h shmantikή paratήrhsh, sto prώto bήma tou grήgorou

m¶taschmatismoύ  Fourier  upologίzoum¶  ta  upόloipa  mod  xnê2  ¡  1,  r0  kai  r1 ,

antίstoica, gia ta opoίa iscύoun f(w2 i ) = r0 (w2 i ) kai f(w2 i+1 ) = r1 (w2 i+1 ), dhladή

m¶  to  r0  upologίzoum¶  tiV  άrti¶V  dunάm¶iV  tou  w,  ¶nώ  m¶  to  r1  upologίzoum¶  tiV

p¶rittέV dunάm¶iV tou w.

Σύmjwna  m¶  thn  1h  shmantikή  paratήrhsh,  sthn  p¶rίptwsή  maV  pou  o  baqmόV

tou diair¶tέou ¶ίnai deg(f) § n - 1 kai o diairέthV ¶ίnai thV morjήV xnê2  - u έcoum¶

thn  akόlouqh  sunάrthsh  gia  ton  upologismό  twn  upoloίpwn  r0  kai  r1  cwrίV

diaίr¶sh (prosέxt¶ pwV g = xnê2  - u kai n = deg(f) > deg(g))

remainderWithoutDivision@f_, g_, n_D ê;
n > Exponent@f, xD > Exponent@g, xD &&

Exponent@g, xD == nê2 && Length@Apply@List, gDD 2 :=

ModuleA8higherPart, k, lowerPart, temp, var = First@Variables@fDD<,

temp = CoefficientList@f, varD;
k = Length@tempD;
If@k ≠ n, AppendTo@temp, Table@0, 8n − k<DD; temp = Flatten@tempDD;
lowerPart =

TableAvari, 9i, 0, FloorA n − 1

2
E=E.TakeAtemp, FloorA n

2
EE;

higherPart = −First@CoefficientList@g, varDD

TableAvar
n
2 +i, 9i, 0, FloorA n − 1

2
E=E.

TakeAtemp, −FloorA n

2
EE ì xnê2 êê Expand;

lowerPart + higherPart
E
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Υpologίzoum¶ loipόn “grήgora” ta upόloipa r0  

r0 = remainderWithoutDivision@f, xnê2 − 1, nD

4 + 6 x + 8 x2 + 10 x3

kai r1  

r1 = remainderWithoutDivision@f, xnê2 + 1, nD

−4 − 4 x − 4 x2 − 4 x3

gia na ta ¶ktimήsoum¶ stiV άrti¶V kai p¶rittέV dunάm¶iV tou w antίstoica.

evenPowersW = Table@powersW@@i + 1DD, 8i, 0, n − 1, 2<D

81, , −1, − <

oddPowersW = Table@powersW@@i + 1DD, 8i, 1, n, 2<D

9 π
4 ,

3 π
4 , − 3 π

4 , − π
4 =

Εp¶idή  όmwV  o  baqmόV  twn r0  kai  r1  ¶ίnai  > 1, gia  na  upologίsoum¶ tiV timέV twn

upoloίpwn r0  kai r1  stiV άrti¶V kai p¶rittέV dunάm¶iV tou w ark¶ί, anagwgikά, na

upologίsoum¶ tiV timέV twn nέwn upoloίpwn r0,0 , r0,1 , r1,0  kai r1,1  stiV antίstoic¶V

dunάm¶iV tou w.

Αpό to r0  upologίzoum¶ ta dύo nέa upόloipa

r00 = remainderWithoutDivision@r0, xnê4 − 1, nê2D

12 + 16 x

r01 = remainderWithoutDivision@r0, xnê4 + 1, nê2D

−4 − 4 x
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kai  to  ίdio  kάnoum¶  kai  gia  to  r1  to  opoίo  όmwV  έcoum¶  antikatastήs¶i  m¶  to  r1
*

όpwV  anajέram¶  parapάnw  (Πrosέxt¶  pwV  tώra  to  w  isoύtai  m¶  to  prώto

stoic¶ίo thV lίstaV oddPowersW, twn p¶rittώn dunάm¶wn tou w)

r1S = r1 ê. x → ω x

−4 − 4
π

4 x − 4 x2 − 4
3 π

4 x3

r10 = remainderWithoutDivision@r1S, x2 − 1, 4D

H−4 − 4 L − 4
π

4 x − 4
3 π

4 x

r11 = remainderWithoutDivision@r1S, x2 + 1, 4D

H−4 + 4 L − 4
π

4 x + 4
3 π

4 x

Σthn sunέc¶ia kaqorίzoum¶ s¶ poiέV apό tiV dunάm¶iV 1, w2 , …, w2 n-2  (όpou w2  =

‰p Âê2  ¶ίnai  mίa  arcέgonh  rίza  thV  monάdaV,  tάxhV  nÅÅÅÅ2 = 4)  qa  ¶ktimhq¶ί  to  kάq¶  έna

apό ta upόloipa r0,0 , r0,1 , r1,0  kai r1,1 .

n = Length@evenPowersWD;
evenPowersW00 = Table@evenPowersW@@i + 1DD, 8i, 0, n − 1, 2<D
evenPowersW01 = Table@evenPowersW@@i + 1DD, 8i, 1, n, 2<D
oddPowersW10 = Table@evenPowersW@@i + 1DD, 8i, 0, n − 1, 2<D
oddPowersW11 = Table@evenPowersW@@i + 1DD, 8i, 1, n, 2<D

81, −1<

8 , − <

81, −1<

8 , − <

Κai  tέloV  ¶p¶idή  ta  upόloipa  r0,0 ,  r0,1 ,  r1,0  kai  r1,1  ¶ίnai  baqmoύ  1  upologίzoum¶

tiV timέV touV stiV antίstoic¶V dunάm¶iV tou w
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even20 = r00 ê. x −> evenPowersW00 êê N

828., −4.<

odd20 = r01 ê. x → evenPowersW01 êê N

8−4. − 4. , −4. + 4. <

even21 = r10 ê. x → oddPowersW10 êê N

8−4. − 9.65685 , −4. + 1.65685 <

odd21 = r11 ê. x → oddPowersW11 êê N

8−4. − 1.65685 , −4. + 9.65685 <

kai brίskoum¶ ton m¶taschmatismό Fourier

1
è!!!!

8
 HThread@8even20, even21, odd20, odd21<D êê FlattenL ==

Fourier@80, 1, 2, 3, 4, 5, 6, 7<D êê Chop

True

ΣtiV  askήs¶iV  zht¶ίtai  na  programmatisq¶ί  o  grήgoroV  m¶taschmatismόV  Fourier

(FFT) m¶ upόloipa cwrίV diairέs¶iV.

Τo  prόblhma  m¶  ton  grήgoro  m¶taschmatismό  Fourier  όpwV  ton  anaptύxam¶

parapάnw  ¶ίnai  όti  to  mήkoV  tou  dianύsmatoV  pou  m¶taschmatίzoum¶  prέp¶i  na

¶ίnai  dύnamh  tou 2.  Σthn  bibliograjίa  upάrc¶i  m¶gάloV  ariqmόV  ¶p¶ktάs¶wn  kai

tropopoiήs¶wn  thV  basikήV  morjήV  tou  grήgorou  m¶taschmatismoύ  Fourier

(FFT)  pou  parousiάsam¶.   Αnάm¶sa  s¶  autέV  tiV  tropopoiήs¶iV  upάrcoun  kai

¶k¶ίn¶V  pou  ¶pitrέpoun  to  mήkoV  tou  dianύsmatoV  na  ¶ίnai  ginόm¶no  mokrώn

prώtwn ariqmώn.

4.6 Μ¶taschmatismόV Fourier
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Πarάrthma ∆:  ∆iάjor¶V ¶jarmogέV tou grήgorou m¶taschmatismoύ Fourier

Λόgw  thV  spoudaiόthtaV  tou  grήgorou  m¶taschmatismoύ  Fourier  (FFT)  sthn

¶nόthta  autή  qa  p¶rigrάyoum¶  orismέn¶V  ¶jarmogέV.   Οi  pio  shmantikέV  ¶ίnai  h

prosέggish  sunartήs¶wn  m¶  migadikέV  trigwnom¶trikέV  sunartήs¶iV,  gnwstή

kai  san  grήgorh  prosέggish  Fourier  ή  fast  Fourier  fit  (FFF),  kai  h  sumpί¶sh

¶ikόnwn  m¶  ton  diakritό  m¶taschmatismό  sunhmitόnwn  ή  discrete  cosine  trans-

form (DCT), mίa parallagή tou grήgorou m¶taschmatismoύ Fourier . 

ü ∆1:  ΓrήgoroV pollaplasiasmόV poluwnύmwn kai ak¶raίwn m¶ FFT 

Αutό  ¶ίnai  έna  polusuzhthmέno  qέma.   Πarousiάzoum¶  prώta  ton  grήgoro

pollaplasiasmό  poluwnύmwn  ston  opoίo  sthrίz¶tai  o  grήgoroV

pollaplasiasmόV ak¶raίwn.

Έcoum¶  anajέr¶i  pwV  an  R  ¶ίnai  mίa  akέraia  p¶riocή,  tόt¶  έna  poluώnumo  f  =

⁄i=0
n-1 fi xi  œ  R[x],  baqmoύ  mikrόt¶rou  tou  n  œ   ,  mpor¶ί  na  parastaq¶ί  ¶ίt¶  apό

thn lίsta twn sunt¶l¶stώn tou { f0 , …, fn-1 }, ¶ίt¶ apό thn “lίsta timώn” tou s¶

n diajor¶tikά shm¶ίa u0 , …, un-1  œ R.  Σthn p¶rίptwsή maV, gia 0 § i < n έcoum¶

ui  = wi , όpou w œ R ¶ίnai mίa arcέgonh rίza thV monάdaV, tάxhV n.  

Ο  lόgoV  pou  q¶wroύm¶  thn  parάstash  poluwnύmou  m¶  thn  “lίsta  timώn”  tou

¶ίnai  όti  o  pollaplasiasmόV  s¶  autήn  thn  morjή  ¶inai  grήgoroV  kai  ¶ύkoloV.

Σugk¶krimέna,  an  oi  “lίst¶V  timώn”  {f(u0 ),  …,  f(un-1 )}  kai  {g(u0 ),  …,  g(un-1 )}  —

sta  n  diajor¶tikά  shm¶ίa  u0 ,  …,  un-1  — paristάnoun  ta  poluώnuma  f  kai  g,  m¶

deg(f) + deg(g) < n, tόt¶ h “lίsta timώn” tou ginomέnou f·g sta shm¶ίa autά ¶ίnai

{f(u0 )·g(u0 ), …, f(un-1 )·g(un-1 )}.  

ΕpomέnwV, όtan ta poluώnuma parίstantai m¶ tiV “lίst¶V timώn” touV to kόstoV

tou pollaplasiasmoύ touV ¶ίnai grammikό wV proV ton baqmό touV.  Σ¶ antίq¶sh,

όtan  ta  poluώnuma  parίstantai  m¶  tiV  lίst¶V  twn  sunt¶l¶stώn  touV  d¶n

upάrc¶i  mέqodoV  pollaplasiasmoύ touV  pou  to  kόstoV  thV na  ¶ίnai  grammikό wV

proV ton baqmό touV.
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Σun¶pώV,  έnaV  grήgoroV  trόpoV  upologismoύ  twn  timώn  poluwnύmwn  (s¶  n

diajor¶tikά  shm¶ίa)  kai  par¶mbolήV  maV  odhg¶ί  ston  akόlouqo  grήgoro

algόriqmo pollaplasiasmoύ poluwnύmwn.  

ΑlgόriqmoV: ΓrήgoroV pollaplasiasmόV poluwnύmwn (m¶ FFT) 

ΕίsodoV:   Τa  poluώnuma  f,g  œ  R[x],  baqmoύ  deg(f)  kai  deg(g)  antίstoica.   R ¶ίnai

daktύlioV ston opoίo upάrcoun arcέgon¶V rίz¶V thV monάdaV, tάxhV n, gia kάq¶ n œ

.

ΈxodoV:  Τo poluώnumo h =  f ·g œ R@xD .

===========   

1.  Εpilέgoum¶  n  = 2k ,  έtsi  ώst¶  n  > deg(f)  + deg(g) kai  w  mίa  arcέgonh  rίza  thV

monάdaV, tάxhV n.  (Η rίza w cr¶iάz¶tai ston FFT.)

2.   Θ¶wroύm¶  ta  poluώnuma  f,  g  baqmoύ  n  -  1,  “g¶mίzontaV”  tiV  lίst¶V  twn

sunt¶l¶stώn touV m¶ mhd¶nikά an cr¶iάz¶tai, kai ¶jarmόzoum¶ s¶ autέV ton FFT.

(a)  F = FFT({ f0, f1, …, fdegH f L , 0, …, 0});

(b)  G = FFT({g0, g1, …, gdegHgL , 0, …, 0});

3.    ΤέloV,  pollaplasiάzoum¶  ta  F,  G  shm¶ίo  proV  shm¶ίo  kai  kάnontaV

par¶mbolή  sto  apotέl¶sma  —  m¶  ton  antίstrojo  m¶taschmatismό  iFFT  —

brίskoum¶ to ginόm¶no

(g)  H = iFFT(FG).

===========

Σto  Mathematica  oi  m¶taschmatismoί  FFT  kai  iFFT  gίnontai  m¶  tiV  sunartήs¶iV

Fourier[]  kai  InverseFourier[]  antίstoica.   Αkolouq¶ί  h  sunάrthsh

polyFFTMultiply[],  pou  upologίz¶i  to  ginόm¶no  dύo  poluwnύmwn  m¶

sunt¶l¶stέV ston daktύlio .
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polyFFTMultiply@f_, g_D := ModuleA
8x = First@Variables@fDD, n0 = Exponent@f, xD,

m0 = Exponent@g, xD, flist = CoefficientList@f, xD,
glist = CoefficientList@g, xD, productValues, k = 1, n<,

While@2k ≤ m0 + n0, ++k D; n = 2k;
flist = AppendTo@flist, Table@0, 8i, 1, n − Hn0 + 1L<DD êê Flatten;
glist = AppendTo@glist, Table@0, 8i, 1, n − Hm0 + 1L<DD êê Flatten;
productValues = Fourier@flistD Fourier@glistD êê Chop;

Iè!!!!
n InverseFourier@productValuesD êê Chop êê RationalizeM.

Table@xi, 8i, 0, n − 1<D
E

Πarάd¶igma:  Έstw όti maV dίnontai ta dύo poluώnuma f(x) = x3  - 7x + 7 kai  g(x)

= 3x2  - 7, baqmώn deg(f) = 3 kai deg(g) = 2 antίstoica.

Clear@f, gD;
f@x_D = x3 − 7 x + 7; g@x_D = 3 x2 − 7;

Μ¶ ton klassikό trόpo, to ginόm¶nό touV ¶ίnai

f@xD g@xD êê Expand

−49 + 49 x + 21 x2 − 28 x3 + 3 x5

baqmoύ  deg(f)  + deg(g)  = 5.   Τo  ίdio  apotέl¶sma  brίskoum¶  kai  m¶  thn  kainoύrgia

maV sunάrthsh

polyFFTMultiply@f@xD, g@xDD

−49 + 49 x + 21 x2 − 28 x3 + 3 x5

ΑV  doύm¶  l¶ptom¶rώV  pwV  doul¶ύ¶i.   Εp¶idή  o  m¶taschmatismόV  FFT  doul¶ύ¶i

gia dianύsmata pou to mήkoV touV ¶ίnai dύnamh tou 2, q¶wroύm¶ pwV o baqmόV tou

ginomέnou ¶ίnai mikrόt¶roV apό n = 8.

ΈcontaV  orίs¶i thn timή tou n, orίzoum¶ tiV lίst¶V twn sunt¶l¶stώn twn f kai g

— tiV opoί¶V “g¶mίzoum¶” m¶ 0's mέcriV όtou to mήkoV touV gίn¶i n = 8.  
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n = 8;
flist = CoefficientList@f@xD, xD; flist = AppendTo@flist,

Table@0, 8i, 1, n − HExponent@f@xD, xD + 1L<DD êê Flatten

87, −7, 0, 1, 0, 0, 0, 0<

glist = CoefficientList@g@xD, xD; glist = AppendTo@glist,
Table@0, 8i, 1, n − HExponent@g@xD, xD + 1L<DD êê Flatten

8−7, 0, 3, 0, 0, 0, 0, 0<

ΣtiV  lίst¶V  twn  sunt¶l¶stώn  ¶jarmόzoum¶  ton  m¶taschmatismό  FFT

(sunάrthsh Fourier[]) kai ta apot¶lέsmata ta pollaplasiasiάzoum¶ shm¶ίo

proV shm¶ίo.

productValues = Fourier@flistD Fourier@glistD êê Chop

8−0.5, 0.415738 + 4.21599 , −8.75 + 10. , −12.6657 − 1.03401 ,
−6.5, −12.6657 + 1.03401 , −8.75 − 10. , 0.415738 − 4.21599 <

Αpό  ton  orismό  tou  grήgorou  m¶taschmatismoύ  Fourier  έp¶tai  pwV  autό  pou

kάnam¶  mέcriV  ¶dώ  ¶ίnai  isodύnamo  m¶:  (a)  ton  upologismό  thV  “lίstaV  timώn”

kάq¶ poluwnύmou sta shm¶ίa ui  = wi , όpou w = ‰
2 p ÂÅÅÅÅÅÅÅÅÅÅÅn , n = 8, kai (b) ton shm¶ίo proV

shm¶ίo pollaplasiasmό twn apot¶l¶smάtwn.

ΚάnontaV  par¶mbolή  sto  apotέl¶sma  m¶  thn  sunάrthsh  InverseFourier[],

kai  lambάnontaV  up'  όyh  ton  parάgonta  è!!!n ,  brίskoum¶  thn  lίsta  twn

sunt¶l¶stώn tou ginomέnou.

productCoefficients =
è!!!!

n InverseFourier@productValuesD êê Chop êê Rationalize

8−49, 49, 21, −28, 0, 3, 0, 0<

ΑkribώV autό pou brήkam¶ m¶ ton klassikό trόpo.

Τo kόstoV tou pollaplasiasmoύ poluwnύmwn m¶ ton FFT ¶ίnai O(n log n) prάx¶iV

ston  daktύlio  R,  pou  sthn  ousίa  ¶ίnai  to  kόstoV  upologismoύ  tou
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m¶taschmatismoύ  FFT  kai  tou  antistrόjou  tou.   Αutό  apot¶l¶ί  shmantikή

b¶ltίwsh s¶ scέsh m¶ to kόstoV  O(n2 ) tou klassikoύ algorίqmou.

Σto  shm¶ίo  autό  cr¶iάz¶tai  h  ¶xήV  di¶ukrίnίsh.   Ο  algόriqmoV  autόV  ¶ίnai

grhgorόt¶roV  apό  ton  klassikό  sthn  p¶rίptwsh  pou  ta  poluώnuma  ¶ίnai  tou

idίou p¶rίpou baqmoύ.  Αn m = deg(f) `deg(g) = n, dhladή o baqmόV tou f ¶ίnai katά

polύ  mikrόt¶roV  tou  baqmoύ  tou  g,  tόt¶  to  kόstoV  tou  klassikoύ  algorίqmou

¶ίnai O(m ÿ n) kai gia m = 1, gίn¶tai O(n).  Ο pollaplasiasmόV m¶ FFT έc¶i pάnta

kόstoV O(n log n).

Ο parapάnw algόriqmoV ¶ύkola tropopoi¶ίtai gia touV ak¶raίouV.  ΌpwV xέroum¶,

kάq¶  akέraioV  parίstatai  san  poluώnumo  wV  proV  mίa  bάsh  b.   ∆hladή,  gia

tucόnta akέraio a  έcoum¶ a  = H-1Ls ⁄0§i§n ai b i .  

Σun¶pώV,  o  pollaplasiasmόV  ak¶raίwn  mpor¶ί  na  q¶wrhq¶ί  san

pollaplasiasmόV  poluwnύmwn,  m¶  mόnh  diajorά  όti  sto  t¶likό  apotέl¶sma

antikaqistoύm¶ thn m¶tablhtή x m¶ thn bάsh b.  

ΑlgόriqmoV: ΓrήgoroV pollaplasiasmόV ak¶raίwn (m¶ FFT) 

ΕίsodoV:  Οi akέraioi a,b  œ  m¶ mήkoV l(a) kai l(b), antίstoica, wV proV thn bάsh

b.  Σton  upάrcoun arcέgon¶V rίz¶V thV monάdaV, tάxhV n, gia kάq¶ n œ .

ΈxodoV:  Ο akέraioV  c =  a ·b œ  .

===========   

1.   Εpilέgoum¶  n  =  2k ,  έtsi  ώst¶  n  >  l(a)  +  l(b)  kai  w  mίa  arcέgonh  rίza  thV

monάdaV, tάxhV n.  (Η rίza w cr¶iάz¶tai ston FFT.)

2.   Θ¶wroύm¶  touV  ak¶raίouV  wV  poluώnuma  baqmoύ  n  -  1,  a  =

H-1Ls ⁄0§i§lHaL-1 ai b i ,  b  =  H-1Ls ⁄0§i§lHbL-1 bi b i ,  “g¶mίzontaV”  tiV  lίst¶V  twn

sunt¶l¶stώn touV m¶ mhd¶nikά an cr¶iάz¶tai, kai ¶jarmόzoum¶ s¶ autέV ton FFT.

(a)  A = FFT({a0, a1, …, alHaL-1 , 0, …, 0});

(b)  B = FFT({b0, b1, …, blHbL-1 , 0, …, 0});

3.    ΤέloV,  pollaplasiάzoum¶  ta  A,  B  shm¶ίo  proV  shm¶ίo  kai  kάnontaV

par¶mbolή  sto  apotέl¶sma  — m¶  ton  antίstrojo  m¶taschmatismό  iFFT — kai
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antikatάstash tou x m¶ thn bάsh b, paίrnoum¶ to apotέl¶sma  

(g)  C(x) = iFFT(AB); c = C(b).

===========

Τo  kόstoV  tou  pollaplasiasmoύ  ak¶raίwn  m¶  FFT  ¶ίnai  ¶pίshV  O(n log  n)

prάx¶iV ston daktύlio .

Αkolouq¶ί  h  sunάrthsh   integerFFTMultiply[],  sto  Mathematica  pou

upologίz¶i to ginόm¶no dύo ak¶raίwn upoqέtontaV όti h bάsh ¶ίnai b = 10. 

integerFFTMultiply@f_Integer, g_Integer, b_: 10D := ModuleA
8flist, glist, k = 1, m0, n, n0, productValues, x<,
flist = IntegerDigits@f, bD êê Reverse;
n0 = Length@flistD;
glist = IntegerDigits@g, bD êê Reverse;
m0 = Length@glistD;
While@2k ≤ m0 + n0, ++k D; n = 2k;
flist = AppendTo@flist, Table@0, 8i, 1, n − n0<DD êê Flatten;
glist = AppendTo@glist, Table@0, 8i, 1, n − m0<DD êê Flatten;
productValues = Fourier@flistD Fourier@glistD êê Chop;

Iè!!!!
n InverseFourier@productValuesD êê Chop êê RationalizeM.

Table@xi, 8i, 0, n − 1<D ê. x → b
E

Έtsi έcoum¶ gia parάd¶igma

integerFFTMultiply@123456789, 987654321D

121932631112635269

ü ∆2:  Ο FFT ¶ίnai h bάsh thV grήgorhV prosέggishV Fourier (FFF)

Σthn  sunέc¶ia  strέjoum¶  thn  prosocή  maV  sthn  grήgorh  prosέggish  Fourier

ή  fast  Fourier  fit  (FFF),  dhladή  sthn  prosέggish  sunartήs¶wn  m¶  hmίtona  ή/kai

sunhmίtona. 

ΟrismόV:  Σunartήs¶iV f :  Ø , miaV m¶tablhtήV m¶ timέV sto migadikό ¶pίp¶do,

mporoύn na pros¶ggisqoύn apό migadikά trigwnom¶trikά poluώnuma thV morjήV 
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     f(t) = ⁄k=-n
n ck ‰k w Â t  

= a0ÅÅÅÅÅÅÅ2  + ⁄k=1
n  Hak  cosHkwtL + bk  sinHkwtL),

όpou  ck  ¶ίnai  oi  sunt¶l¶stέV  thV  grήgorhV  prosέggishV  Fourier  pou  ikanopoioύn

tiV ¶xisώs¶iV

c0 = a0ÅÅÅÅÅÅÅ2 , ck  = Hak - Â bkLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 , c-k  = Hak + Â bkLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2

kai

a0  = 2c0 , ak  =  ck  + c-k , bk  = Â(ck  - c-k )

gia k = 1, …, n,  kai w = 2 pÅÅÅÅÅÅÅÅL  m¶ L > 0.  Βlέp¶ kai thn bibliograjίa.

Γia  na  upologίsoum¶  ta  pros¶ggistikά  migadikά  trigwnom¶trikά  poluώnuma  pou

anajέrontai ston parapάnw orismό qa crhsimopoiήsoum¶ thn sunάrthsh Fast-

Fourierfit[]  apό  to  biblίo  twn  Bill  Davis  kai  Jerry  Uhl  “Differential  Equations  &

Mathematica”.  

Clear@FastFourierfit, Fourierfitters, F, Fvalues, n, k,
jump, num, numtab, coeffs, t, LD;

jump@n_D := jump@nD = NA 1

2 n
E;

Fvalues@F_, L_, n_D :=

N@Table@F@L tD, 8t, 0, 1 − jump@nD, jump@nD<DD;

numtab@n_D := numtab@nD = Table@k, 8k, 1, n<D;

Fourierfitters@L_, n_, t_D := TableAE
2 π I k t

L ,

8k, −n + 1, n − 1<E;

coeffs@n_, list_D := Join@Reverse@Part@Fourier@listD, numtab@nDDD,
Part@InverseFourier@listD, Drop@numtab@nD, 1DDDê

N@Sqrt@Length@listDDD
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FastFourierfit@F_, L_, n_, t_D :=

Chop@Fourierfitters@L, n, tD.coeffs@n, Fvalues@F, L, nDDD;

Τo  prόgramma  doul¶ύ¶i  wV  ¶xήV:  apό  thn  sunάrthsh  f(t)  pou  qέloum¶  na

pros¶ggίsoum¶, h sunάrthsh Fvalues[]  (m¶ thn boήq¶ia thV jump[]) parάg¶i

mίa lίsta apό 2n - 1 isoapέconta shm¶ίa anάm¶sa sto t = 0 kai t = L.  Τa shm¶ίa

autά mazί m¶ to 0 apot¶loύn mίa lίsta apό 2n shm¶ίa pou qa m¶taschmatisqoύn

m¶ ton FFT.  

Κatόpin  h  sunάrthsh  numtab[]  dhmiourg¶ί  thn  lίsta  twn  ak¶raίwn  apό  to  1

mέcri  to  n,  h  opoίa  lίsta  crhsimopoi¶ίtai  apό  thn  sunάrthsh  coeffs[]  gia  na

¶nώs¶i dύo lίst¶V. 

Η  prώth  lίsta  pou  ¶nώn¶i  h  coeffs[]  ¶ίnai  h  upolίsta  (s¶  antίstrojh

diάtaxh)  twn  prώtwn  n  stoic¶ίwn  apό  ton  m¶taschmatismό  Fourier  twn  2n

shm¶ίwn  thV  Fvalues[],  ¶nώ  h  d¶ύt¶rh  lίsta  ¶ίnai  h  upolίsta  twn  prώtwn  n

stoic¶ίwn  apό  ton  antίstrojo  m¶taschmatismό  Fourier  twn  2n  shm¶ίwn  thV

Fvalues[]  —  cwrίV  to  prώto  stoic¶ίo.   ∆hladή,  h  “¶nwmέnh”  lίsta  pou

parάg¶tai apό thn coeffs[] έc¶i sunolikά 2n - 1 shm¶ίa.

ΤέloV  h  sunάrthsh  FastFourierFit[]  maV  dίn¶i  thn  prosέggish

schmatίzontaV  to  ¶swt¶rikό  ginόm¶no  thV  lίstaV  {‰H-n+1L 2 p Â têL ,  …,  1,  …,

‰Hn-1L 2 p Â têL },  pou  dhmiourg¶ίtai  apό  thn  sunάrthsh   Fourierfitters[],  kai

thV  “¶nwmέnhV”  lίstaV  pou  dhmiourg¶ίtai  apό  thn  coeffs[].   (Όsoi  ariqmoί

¶ίnai (s¶ mέg¶qoV) mikrόt¶roi apό 10-10  stroggul¶ύontai sto 0.)  

Η  sunάrthsh FastFourierFit[]  paίrn¶i  tέss¶riV  paramέtrouV.   Οi  prώt¶V

dύo  parάm¶troi  ¶ίnai,  antίstoica,  h  p¶riodikή  sunάrthsh  f(t)  pou  qέloum¶  na

pros¶ggίsoum¶,  kai  h  p¶rίodόV  thV  L.   Η  trίth  parάm¶troV  ¶ίnai  o  ariqmόV  n  pou

kaqorίz¶i  ta  isoapέconta  2n - 1 mh  mhd¶nikά  shm¶ίa  kai  h  t¶l¶utaίa  parάm¶troV

¶ίnai h m¶tablhtή pou qέloum¶ na crhsimopoiήsoum¶. Πrosέxt¶ pwV h FastFou-

rierFit[]  crhsimopoi¶ί  tiV  sunartήs¶iV  Fourier[]  kai  InverseFou-

rier[], m¶ upologistikό kόstoV n log n.
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Πarάd¶igma  crήshV  thV  FastFourierfit[]:   Έstw  h  p¶riodikή  sunάrthsh

f(x)  = cos(2px)  sin(1  -  cos(3px))  m¶  p¶rίodo  L  =  2.   Τo  sc¶diάgrammά  thV  jaίn¶tai

sto Figure 1.

f@x_D := Cos@2 π xD Sin@1 − Cos@3 π xDD;
L = 2;
cycles = 2;
PlotAf@xD, 8x, 0, cycles L<,

AxesLabel → 8"x", "fHxL"<,
PlotStyle → 88Thickness@0.007D, RGBColor@0, 0, 1D<<,
PlotLabel → "cycles" cycles, Epilog →

98RGBColor@1, 0, 0D, Thickness@0.007D, Line@880, 0<, 8L, 0<<D<,

9TextA"One Period", 9 L

2
, 0.1=E==E;

Figure 1
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Πros¶ggίzontaV thn f(x) m¶ 7 = 2n - 1 shm¶ίa anάm¶sa sto 0 kai to 2, dhladή n =

4, έcoum¶

L = 2; n = 4;
fApproximation@t_D = FastFourierfit@f, L, n, tD

−0.0967056 − 0.113662 − π t − 0.113662 π t +

0.32403 −2 π t + 0.32403 2 π t − 0.113662 −3 π t − 0.113662 3 π t

ή thn mh-migadikή morjή thV
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fApproximationReal@t_D = Chop@ComplexExpand@fApproximation@tDDD

−0.0967056 − 0.227324 Cos@π tD + 0.64806 Cos@2 π tD − 0.227324 Cos@3 π tD

Πrosέxt¶  pwV  oi  sunt¶l¶stέV  thV  fApproximation(t)  kai  fApproximationReal(t)

ikanopoioύn  tiV  scέs¶iV  pou  anajέrontai  ston  orismό.   Εpiplέon,  h  f(x)

pros¶ggίz¶tai  mόnon  apό  sunhmίtona  (sunhmitonikή  prosέggish).   Αutό  ήtan

anam¶nόm¶no  giatί  h  sunάrthsh  f(x)  =  cos(2px)  sin(1  -  cos(3px))  ¶ίnai  άrtia,

dhladή gia thn sunάrthsh evenf(x), pou orίz¶tai sto ¶p¶ktamέno  diάsthma 0 § x

§ 2L, έcoum¶ evenf(x) = f(x), 0 § x § L, kai evenf(x) = f(2L - x), L < x § 2L.  Βlέp¶ kai

to  Figure  1.   Αrgόt¶ra  qa  sunantήsoum¶  p¶rittέV  sunartήs¶iV  pou

pros¶ggίzontai mόnon apό hmίtona (hmitonikή prosέggish).

Τa  sc¶diagrάmmata  twn  sunartήs¶wn  f(x)  kai  fApproximationReal(t)  jaίnontai

sto Figure 2.

fplot = PlotAf@xD, 8x, 0, L<,

PlotStyle → 8Thickness@0.008D, RGBColor@0, 0, 1D<,

AspectRatio →
1

GoldenRatio
, DisplayFunction IdentityE;

fapproxPlot = PlotAfApproximationReal@tD, 8t, 0, L<, PlotStyle →

88Thickness@0.008D, RGBColor@1, 0, 0D, Dashing@80.03, 0.03<D<<,

AspectRatio →
1

GoldenRatio
, DisplayFunction IdentityE;

ShowAfplot, fapproxPlot, DisplayFunction $DisplayFunction,

Epilog → 98RGBColor@1, 0, 0D, Thickness@0.007D,

Line@880, 0<, 8L, 0<<D<, 9TextA"One Period", 9 L

2
, 0.1=E==E;
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Figure 2
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Η  diak¶kommέnh  (kόkkinh)  grammή  ¶ίnai  to  sc¶diάgramma  thV  pros¶ggistikήV

sunάrthshV.  ΑuxάnontaV thn timή tou n prokύptoun kallίt¶r¶V pros¶ggίs¶iV.  

ΌpwV blέpoum¶ sto Figure 3, h FastFourierfit[] dialέg¶i 2n - 1 isoapέconta

shm¶ίa  apό  thn  f(x),  anάm¶sa  sto  x  = 0  kai  x  =  L,  kai  katόpin  prospaq¶ί  na  ta

pros¶ggίs¶i m¶ έnan sundiasmό apό migadikά ¶kq¶tikά. 

fdata = TableAN@8x, f@xD<D, 9x, 0, L −
L

2 n − 1
,

L

2 n − 1
=E;

fdataplot = ListPlot@fdata,
PlotStyle → PointSize@0.02D, DisplayFunction → IdentityD;

Show@fplot, fapproxPlot, fdataplot,
DisplayFunction → $DisplayFunctionD;

Figure 3
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Η  diak¶kommέnh  (kόkkinh)  grammή  ¶ίnai  to  sc¶diάgramma  thV  pros¶ggistikήV

sunάrthshV.

ΌpwV  έcoum¶  ήdh  anajέr¶i,  oi  sunt¶l¶stέV  ck  tou  pros¶ggistikoύ  poluwnύmou

ston  orismό  upologίzontai  m¶  ton  grήgoro  m¶taschmatismό  Fourier  kai  ton

antίstrojό tou — ¶nswmatwmέnouV sthn sunάrthsh FastFourierfit[].  

ΈnaV  άlloV  trόpoV  upologismoύ  twn  sunt¶l¶stώn  ck  ¶ίnai  m¶  thn  crήsh

oloklhrwmάtwn

ck  = 1ÅÅÅÅÅL Ÿ0
L f HtL ‰- Â k H2 pL tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL  „ t .

Η mέqodoV autή lέg¶tai oloklhrwtikή prosέggish Fourier ή integral Fourier fit.

Ο  parapάnw  tύpoV  m¶  to  oloklήrwma  prokύpt¶i  an  upoqέsoum¶  όti  gia  kάpoio

staq¶rό n, h sunάrthsh f(t) pros¶ggίz¶tai apό thn sunάrthsh

complexApproximation(t) = ⁄k=-n
n ck ‰

k H2 pL Â tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL ,

όpou L > 0, opόt¶ qέtoum¶ 

  f(t) = complexApproximation(t).

Τόt¶ qa έcoum¶ 

Ÿ0
L

 complexApproximationHtL ‰- j H2 pL Â tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL  „ t  = Ÿ0
L f HtL ‰- j H2 pL Â tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL  „ t .

Έcoum¶ όmwV 

Ÿ0
L

 complexApproximationHtL ‰- j H2 pL Â tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL  „ t  = Lc j

ap' όpou kai o tύpoV gia touV sunt¶l¶stέV.

Οi  pros¶ggistikέV  sunartήs¶iV  pou  prokύptoun  apό  thn  grήgorh  kai

oloklhrwtikή  prosέggish  Fourier  “moiάzoun”  ark¶tά  kai  sc¶dόn  tautίzontai  gia

m¶gάl¶V timέV tou n.  
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Τo  m¶ionέkthma  thV  oloklhrwtikήV  prosέggishV  Fourier ¶ίnai  όti  (ark¶tά  sucnά)

ta  oloklhrώmata  pou  prέp¶i  na  upologisqoύn  ¶ίnai  polύ  dύskola  kai

“akatάllhla”  akόma  kai  gia  ariqmhtikή  oloklήrwsh.   Πar'  όla  autά  h  mέqodoV

¶ίnai crήsimh gia upologismoύV m¶ to cέri — prάgma adianόhto gia thn grήgorh

prosέggish Fourier.

Τo  pl¶onέkthma  thV  oloklhrwtikήV  prosέggishV  Fourier  ¶ίnai  όti  s¶  q¶wrhtikά

problήmata maV parέc¶i έnan tύpo gia touV upologismoύV maV.  ΌmwV, akόma kai

s¶  autήn  thn  p¶rίptwsh,  ajoύ  anaptύxoum¶  thn  q¶wrίa,  str¶jόmast¶  sthn

grήgorh prosέggish Fourier.

ü ∆3:  Η FFF “sunantά” ton m¶taschmatismό Laplace

Σthn upo¶nόthta autή sundiάzoum¶ thn grήgorh prosέggish Fourier, FastFouri-

erfit[]  (FFF)  kai  ton  m¶taschmatismό  Laplace  gia  na  broύm¶  kaloύV

pros¶ggistikoύV  tύpouV  s¶  p¶riodikά  ¶xanagkasmέnouV  talantwtέV.   Μ¶  mόnh

¶xaίr¶sh  to  biblίo  twn  Bill  Davis  kai  Jerry  Uhl,  to  qέma  autό  “lάmp¶i  dia  thV

apousίaV”  tou  apό  όla  ta  biblίa  ∆iajorikώn  Εxisώs¶wn.   Όtan  d¶  gίn¶tai

anajorά  ston  m¶taschmatismό  Fourier  autό  pάnta  sc¶tίz¶tai  m¶  tiV  ¶xίswsh

q¶rmόthtaV kai thn kumatikή ¶xίswsh (heat and wave equations). 

Υp¶nqumίzoum¶ pwV h diajorikή ¶xίswsh thV morjήV y''(x) + by'(x) + cy(x) = f(x), m¶

arcikέV  timέV  y(0)  kai  y'(0),  kai  όpou  f(x)  ¶ίnai  p¶riodikή  sunάrthsh,  mpor¶ί  na

luq¶ί  ¶ίt¶  upologίzontaV  έna  oloklήrwma  sunέlixhV  thV  f(x)  ¶ίt¶  m¶

¶jarmόzontaV ton m¶taschmatismό Laplace.  ΌmwV, kai stiV dύo p¶riptώs¶iV, ta

oloklhrώmata  thV  f(x)  mpor¶ί  na  ¶ίnai  polύ  dύskola  kai  na  mhn  mporoύn  na

luqoύn apό kanέna sύsthma upologistikήV άlg¶braV. 
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ΣtiV  p¶riptώs¶iV  autέV  prώta  brίskoum¶  mίa  kalή  grήgorh  prosέggish  Fourier

(FFF)  thV  f(x)  (m¶  hmίtona  ή/kai  sunhmίtona)  kai  katόpin  ¶jarmόzoum¶

opoiadήpot¶  apό  tiV  dύo  m¶qόdouV  gia  na  broύm¶  έnan  pros¶ggistikό  tύpo  thV

lύshV.   Μ¶  άlla  lόgia,  antί  na  lύsoum¶  thn  ¶xίswsh  y''(x) + by'(x) + cy(x) = f(x)

lύnoum¶ thn ¶xίswsh  y''(t) + by'(t) + cy(t) = fApproximationReal(t) m¶ arcikέV timέV

y(0) and y'(0).

Πarάd¶igma:  Έstw όti qέloum¶ na lύsoum¶ thn diajorikή ¶xίswsh y''(x) + 2y'(x)

+ 20y(x)  = 1 -  ‰sinHp xL  m¶  y(0)  = 2  kai  y'(0)  = -4.   Η  p¶riodikή  sunάrthsh  f(x)  = 1 -

‰sinHp xL  jaίn¶tai sto Figure 4.

f@x_D := 1 − Sin@π xD;
L = 2;
cycles = 2;
PlotAf@xD, 8x, 0, cycles L<,

AxesLabel → 8"x", "fHxL = 1− sinHπ xL"<,
PlotStyle → 88Thickness@0.007D, RGBColor@0, 0, 1D<<,
PlotLabel → "cycles" cycles, Epilog →

98RGBColor@1, 0, 0D, Thickness@0.007D, Line@880, 0<, 8L, 0<<D<,

9TextA"One Period", 9 L

2
, 0.1=E==E;

Figure 4
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Είnai adύnato na broύm¶ mίa akribή lύsh thV y''(x) + 2y'(x) + 20y(x) = 1 - ‰sinHp xL .  Η

sunάrthsh  DSolve[]  tou  Mathematica  “kollά¶i”  giatί  ta  oloklhrώmata  ¶ίnai

polύ polύploka.

DSolve@8y''@xD + 2 y'@xD + 20 y@xD == 1 − ESin@π xD, y@0D == 2 , y'@0D == −4<,
y, xD êê AbsoluteTiming

ΌmwV,  m¶  thn  boήq¶ia  thV  sunάrthshV  NDSolve[]  sc¶diάzoum¶  thn

pros¶ggistikή lύsh sto Figure 5 — cwrίV na thn xέroum¶.

sol = NDSolve@8y''@xD + 2 y'@xD + 20 y@xD == 1 − ESin@π xD,
y@0D == 2 , y'@0D == −4<, y, 8x, 0, 5<D

88y → InterpolatingFunction@880., 5.<<, <>D<<

Plot@y@xD ê. sol, 8x, 0, 5<, PlotRange → All,
PlotStyle → 88Thickness@0.008D, RGBColor@0, 0, 1D<<D;

Figure 5
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ΌpwV  ¶ίpam¶,  sthn  p¶rίptwsh  autή  brίskoum¶  prώta  thn  fApproximationReal(t),

mίa kalή grήgorh prosέggish Fourier (FFF) thV f(x)  = 1 - ‰sinHp xL  (m¶ hmίtona ή/kai

sunhmίtona).
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fApproximationReal@t_D =

Chop@ComplexExpand@FastFourierfit@f, L = 2, n = 4, tD DD

−0.266066 + 0.27154 Cos@2 π tD − 1.13032 Sin@π tD + 0.0448798 Sin@3 π tD

Κatόpin ¶ύkola brίskoum¶ thn LTyApproximation(s), ton m¶taschmatismό Laplace

tou pros¶ggistikoύ tύpou thV lύshV thV ¶xίswshV y''(t) + 2y'(t) + 20y(t) = fApproxi-

mationReal(t) m¶ y(0) = 2 and y'(0) = -4.

b = 2; c = 20;
ystarter = 2; yprimestarter = −4; LTyApproximation@s_D =

1

s2 + b s + c
 HLaplaceTransform@fApproximationReal@tD, t, sD +

2 ystarter + s ystarter + yprimestarterL

1
20 + 2 s + s2

 J−
0.266066

s
+ 2 s −

3.55101
π2 + s2

+
0.27154 s
4 π2 + s2

+
0.422982
9 π2 + s2

N

ΤέloV,  yApproximation(t),  o  tύpoV  gia  thn  pros¶ggistikή  lύsh,   brίsk¶tai  m¶  thn

boήq¶ia tou antίstrojou m¶taschmatismoύ Laplace.

yApproximation@t_D = Chop@ComplexExpand@
InverseLaplaceTransform@LTyApproximation@sD, s, tD
DD

−0.0133033 + 0.0499778 Cos@3.14159 tD + 1.97334 −1. t Cos@4.3589 tD −

0.00984358 Cos@6.28319 tD − 0.000166123 Cos@9.42478 tD −

0.0805794 Sin@3.14159 tD − 0.414715 −1. t Sin@4.3589 tD +

0.00635052 Sin@6.28319 tD − 0.000606575 Sin@9.42478 tD

Σto  Figure  6  sugkrίnoum¶  to  sc¶diάgramma  thV  “άgnwsthV”  lύshV  pou

apoktήsam¶  m¶  thn  NDSolve[]  m¶  ¶k¶ίno  tou  pros¶ggistikoύ  tύpou  gia  thn

lύsh — h (kόkkinh) pacύt¶rh diak¶kommέnh grammή.  Τautίzontai plήrwV!

PlotA8y@tD ê. sol, yApproximation@tD<, 8t, 0, 5<, PlotRange → All,

PlotStyle → 88Thickness@0.008D, RGBColor@0, 0, 1D<,
8Thickness@0.014D, RGBColor@1, 0, 0D, Dashing@80.05, 0.07<D<<,

AxesLabel → 8"t", "yHtL"<, AspectRatio →
1

GoldenRatio
E;
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Figure 6
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ü ∆4:  Η FFF “anakalύpt¶i” trigwnom¶trikέV tautόtht¶V

Μia  άllh  ¶ndiajέrousa  ¶jarmogή  thV  FastFourierfit[]  (FFF)  ¶ίnai  sthn

“anakάluyh” trigwnom¶trikώn tautotήtwn.  

Ξέroum¶ gia parάd¶igma thn trigwnom¶trikή tautόthta 2sin(a)sin(b) = cos(a - b) -

cos(a + b).  ΑV upoqέsoum¶ proV stigmήn όti h tautόthta autή maV ¶ίnai άgnwsth

kai  maV  dίn¶tai  h  έkjrash  sin(3t)sin(7t).   ΠwV  qa  thn  aplopoiήsoum¶;   ΈnaV

trόpoV  ¶ίnai  na  crhsimopoiήsoum¶  thn  sunάrthsh  TrigReduce[] tou  Mathe-

matica's 

TrigReduce@Sin@3 tD Sin@7 tDD

1
2
HCos@4 tD − Cos@10 tDL

allά  ¶m¶ίV qa grάyoum¶ thn trigIdentityFinder[], mίa nέa sunάrthsh pou

crhsimopoi¶ί thn FFF.

Η  sunάrthsή  maV  trigIdentityFinder[]  crhsimopoi¶ί  thn  FastFourier-

fit[]  kai  pros¶ggίz¶i  thn  sin(3t)sin(7t) gia  diάjor¶V  timέV  tou  n,  mέcriV  όtou  to

apotέl¶sma d¶n allάz¶i.  Αutό ¶ίnai kai h zhtoύm¶nh tautόthta.  Έtsi έcoum¶
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trigIdentityFinder@f_D := Module@8L = 2 π, old = 0, n = 2, new<,
new = Chop@ComplexExpand@FastFourierfit@f, L, n, tDDD;
While@! Chop@new − oldD === 0, old = new; ++n;

new = Chop@ComplexExpand@FastFourierfit@f, L, n, tDDDD;
Print@n − 1, " iterations and the identity is: ", f@tD, " = "D;
Factor@Rationalize@newDDD

kai h tautόthta gia to parάd¶igmά maV brίsk¶tai m¶ 11 pros¶ggίs¶iV.

f@t_D = Sin@3 tD Sin@7 tD;
trigIdentityFinder@fD

11 iterations and the identity is: Sin@3 tD Sin@7 tD =

1
2
HCos@4 tD − Cos@10 tDL

Τ¶l¶iώnoum¶ to qέma autό m¶ έna akόma parάd¶igma.  ΌpwV kai prin sugkrίnoum¶

to apotέl¶smά maV m¶ ¶k¶ίno tou Mathematica.

f@t_D = Sin@tD12; trigIdentityFinder@fD

13 iterations and the identity is: Sin@tD12 =

1
2048

 H462 − 792 Cos@2 tD + 495 Cos@4 tD −

220 Cos@6 tD + 66 Cos@8 tD − 12 Cos@10 tD + Cos@12 tDL

TrigReduce@f@tDD

1
2048

 H462 − 792 Cos@2 tD + 495 Cos@4 tD −

220 Cos@6 tD + 66 Cos@8 tD − 12 Cos@10 tD + Cos@12 tDL

ü ∆5:  Η FFF “apod¶iknύ¶i”thn ¶xίswsh q¶rmόthtaV kai thn kumatikή ¶xίswsh

Σthn  upo¶nόthta  autή  apod¶iknύoum¶  thn  crhsimόthta  kai  dύnamh  thV  FFF

apod¶iknύontaV thn ¶xίswsh q¶rmόthtaV kai thn kumatikή ¶xίswsh.  Πrohgoύntai

όmwV m¶rikέV prokatarktikέV έnnoi¶V.  
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ΠrokatarktikέV έnnoi¶V

ΌpwV  xέroum¶,  crhsimopoiώntaV  thn  FFF  sunήqwV  paίrnoum¶  έna  mίgma  apό

hmίtona  kai  sunhmίtona.   Μ¶rikέV  jorέV  όmwV  paίrnoum¶  mόno  hmίtona,  όpwV  sto

parάd¶igma

f@x_D = x H1 − xL H2 − xL;
Chop@ComplexExpand@FastFourierfit@f, L = 2, n = 4, tDDD

0.386374 Sin@π tD + 0.046875 Sin@2 π tD + 0.0113738 Sin@3 π tD

kai άll¶V jorέV paίrnoum¶ mόno sunhmίtona, όpwV sto parάd¶igma

f@x_D = x H1 − xL2 H2 − xL;
Chop@ComplexExpand@FastFourierfit@f, L = 2, n = 4, tDDD

0.123047 + 0.0662913 Cos@π tD − 0.09375 Cos@2 π tD − 0.0662913 Cos@3 π tD

Θa  prosέxoum¶  tiV  pros¶ggίs¶iV  m¶  hmίtona  mόno  (hmitonikέV),  oi  opoί¶V

pros¶ggίzoun  p¶rittέV  sunartήs¶iV.   (ΤiV  άrti¶V  sunartήs¶iV  tiV  anajέram¶

nwrίt¶ra.)

Γia na pros¶ggίsoum¶ mόno m¶ hmίtona mίa sunάrthsh f(x) sto diάsthma 0 § x §

L,  prέp¶i  na  ikanopoioύntai  dύo  prάgmata:  (a)  f(0)  =  f(L)  =  0,  kai  (b)  gia  thn

sunάrthsh  oddf(x),  pou  orίz¶tai  sto  ¶p¶ktamέno  diάsthma  0  §  x  §  2L,  έcoum¶

oddf(x) = f(x), 0 § x § L, kai oddf(x) = -f(2L - x), L < x § 2L.  

Μ¶  άlla  lόgia,  to  mέroV  tou  sc¶diagrάmmatoV  d¶xiά  thV  (nohtήV)  k¶ntrikήV

grammήV  ¶ίnai  to  ant¶strammέno  ¶ίdwlo  tou  sc¶diagrάmmatoV  arist¶rά  thV

(nohtήV) k¶ntrikήV grammήV.

Η scέsh f(0) = f(L) = 0, pou prέp¶i na ikanopoiέitai, proέrc¶tai apό thn grήgorh

prosέggish  Fourier  thV  oddf(x)  sto  diάsthma  0  §  x  §  2L.   Αutό  shmaίn¶i  pwV  h

sunάrthsh  oddf(x)  pros¶ggίz¶tai  apό  tiV  sunartήs¶iV  sin( k p tÅÅÅÅÅÅÅÅÅÅL ),  pou  όl¶V
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mhd¶nίzontai sta shm¶ίa t = 0 kai t = L.  ΕpomέnwV, an qέloum¶ mίa kalή hmitonikή

prosέggish thV f(x) sto diάsthma 0 § x § L prέp¶i na έcoum¶ f(0) = f(L) = 0.

Αn  mίa  sunάrthsh  f(x)  pros¶ggίz¶tai  apό  έna  mίgma  hmitόnwn  kai  sunhmitόnwn,

upάrc¶i  trόpoV  na  pros¶ggisq¶ί  mόno  apό  hmίtona.   Σugk¶krimέna,  an  h  f(x)

orίz¶tai sto diάsthma 0 § x § L, kai f(0) = f(L) = 0, orίzoum¶ thn nέa sunάrthsh,

oddf(x) sto ¶p¶ktamέno diάsthma 0 § x § 2L wV ¶xήV:

oddf(x)  =   f(x),            0 § x § L,

           oddf(x)  =   -f(2L - x),   L < x § 2L.

ΠrojanώV,  autή  h  nέa  sunάrthsh,  odd(x),  qa  pros¶ggίz¶tai  mόno  apό  hmίtona

sto diάsthma 0 § x § 2L.  

Πarάd¶igma:   ΑV  q¶wrήsoum¶  thn  sunάrthsh  f(x)  = 6x H4 - xL ‰-x ,  h  opoίa,  sto

diάsthma 0 § x § L = 4, pros¶ggίz¶tai apό hmίtona kai sunhmίtona. 

f@x_D = 6 x H4 − xL E−x;
Chop@ComplexExpand@FastFourierfit@f, L = 4, n = 3, tDDD

2.94583 − 1.04677 CosA π t
2

E −

1.32181 Cos@π tD + 3.03426 SinA π t
2

E + 0.643404 Sin@π tD

Εp¶idή  iscύ¶i  f(0)  =  f(L)  =  0,  mporoύm¶  na  orίsoum¶  mίa  kainoύrgia  sunάrthsh

oddf(x), h opoίa έc¶i hmitonikή prosέggish sto diάsthma 0 § x § 2L.

oddf@x_D := f@xD ê; 0 ≤ x ≤ L;
oddf@x_D := −f@2 L − xD ê; L < x ≤ 2 L;
Chop@ComplexExpand@FastFourierfit@oddf, 2 L, 3, tDDD

4.10249 SinA π t
4

E + 2.39086 SinA π t
2

E

Σthn  p¶rίptwsh  pou  d¶n  iscύ¶i  f(0)  = f(L)  =  0  tόt¶  h  sunάrthsh  f(x)  cr¶iάz¶tai

mίa “pro¶rgasίa” gia na pros¶ggisq¶ί mόno apό hmίtona.  Σugk¶krimέna, p¶rnάm¶

thn  ¶uq¶ίa  line(x)  =  f(0)  +  f HLL - f H0LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL  x  apό  ta  akraίa  shm¶ίa  f(0)  kai  f(L),  kai
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katόpin orίzoum¶ thn “prosarmosmέnh” sunάrthsh adjustedf(x) = f(x) - line(x), gia

thn opoίa iscύ¶i which adjustedf(0) = adjustedf(L) = 0.  

Πarάd¶igma:   Έstw  h  sunάrthsh  f(x)  =  3»0.25x  -  X0.25x\»  +  1,  orismέnh  sto

diάsthma  0  §  x  §  L  = 3,  kai  όpou  X0.25x\  dhlώn¶i  ton  akέraio  plhsiέst¶ra  ston

ariqmό  0.25x.   Γia  thn  sunάrthsh  autή  έcoum¶   0  ∫  f(0)  ∫  f(L)  ∫  0.   Η  grήgorh

prosέggish Fourier p¶rilambάn¶i hmίtona kai sunhmίtona.

f@x_D = 3 Abs@0.25 x − Round@0.25 xDD + 1; 8f@0D, f@L = 3D<

81, 1.75<

Chop@ComplexExpand@FastFourierfit@f, L = 3, n = 4, tDDD

1.82031 − 0.446978 CosA 2 π t
3

E − 0.1875 CosA 4 π t
3

E − 0.115522 Cos@2 π tD −

0.419519 SinA 2 π t
3

E − 0.046875 SinA 4 π t
3

E − 0.0445194 Sin@2 π tD

Εp¶idή   f(0)  ∫  f(L)  d¶n  mporoύm¶  projanώV  na  pros¶ggίsoum¶  thn  f(x)  mόno  m¶

hmίtona.   Γia  na  diorqώsoum¶  to  prόblhma  p¶rnάm¶  thn  ¶uq¶ίa  apό  ta  akraίa

shm¶ίa  kai  orίzoum¶  thn  “prosarmosmέnh” sunάrthsh  adjustedf(x) = f(x) -  line(x).

ΌpwV anajέram¶ iscύ¶i adjustedf(0) = adjustedf(L) = 0.  Βlέp¶ Figure 7.

line@x_D =
Hf@LD − f@0DL x

L
+ f@0D; adjustedf@x_D = f@xD − line@xD;

Plot@adjustedf@xD, 8x, 0, L<,
PlotStyle → 88Thickness@0.01D, RGBColor@0, 0, 1D<<,
AxesLabel → 8"x", "adjustedf"<D;
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Figure 7
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Σthn  “prosarmosmέnh”  sunάrthsh  adjustedf(x)  ¶jarmόzoum¶  tώra  thn  gnwstή

maV t¶cnikή kai thn pros¶ggίzoum¶ mόno m¶ hmίtona.

oddAdjustedf@x_D := adjustedf@xD ê; 0 ≤ x ≤ L;
oddAdjustedf@x_D := −adjustedf@2 L − xD ê; L < x ≤ 2 L;

Chop@ComplexExpand@FastFourierfit@oddAdjustedf, 2 L, n = 4, tDDD

0.772748 SinA π t
3

E − 0.1875 SinA 2 π t
3

E + 0.0227476 Sin@π tD

Μ¶ autά ta prokatarktikά ¶ίmast¶ tώra έtoimoi gia to kύrio qέma maV.  

Η ¶xίswsh q¶rmόthtaV ∂
2 tempHx, tLÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
∂ x2  = ∂ tempHx, tLÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

∂ t

Πrόblhma:   Αrcίzoum¶  m¶  έna  q¶rmasmέno  sύrma  mήkouV  L  monάd¶V, sto  opoίo  h

q¶rmokrasίa  mpor¶ί  na  diajέr¶i  apό  shm¶ίo  s¶  shm¶ίo.   Η  sunάrthsh

startertemp(x) dίn¶i  thn  q¶rmokrasίa  sto  shm¶ίo  x,  0 §  x  §  L,  tou  sύrmatoV  sthn

arcή tou p¶irάmatoV.  Εx aitίaV twn όswn ¶ίpam¶ prohgoumέnwV, q¶wroύm¶ cwrίV

p¶riorismό  thV  g¶nikόthtaV  sunartήs¶iV  startertemp(x)  gia  tiV  opoί¶V

startertemp(0) = startertemp(L) = 0, ώst¶ na  mporoύm¶ na  tiV  pros¶ggίsoum¶ mόno

m¶ hmίtona.  

Θ¶wroύm¶  όti  to  sύrma  ¶ίnai  to  diάsthma  0 §  x  §  L.   Σthn  arcή  tou  p¶irάmatoV

kruώnoum¶  ta  άkra  sta  shm¶ίa  x =  0 kai  x = L  kai  diathroύm¶  tiV  q¶rmokrasί¶V
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touV  stouV  0  baqmoύV.   ΕpίshV  jrontίzoum¶  na  apomonώsoum¶  ¶nt¶lώV  to

upόloipo sύrma.

Θέloum¶  na  broύm¶  ton  tύpo  gia  thn  sunάrthsh  q¶rmόthtaV  temp(x,  t),  ώst¶  na

paίrnoum¶  thn  q¶rmokrasίa  tou  sύrmatoV  sto  shm¶ίo  x,  sthn  cronikή  stigmή  t

m¶tά thn έnarxh tou p¶irάmatoV. 

Λύsh m¶ thn FFF:  ΧrhsimopoiώntaV thn FFF brίskoum¶ ¶ύkola ton tύpo gia thn

sunάrthsh q¶rmόthtaV temp(x, t), wV ¶xήV: 

a.  Εp¶idή iscύ¶i startertemp(0) = startertemp(L) = 0 kάnoum¶ thn sunάrthsh autή

p¶rittή  (m¶  ton  gnwstό  maV  trόpo)  kai  pros¶ggίzoum¶  thn  t¶l¶utaίa  mόno  m¶

hmίtona — m¶ ton grήgoro m¶taschmatismό Fourier, gia kάpoia timή n. 

b.   Εpilέgoum¶  touV  sunt¶l¶stέV  A(k)  twn  όrwn  sin( k p xÅÅÅÅÅÅÅÅÅÅÅL )  pou  pros¶ggίzoun  thn

p¶rittή sunάrthsh tou bήmatoV (a), kai 

g.  Ο tύpoV gia thn sunάrthsh temp(x, t) ¶ίnai:

temp(x, t) = ‚
k=1

n
AHkL ‰-H k pÅÅÅÅÅÅÅÅL L2

 t sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L

Σhm¶ίwsh:   Οi  όroi  sin( k p tÅÅÅÅÅÅÅÅÅÅL )  sthn  prosέggish  thV  p¶rittήV  sunάrthshV  tou

bήmatoV (a) grάjontai san sin( k p xÅÅÅÅÅÅÅÅÅÅÅL ), dhladή ta t antikaqίstantai m¶ ta x.  

Η  k¶ntrikή  ¶rώthsh  pou  prέp¶i  na  apanthq¶ί  ¶ίnai  apό  pou  proέrcontai  oi  όroi

‰-H k pÅÅÅÅÅÅÅÅL L2
 t .  Η apάnthsh akolouq¶ί.

Μ¶lέt¶V  έd¶ixan  pwV  m¶tά  apό  katάllhl¶V  prosarmogέV  monάdwn  h  sunάrthsh

temp(x,  t)  ikanopoi¶ί  thn  m¶rikή  diajorikή  ¶xίswsh  ∑2 tempHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ x2  = ∑ tempHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t ,  gnwstή

kai  san  ¶xίswsh  q¶rmόthtaV.   ∆hladή,  h  d¶ύt¶rh  parάgwgoV  thV  temp(x,  t)  wV

proV x isoύtai m¶ thn prώth parάgwgo thV temp(x, t) wV proV t. 

Οi sunoriakέV sunqήk¶V autήV thV diajorikήV ¶xίswshV ¶ίnai:

temp(x, 0) = startertemp(x),  

temp(0, t) = 0 kai temp(L, t) = 0, "t.
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Αpό autέV, oi basikέV sunoriakέV sunqήk¶V ¶ίnai

temp(0, t) = 0 kai temp(L, t) = 0, "t,

pou sumjwnoύn m¶ to g¶gonόV όti sin( k p xÅÅÅÅÅÅÅÅÅÅÅL ) = 0 gia x = 0 kai x = L gia όlouV touV

q¶tikoύV  ak¶raίouV  k.   Αutό  shmaίn¶i  pwV  gia  kάq¶  staq¶rή  timή  t,  kai

opoiadήpot¶  timή  n,  pros¶ggίzoum¶  thn  temp(x,  t)  mόno  m¶  hmίtona  m¶  thn  boύq¶ia

thV sunάrthshV

approxtemp(x, t) = ⁄k=1
n uHt, kL sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L ,

όpou  oi  sunt¶l¶stέV  thV  prosέggishV  Fourier,  u(t,  k),  prέp¶i  na  upologisqoύn.

Πrosέxt¶  pwV  autoί  oi  sunt¶l¶stέV  ¶xartώntai  apό  to  t  kai  to  k  dioti

p¶rimέnoum¶ diajor¶tikή hmitonikή prosέggish s¶ diάjor¶V cronikέV stigmέV t.   

Η  ¶xίswsh  q¶rmόthtaV  lέ¶i  ∑2 tempHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ x2  =  ∑ tempHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t .   Αntί  gia  thn  temp(x,  t)

crhsimopoioύm¶ thn  prosέggisή thV, approxtemp(x, t), sthn ¶xίswsh q¶rmόthtaV,

kai blέpoum¶ pwV    

‚
k=1

n
uHt, kL H k pÅÅÅÅÅÅÅÅL L2

 H-sinH k p xÅÅÅÅÅÅÅÅÅÅÅL LL = ‚
k=1

n ∑ uHt, kLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t  sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L .

Η  ¶xίswsh  autή  όmwV  iscύ¶i  mόno  sthn  p¶rίptwsh  pou  iscύ¶i  h  diajorikή

¶xίswsh

∑ uHt, kLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t  = - uHt, kL H k pÅÅÅÅÅÅÅÅL L2 .

Αllά xέroum¶ pwV h lύsh autήV thV diajorikήV ¶xίswshV ¶ίnai 

u(t, k) = A(k) ‰-H k pÅÅÅÅÅÅÅÅL L2
 t .

Έtsi  gia  upologίsoum¶  touV  sunt¶l¶stέV  thV  prosέggishV  Fourier  prέp¶i  na

upologίsoum¶ touV sunt¶l¶stέV A(k).

ΑntikaqistώntaV autά ta u(t, k) sthn approxtemp(x, t) prokύpt¶i

approxtemp(x, t) = ‚
k=1

n
 AHkL ‰-H k pÅÅÅÅÅÅÅÅL L2

 t sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L ,
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h opoίa gia t = 0 gίn¶tai

approxtemp(x, 0) = ⁄k=1
n  AHkL sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L .

Αutή  ¶ίnai  h  prosέggish  thV  arcikήV  q¶rmόthtaV,  kai  έtsi  paίrnoum¶  ta  A(k)'s

apό  thn  hmitonikή  prosέggish  thV   startertemp(x)  —  ajoύ  bέbaia  thn  kάnoum¶

prώta p¶rittή.  

Πarάd¶igma:   Σthn  arcή  ¶nόV  p¶irάmatoV,  h  q¶rmokrasίa  tou  sύrmatoV  sthn

qέsh  x  (gia  0  §  x  §  L  =  3)  dίn¶tai  apό  thn  sunάrthsh  startertemp(x)  =

0.2 sin2H2 xL(x - 3).  

Γia  autήn  thn  sunάrthsh  έcoum¶  startertemp(0)  =  startertemp(L)  =  0  kai  to

sc¶diάgrammά thV ¶ίnai sto Figure 8.

L = 3;
startertemp@x_D = 0.2 Sin@2 xD2 Hx − 3L2;
8startertemp@0D, startertemp@LD<

80, 0<

Plot@startertemp@xD, 8x, 0, L<, PlotStyle →

88Thickness@0.007D, RGBColor@0, 0, 1D<<, AxesLabel → 8"x", ""<D;

Figure 8

0.5 1 1.5 2 2.5 3
x

0.2

0.4

0.6

0.8

1

4:Πar¶mbolή

ΑlkibiάdhV Γ. ΑkrίtaV 266 ΤΜΗΥΤ∆, ΠΘ



Τhn  sunάrthsh  startertemp(x)  thn  kάnoum¶  prώta  p¶rittή  kai  m¶tά  auqaίr¶ta

qέtont¶V  n  =  8  upologίzoum¶  m¶  thn  FFF  thn  hmitonikή  thV  prosέggish.   ∆hladή

έcoum¶ 

oddStartertemp@x_D := startertemp@xD ê; 0 ≤ x ≤ L;
oddStartertemp@x_D := −startertemp@2 L − xD ê; L < x ≤ 2 L;

sinesOnlyfit@t_D =

Chop@ComplexExpand@FastFourierfit@oddStartertemp, 2 L, n = 8, xDDD

0.379996 SinA π x
3

E + 0.395139 SinA 2 π x
3

E +

0.298906 Sin@π xD + 0.0691479 SinA 4 π x
3

E − 0.0908022 SinA 5 π x
3

E −

0.0548269 Sin@2 π xD − 0.0186735 SinA 7 π x
3

E

Κatόpin paίrnoum¶ touV sunt¶l¶stέV twn sin( k p tÅÅÅÅÅÅÅÅÅÅL ):

A@k_D := CoefficientAsinesOnlyfit@tD, SinAi
k
jj

k π x

L
y
{
zzEE;

Table@A@kD, 8k, 1, n<D

80.379996, 0.395139, 0.298906,
0.0691479, −0.0908022, −0.0548269, −0.0186735, 0<

kai h sunάrthsh temp(x, t) ¶ίnai:

temp@x_, t_D = ‚
k=1

n

A@kD E−H k π
L L2

t SinA Hk πL x

L
E

0.379996 − π2 t
9 SinA π x

3
E +

0.395139 − 4 π2 t
9 SinA 2 π x

3
E + 0.298906 −π2 t Sin@π xD +

0.0691479 − 16 π2 t
9 SinA 4 π x

3
E − 0.0908022 − 25 π2 t

9 SinA 5 π x
3

E −

0.0548269 −4 π2 t Sin@2 π xD − 0.0186735 − 49 π2 t
9 SinA 7 π x

3
E

Έtsi έcoum¶ gia parάd¶igma
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temp@2.5, 1D

0.0592159

Η kumatikή ¶xίswsh ∂
2 positionHx, tLÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

∂ x2  = ∂
2 positionHx, tLÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

∂ t2

ΑV doύm¶ tώra thn kumatikή ¶xίswsh.  

Πrόblhma:   Αrcίzoum¶  m¶  mίa  ¶lastikή  cordή  st¶r¶wmέnh  sta  shm¶ίa  0  kai  L

tou άxona twn x.  Η cordή t¶ntώn¶tai mέcri mίa arcikή qέsh kai katόpin ajήn¶tai

na pάll¶tai mόno thV, m¶ arcikή tacύthta 0.  Η sunάrthsh starterposition(x) dίn¶i

thn  qέsh  thV  cordήV  sto shm¶ίo  x,  gia  0 §  x  §  L.   ΌpwV  kai  sthn  p¶rίptwsh  thV

¶xίswshV  q¶rmόthtaV, q¶wroύm¶ cwrίV  p¶riorismό thV  g¶nikόthtaV  sunartήs¶iV

starterposition(x)  gia  tiV  opoί¶V  iscύ¶i  starterposition(0)  =  starterposition(L)  =  0,

ώst¶ na mporoύm¶ na tiV pros¶ggίsoum¶ mόno m¶ hmίtona.

Θέloum¶  na  broύm¶  ton  tύpo  gia  thn  sunάrthsh  qέshV  position(x,  t),  ώst¶  na

paίrnoum¶  thn  q¶sh  thV  cordήV  sto  shm¶ίo  x,  sthn  cronikή  stigmή  t  m¶tά  thn

έnarxh tou p¶irάmatoV. 

Λύsh m¶ thn FFF:  ΧrhsimopoiώntaV thn FFF brίskoum¶ ¶ύkola ton tύpo gia thn

sunάrthsh q¶shV position(x, t), wV ¶xήV: 

a.  Εp¶idή iscύ¶i starterposition(0) = starterposition(L) = 0 kάnoum¶ thn sunάrthsh

autή  p¶rittή  (m¶  ton  gnwstό  maV  trόpo)  kai  pros¶ggίzoum¶  thn  t¶l¶utaίa  mόno

m¶ hmίtona — m¶ ton grήgoro m¶taschmatismό Fourier, gia kάpoia timή n. 

b.   Εpilέgoum¶  touV  sunt¶l¶stέV  A(k)  twn  όrwn  sin( k p xÅÅÅÅÅÅÅÅÅÅÅL )  pou  pros¶ggίzoun  thn

p¶rittή sunάrthsh tou bήmatoV (a), kai 

g.  Ο tύpoV gia thn sunάrthsh position(x, t) ¶ίnai:

position(x, t) = ⁄k=1
n AHkL cosH k p tÅÅÅÅÅÅÅÅÅÅL L sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L

Σhm¶ίwsh:   Οi  όroi  sin( k p tÅÅÅÅÅÅÅÅÅÅL )  sthn  prosέggish  thV  p¶rittήV  sunάrthshV  tou

bήmatoV (a) grάjontai san sin( k p xÅÅÅÅÅÅÅÅÅÅÅL ), dhladή ta t antikaqίstantai apό ta x.  
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Η  k¶ntrikή  ¶rώthsh  pou  prέp¶i  na  apanthq¶ί  ¶ίnai  apό  pou  proέrcontai  oi  όroi

cosH k p tÅÅÅÅÅÅÅÅÅÅL L .  Η apάnthsh akolouq¶ί.

Μ¶lέt¶V  έd¶ixan  pwV  m¶tά  apό  katάllhl¶V  prosarmogέV  monάdwn  h  sunάrthsh

position(x,  t)  ikanopoi¶ί  thn  m¶rikή  diajorikή  ¶xίswsh  ∑2 positionHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ x2  =  ∑2 positionHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t2 ,

gnwstή  kai  san  kumatikή  ¶xίswsh.   ∆hladή,  h  d¶ύt¶rh  parάgwgoV  thV

position(x, t) wV  proV  x isoύtai  m¶ thn d¶ύtrh  parάgwgo  thV position(x, t) wV proV

t. 

Οi sunoriakέV sunqήk¶V autήV thV diajorikήV ¶xίswshV ¶ίnai:

position(x, 0) = starterposition(x),  

position(0, t) = 0 kai position(L, t) = 0, "t,

¶p¶idή ta άkra thV cordήV ¶ίnai st¶r¶wmέna.  ΕpίshV έcoum¶

∑positionHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t  = 0 gia t = 0,

¶p¶idή dίnoum¶ sthn cordή arcikή tacύthta 0.

Αpό tiV parapάnw, oi basikέV sunoriakέV sunqήk¶V ¶ίnai oi

position(0, t) = 0 kai position(L, t) = 0, "t,

pou sumjwnoύn m¶ to g¶gonόV όti sin( k p xÅÅÅÅÅÅÅÅÅÅÅL ) = 0 gia x = 0 kai x = L gia όlouV touV

q¶tikoύV  ak¶raίouV  k.   Αutό  shmaίn¶i  pwV  gia  kάq¶  staq¶rή  timή  t,  kai

opoiadήpot¶  timή  n,  pros¶ggίzoum¶  thn  position(x,  t)  mόno  m¶  hmίtona  m¶  thn

boήq¶ia thV sunάrthshV

approxposition(x, t) = ⁄k=1
n uHt, kL sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L ,

όpou  oi  sunt¶l¶stέV  thV  prosέggishV  Fourier,  u(t,  k),  prέp¶i  na  upologisqoύn.

Πrosέxt¶  pwV  autoί  oi  sunt¶l¶stέV  ¶xartώntai  apό  to  t  kai  to  k  dioti

p¶rimέnoum¶ diajor¶tikή hmitonikή prosέggish s¶ diάjor¶V cronikέV stigmέV t.   
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Η  kumatikή  ¶xίswsh  lέ¶i  ∑2 positionHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ x2  =  ∑2 positionHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t2 .   Αntί  gia  thn  position(x,  t)

crhsimopoioύm¶ thn  prosέggisή thV, approxposition(x, t), sthn kumatikή ¶xίswsh,

kai blέpoum¶ pwV    

‚
k=1

n
uHt, kL H k pÅÅÅÅÅÅÅÅL L2

 H-sinH k p xÅÅÅÅÅÅÅÅÅÅÅL LL = ‚
k=1

n ∑2 uHt, kLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t2  sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L

Η  ¶xίswsh  autή  όmwV  iscύ¶i  mόno  sthn  p¶rίptwsh  pou  iscύ¶i  h  ¶kq¶tikή

diajorikή ¶xίswsh

∑2 uHt, kLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t2  = - uHt, kL H k pÅÅÅÅÅÅÅÅL L2 .

Αllά  xέroum¶  pwV  h  lύsh  autήV  thV  diajorikήV  ¶xίswshV  (pou  ¶ίnai  mh

¶xanagkasmέnoV talantwtήV cwrίV apόsb¶sh) ¶ίnai 

u(t, k) = A(k) cos( k p tÅÅÅÅÅÅÅÅÅÅL ) + B(k) sin( k p tÅÅÅÅÅÅÅÅÅÅL ).

Έtsi  gia  upologίsoum¶  touV  sunt¶l¶stέV  thV  prosέggishV  Fourier  prέp¶i  na

upologίsoum¶ touV sunt¶l¶stέV A(k) kai B(k).

ΕjarmόzontaV  thn  sunqήkh  ∑positionHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t  =  0  gia  t  =  0,  sthn  sunάrthsh

approxposition(x, t) = ⁄k=1
n uHt, kL sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L , όpou oi sunt¶l¶stέV ¶ίnai u(t, k) = A(k)

cos( k p tÅÅÅÅÅÅÅÅÅÅL ) + B(k) sin( k p tÅÅÅÅÅÅÅÅÅÅL ), prokύpt¶i ∑uHx, tLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ t  = 0 apό όpou paίrnoum¶ k p BHkLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅL  = 0 kai

t¶likά B(k) = 0.  ΕpomέnwV, u(t, k) = A(k) cos( k p tÅÅÅÅÅÅÅÅÅÅL ).

ΑntikaqistώntaV ta u(t, k) sthn approxposition(x, t) έcoum¶

approxtemp(x, t) = ⁄k=1
n  AHkL cosH k p tÅÅÅÅÅÅÅÅÅÅL L sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L ,

pou gia t = 0 gίn¶tai

approxposition(x, 0) = ⁄k=1
n  AHkL cosH k p 0ÅÅÅÅÅÅÅÅÅÅÅL L sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L  

          

          = ⁄k=1
n  AHkL sinH k p xÅÅÅÅÅÅÅÅÅÅÅL L .

Αutή ¶ίnai h prosέggish thV arcikήV q¶shV, kai έtsi paίrnoum¶ ta A(k)'s apό thn

hmitonikή  prosέggish  thV   starterposition(x)  —  ajoύ  bέbaia  thn  kάnoum¶  prώta

p¶rittή.  
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Πarάd¶igma:  Σthn arcή tou p¶irάmatoV h qέsh thV cordήV sto shm¶ίo x (0 § x §

L  =  3)  dίn¶tai  apό  thnh  sunάrthsh  starterposition(x)  =  0.2 sin2H2 xL(x  -  3)  —

sunάrthsh pou crhsimopoiήsam¶ s¶ prohgoύm¶no parάd¶igma. 

Γia  autήn  thn  sunάrthsh  έcoum¶  starterposition(0)  =  starterposition(L)  =  0  kai  to

sc¶diάgrammά thV ¶ίnai sto Figure 8.

L = 3;
starterposition@x_D = 0.2 Sin@2 xD2 Hx − 3L2;
8starterposition@0D, starterposition@LD<

80, 0<

Τhn  sunάrthsh  starterposition(t)  thn  kάnoum¶  prώta  p¶rittή  kai  m¶tά  auqaίr¶ta

qέtont¶V  n  =  8  upologίzoum¶  m¶  thn  FFF  thn  hmitonikή  thV  prosέggish.   ∆hladή

έcoum¶ 

oddStarterposition@x_D := starterposition@xD ê; 0 ≤ x ≤ L;
oddStarterposition@x_D := −starterposition@2 L − xD ê; L < x ≤ 2 L;

sinesOnlyfit@x_D = Chop@
ComplexExpand@FastFourierfit@oddStarterposition, 2 L, n = 8, xDDD

0.379996 SinA π x
3

E + 0.395139 SinA 2 π x
3

E +

0.298906 Sin@π xD + 0.0691479 SinA 4 π x
3

E − 0.0908022 SinA 5 π x
3

E −

0.0548269 Sin@2 π xD − 0.0186735 SinA 7 π x
3

E

Κatόpin paίrnoum¶ touV sunt¶l¶stέV twn όrwn sin( k p tÅÅÅÅÅÅÅÅÅÅL ):

A@k_D := CoefficientAsinesOnlyfit@xD, SinAi
k
jj

k π x

L
y
{
zzEE;

Table@A@kD, 8k, 1, n<D

80.379996, 0.395139, 0.298906,
0.0691479, −0.0908022, −0.0548269, −0.0186735, 0<

kai h sunάrthsh position(x, t) ¶ίnai:
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position@x_, t_D = ‚
k=1

n

A@kD CosA Hk πL t

L
E SinA Hk πL x

L
E

0.379996 CosA π t
3

E SinA π x
3

E +

0.395139 CosA 2 π t
3

E SinA 2 π x
3

E + 0.298906 Cos@π tD Sin@π xD +

0.0691479 CosA 4 π t
3

E SinA 4 π x
3

E − 0.0908022 CosA 5 π t
3

E SinA 5 π x
3

E −

0.0548269 Cos@2 π tD Sin@2 π xD − 0.0186735 CosA 7 π t
3

E SinA 7 π x
3

E

Έtsi έcoum¶ gia parάd¶igma

position@2.5, 1D

−0.0208967
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ü ∆6:  Σumpί¶sh ¶ikόnwn m¶ ton diakritό sunhmitonikό m¶taschmatismό (DCT)

Ο  21oV  aiώnaV  qa  ¶ίnai  o  aiώnaV  thV  sumpί¶shV  hl¶ktronikώn  plhrojoriώn.   Οi

plhrojorί¶V  autέV  auxάnontai  ragdaίa  kai  ¶p¶idή  d¶n  upάrc¶i  diaqέsimh  mnήmh

gia  thn  apoqήk¶usή  touV  kataj¶ύgoum¶  sthn  “sumpί¶sή”  touV,  h  opoίa  apait¶ί

polύ ligόt¶rh mnήmh.

Σan  parάd¶igma  anajέroum¶  ta  daktulikά  apotupώmata  pou  apoqhk¶ύ¶i

hl¶ktronikά  to Οmospondiakό Γraj¶ίo Αnakrίs¶wn twn Ηnwmέnwn Πolit¶iώn  thV

Αm¶rikήV, gnwstό  kai  san  FBI.  Η apoqήk¶ush gίn¶tai  ajoύ prώta  sumpi¶sqoύn

ta  daktulikά  apotupώmata  m¶  mίa  morjή  tou  m¶taschmatismoύ  wavelets  pou  qa

gnwrίsoum¶ sto ¶pόm¶no k¶jάlaio.

Σthn  upo¶nόthta  autή  qa  gnwrίsoum¶  ton  diakritό  sunhmitonikό

m¶taschmatismό  (discrete  cosine  transform  ή  DCT)  —  pou  crhsimopoi¶ίtai  gia

thn  sumpί¶sh  yhjiakώn  ¶ikόnwn  kai  pou  sc¶tίz¶tai  m¶  ton  grήgoro

m¶taschmatismό Fourier (FFT).

ΒasikέV έnnoi¶V

ΟrismόV  (Σhmάtwn):   Έna  sun¶cέV  ή  analogikό  sήma   (continuous  or  analog

signal) ¶ίnai mίa sunάrthsh 

f : D Ø n ,  όpou D Œ m   m,n œ .

Έna diakritό sήma  (discrete-time signal) ¶ίnai mίa sunάrthsh 

f : D Ø n ,  όpou D Œ m   m,n œ .

Αn ¶pί plέon f(D) Œ n , tόt¶ h f lέg¶tai yhjiakό sήma (digital signal).

Πarάd¶igma  sun¶coύV  sήmatoV  ¶ίnai  o  ήcoV  pou  ¶ίnai  mίa  sunάrthsh  f  :    Ø   ,

όpou to p¶dίo timώn thV ¶ίnai h έntash.  

Άllo  parάd¶igma  sun¶coύV  sήmatoV  ¶ίnai  ta  crώmata  yhjiakώn  ¶ikόnwn.   Σthn

p¶rίptwsh  asprόmaurhV  ¶ikόnaV  to  sήma  antistoic¶ί  s¶  kάq¶  ¶ikonostoic¶ίo
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(pixel)  mίa  timή  jwtismoύ,  έtsi  ώst¶  f  :  D  Œ  2  Ø   ,  ¶nώ  sthn  p¶rίptwsh

έgcrwmhV  ¶ikόnaV  έcoum¶  f  :  D  Œ  2  Ø  3  ή  f  :  D  Œ  2  Ø  4  anάloga  m¶  to  an

crhsimopoioύm¶ 3 ή 4 basikά crώmata.  (Εndiajέron έcoun oi sunartήs¶iV   Gray-

Level[], RGBColor[] kai CMYKColor[] sto Mathematica.)

Τa  p¶rissόt¶ra  sήmata  arcίzoun  thn  zwή  touV  s¶  analogikή  morjή.   Γίnontai

diakritά  (ή  yhjiakά)  m¶  d¶igmatolhyίa  (sampling)  s¶  ίsa  cronikά  diastήmata,

dhladή  έcoum¶  fdigitalHnL  = fanalog HnTL ,  όpou  n  = 0,  ±1,  ±2,  ...   kai  T  ¶ίnai  o  crόnoV

d¶igmatolhyίaV (sampling interval).

Πarάd¶igma:

Αn upoqέsoum¶ pwV to sun¶cέV sήma ¶ίnai f(t) = sin(t) tόt¶ to diakritό prokύpt¶i

apό thn d¶igmatolhyίa όpwV jaίn¶tai sto akόlouqo sc¶diάgramma

L = 2 π; n = 8;
fplot = PlotASin@tD, 8t, 0, L<,

PlotStyle → 8Thickness@0.008D, RGBColor@0, 0, 1D<,

AspectRatio →
1

GoldenRatio
, DisplayFunction IdentityE;

fdata = TableAN@8t, Sin@tD<D, 9t, 0, L −
L

2 n − 1
,

L

2 n − 1
=E;

fdataplot = ListPlot@fdata,
PlotStyle → PointSize@0.02D, DisplayFunction → IdentityD;

Show@fplot, fdataplot, DisplayFunction → $DisplayFunctionD;

1 2 3 4 5 6

-1

-0.5

0.5

1
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ΟrismόV  (Σun¶cήV  FΤ):   Ο  sun¶cήV  m¶taschmatismόV  Fourier  (continuous

Fourier Transform) ¶nόV p¶riodikoύ sήmatoV f :   Ø , m¶ p¶rίodo L œ , ¶ίnai f
`

 :

 Ø  όpou

f
`
(k) = Ÿ0

L f HtL ‰-Â k H2 pL t ê L „ t ,

m¶ k œ , Â = è!!!!!!!
-1  œ  (kai sunήqwV L = 2p).  Υpάrc¶i kai o antίstrojoV tύpoV 

f(t) = 1ÅÅÅÅÅL ‚
k œ 

f
`HkL ‰Â k H2 pL t ê L , "t œ ,

pou  ¶kjrάz¶i  thn  sunάrthsh  f  m¶  thn  boήq¶ia  tou  m¶taschmatismoύ  Fourier.   Η

s¶irά sugklίn¶i omoiόmorja sthn sunάrthsh f kai lέg¶tai s¶irά Fourier.  Γia k œ

  oi  ariqmoί  ck  =  1ÅÅÅÅÅL f
`HkL  =  1ÅÅÅÅÅL Ÿ0

L f HtL ‰-Â k H2 pL t ê L „ t  ¶ίnai  oi  sunt¶l¶stέV  Fourier

pou  ¶ίdam¶  kai  sthn  oloklhrwtikή  prosέggish  Fourier.   ΕpίshV  gia  k  œ  ,  oi  ¶idikέV

sunartήs¶iV  ‰Â k H2 pL t ê L  apot¶loύn  katά  kάpoio  trόpo  thn  “bάsh”  tou  migadikoύ

dianusmatikoύ cώrou twn L-p¶riodikώn sunartήs¶wn.

Τonίzoum¶  pwV  ¶nώ  to  arcikό  sήma  f  antistoic¶ί  s¶  kάq¶  t  œ  [0,  L]  thn  timή  tou

sήmatoV  f(t)  s¶  ¶k¶ίnh  thn  cronikή  stigmή,  o  m¶taschmatismόV  Fourier

f
`

antistoic¶ί  s¶  kάq¶  sucnόthta  k  œ    thn  sun¶isjorά  f
`HkL  thV  sucnόthta

autήV sto f, όpwV ¶kjrάz¶tai apό ton antίstrojo tύpo.

Μ¶ άlla lόgia o m¶taschmatismόV Fourier “sumpiέz¶i” tiV “amέtrht¶V” timέV f(t)

stiV m¶trήsim¶V timέV f
`HkL .

ΟrismόV  (∆iakritόV  FΤ):   Γia  k œ    kai  w  = ‰-2 p Â ê L  œ    mia  arcέgonh  rίza  thV

monάdaV,  tάxhV  L,  o  diakritόV  m¶taschmatismόV  Fourier  (discrete  Fourier Trans-

form) ¶nόV p¶riodikoύ sήmatoV f :  Ø , m¶ p¶rίodo L œ , orίz¶tai apό f
`
 :  Ø 

όpou 

f
`
(k) = ⁄0 § n < L f HnL ‰-2 p Â k n ê L  = ⁄0 § n < L f HnL wk n .

Μ¶  άlla  lόgia,  o  diakritόV  m¶taschmatismόV  Fourier  ¶ίnai  mia  prosέggish  tou

oloklhrώmatoV pou orίz¶i ton sun¶cή m¶taschmatismό Fourier, an sto t¶l¶utaίo

kάnoum¶ d¶igmatolhyίa s¶ isoapέconta shm¶ίa 2pn/L, 0 § n < L.  Σ¶ antίq¶sh m¶
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ton  sun¶cή  m¶taschmatismό  Fourier,  o  diakritόV  m¶taschmatismόV  f
`
(k)  ¶ίnai

¶pίshV p¶riodikόV m¶ p¶rίodo L kai iscύ¶i o antίstrojoV tύpoV

f (n) = 1ÅÅÅÅÅL ‚
0 § k < L

f
`HkL ‰2 p Â k n ê L  = 1ÅÅÅÅÅL ‚

0 § k < L
f
`HnL w-k n .

ΑutόV  o  orismόV  tou  diakritoύ  m¶taschmatismoύ  Fourier  sc¶tίz¶tai  m¶  ton

orismό  thV  ΕnόthtaV   4.6  wV  ¶xήV:  Αn  susc¶tίsoum¶  m¶  to  poluώnumo  f  œ  [x],

baqmoύ < n, έna diakritό sήma g :  Ø  m¶ p¶rίodo n pou antistoic¶ί stouV {0, 1,

…,  n  -  1}  touV  sunt¶l¶stέV  tou  f,  tόt¶  Vw (f),  m¶  w  =  ‰-2 p Â ê n ,  ¶ίnai  o  diakritόV

m¶taschmatismόV tou g.

ΌpwV  ¶ίdam¶,  έcoum¶  dύo  isodύnam¶V  parastάs¶iV  ¶nόV  sήmatoV.

Σugk¶krimέna,  an  f  ¶ίnai  έna  sήma  (sun¶cέV  ή  diakritό)  kai  f
`HkL  o  antίstoicoV

m¶taschmatismόV Fourier, tόt¶ f(t) ¶ίnai h timή tou sήmatoV thn cronikή stigmή t,

¶nώ f
`HkL  ¶ίnai h sun¶isjorά thV sucnόthtaV k sto sήma f.  

Τa  akoustikά  kai  optikά  sήmata  pou  proorίzontai  gia  touV  anqrώpouV

m¶tabάllontai  “argά”  ston  crόno  prάgma  pou  shmaίn¶i  όti  oi  sucnόthtέV  touV

¶ίnai  mikrέV.   Σun¶pώV,  oi  yhlέV  sucnόtht¶V  έcoun  mikrή  sun¶isjorά  kai

¶pomέnwV gia m¶gάl¶V timέV tou k έcoum¶ mikrέV timέV tou » f`HkL».

Μ¶  bάsh  thn  t¶l¶utaίa  paratήrhsh  h  basikή  idέa  thV  sumpί¶shV  ¶ίnai  na

p¶tάm¶ tiV timέV tou » f
`HkL» pou ¶ίnai  “kontά sto 0” kai na kratάm¶ tiV upόloip¶V.

Εp¶idή to anqrώpino autί ή mάti doul¶ύ¶i kallίt¶ra s¶ camhlέV (parά s¶ yhlέV)

sucnόtht¶V  o  akroatήV  ή  q¶atήV  d¶n  parathr¶ί  to  cάsimo  plhrojoriώn.   Έtsi

¶pitugcάn¶tai m¶gάlh sumpί¶sh!

Σhm¶iώnoum¶  pwV  sthn  staq¶rή  thl¶jwnίa  crhsimopoioύntai  sucnόtht¶V  mόno

mέcri  4000 Ηertz an kai to mέso  anqrώpino  autί antilambάn¶tai  sucnόtht¶V apό

20 mέcri  15000 Ηertz.   (Τo  pάnw  όrio  ¶xartάtai  kai  apό  thn  hlikίa  kai  mpor¶ί  na

pά¶i mέcri 22000 Ηertz).

Εp¶idή  ta  akoustikά  kai  optikά  sήmata  ¶ίnai  pragmatikά  sήmata,  antί  tou

m¶taschmatismoύ  Fourier  crhsimopoi¶ίtai  mίa  parallagή  tou  —  o  diakritόV
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sunhmitonikόV m¶taschmatismόV — pou antistoic¶ί s¶ pragmatikά sήmata pάli

pragmatikά sήmata.

Ο diakritόV sunhmitonikόV m¶taschmatismόV (DCT)

Έstw  f  :  {0,  1,  …,  L  -  1}  Ø    έna  diakritό  pragmatikό  sήma  p¶p¶rasmέnhV

diάrk¶iaV  L  œ  ,  όpwV  gia  parάd¶igma  mίa  s¶irά  miaV  yhjiakήV  ¶ikόnaV.

Θ¶wroύm¶ όti h f ¶p¶kt¶ίn¶tai s¶ p¶riodikό sήma s¶ όlo ton daktύlio  qέtont¶V

f(n)  =  f(n  mod  L)  "n  œ  .   Τόt¶  o  diakritόV  sunhmitonikόV  m¶taschmatismόV

(discrete cosine transorm ή DCT) ¶ίnai 

DCTH f L(k) = 1ÅÅÅÅÅÅÅÅÅÅè!!!!L
c(k) ⁄0§n§L-1 f HnLcos H2 n + 1L p kÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 L , 0 § k < L,

όpou  c(k) = 1 an  k  = 0 kai  c(k) = è!!!2  an  k  ∫  0.   Αutό  shmaίn¶i  pwV  kάq¶  stoic¶ίo

thV  m¶taschmatismέnhV  lίstaV  ¶ίnai  to  ¶swt¶rikό  ginόm¶no  thV  arcikήV  lίstaV

f(n)  kai  ¶nόV  apό  ta  L  dianύsmata  dk (n)  =  cos H2 n + 1L p kÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 L ,  0  §  k  §  L  -  1,  pou

apot¶loύn  thn  “bάsh”  tou  cώrou.   Οi  staq¶rέV  dialέgontai  έtsi  ώst¶  ta

dianύsmata bάshV ¶ίnai orqokanonikά.  

ΕpomέnwV,  o  m¶taschmatismόV  DCT  orίz¶tai  kai  san  to  ginόm¶no  ¶nόV

dianύsmatoV kai ¶nόV LäL pίnaka tou opoίou oi s¶irέV ¶ίnai ta dianύsmata dk (n),

0 § k § L - 1, thV bάshV.  Γia L = 8, o pίnakaV orίz¶tai sto Mathematica wV ¶xήV:

DCTMatrix@L_: 8D :=

TableAIfAk 0, $%%%%%%1
L
, $%%%%%%2

L
CosA H2 n + 1L π k

2 L
EE,

8k, 0, L − 1<, 8n, 0, L − 1<E êê N

Κάq¶ s¶irά tou pίnaka ¶ίnai kai έna apό ta dianύsmata bάshV:

DCTMatrix@D êê MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

0.353553 0.353553 0.353553 0.353553 0.353553 0.353553 0.353553 0.353553
0.490393 0.415735 0.277785 0.0975452 −0.0975452 −0.277785 −0.415735 −0.490393
0.46194 0.191342 −0.191342 −0.46194 −0.46194 −0.191342 0.191342 0.46194

0.415735 −0.0975452 −0.490393 −0.277785 0.277785 0.490393 0.0975452 −0.415735
0.353553 −0.353553 −0.353553 0.353553 0.353553 −0.353553 −0.353553 0.353553
0.277785 −0.490393 0.0975452 0.415735 −0.415735 −0.0975452 0.490393 −0.277785
0.191342 −0.46194 0.46194 −0.191342 −0.191342 0.46194 −0.46194 0.191342

0.0975452 −0.277785 0.415735 −0.490393 0.490393 −0.415735 0.277785 −0.0975452

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz
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Εp¶idή  ta  dianύsmata  thV  bάshV  ¶ίnai  orqokanonikά  xέroum¶  όti  o  antίstrojoV

pίnakaV tou DCTMatrix[] ¶ίnai o anάstrojόV tou.  Σun¶pώV iscύ¶i:

DCTMatrix@D.Transpose@DCTMatrix@DD êê MatrixForm êê Chop

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

1. 0 0 0 0 0 0 0
0 1. 0 0 0 0 0 0
0 0 1. 0 0 0 0 0
0 0 0 1. 0 0 0 0
0 0 0 0 1. 0 0 0
0 0 0 0 0 1. 0 0
0 0 0 0 0 0 1. 0
0 0 0 0 0 0 0 1.

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

Τa octώ dianύsmata thV bάshV jaίnontai sto akόlouqo sc¶diάgramma

k = 0;
Show@GraphicsArray@Partition@Map@HListPlot@#, PlotRange → 8−.5, .5<,

PlotJoined → True, PlotLabel → "k = " <> ToString@k++D,
DisplayFunction → IdentityDL &, DCTMatrix@DD, 2DDD;

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 6

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 7

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 4

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 5

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 2

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 3

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 0

2 3 4 5 6 7 8
-0.4
-0.2

0.2
0.4

k = 1
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Πrosέxt¶  όti  s¶  m¶galύt¶r¶V  timέV  tou  k  antistoic¶ί  grhgorόt¶rh  “m¶tabolή”

tou dianύsmatoV bάshV.  

Σhm¶iώnoum¶  pwV  o  parapάnw  orismόV  autόV  ¶ίnai  o  sunhqέst¶roV  sthn

bibliograjίa.   Σto  Mathematica  o  diakritόV  sunhmitonikόV  m¶taschmatismόV

orίz¶tai diajor¶tikά.  Υpάrc¶i d¶ sto pakέto

<< LinearAlgebra`FourierTrig`

h  sunάrthsh  FourierCos@ D (ίdia  m¶  thn  antίstrojό  thV)  thn  opoίa  όmwV  d¶n

qa crhsimopoiήsoum¶.

?FourierCos

FourierCos@listD computes the discrete
cosine transform of a list of real numbers. More…

Αnάloga  orίz¶tai  kai  o  antίstrojoV  diakritόV  sunhmitonikόV

m¶taschmatismόV (inverse discrete cosine transorm ή iDCT) 

iDCTH f L(n) = 1ÅÅÅÅÅÅÅÅÅÅè!!!!L
⁄0§k§L-1  cHkL f HkLcos H2 n + 1L p kÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 L , 0 § n < L,

όpou oi timέV tou c(k) ¶ίnai, όpwV kai prin, c(k) = 1 an k = 0 kai c(k) = è!!!2  an k ∫ 0.

Πrosέxt¶  pwV  o  iDCTH f L(n)  ¶kjrάz¶tai  san  grammikόV  sundiasmόV  twn

dianusmάtwn  thV  bάshV.   Οi  sunt¶l¶stέV  ¶ίnai  stoic¶ίa  tou  m¶taschmatismoύ

DCT kai paristάnoun thn sun¶isjorά kάq¶ sucnόthtaV ston iDCTH f L(n).

Πarάd¶igma: 

Πaίrnoum¶ έna tucaίo diάnusma m¶ 8 stoic¶ίa

L = 8;
vector1 = Table@Random@Real, 8−1, 1<D, 8L<D

80.873374, −0.358588, 0.848067, 0.13191,
0.467967, 0.751282, −0.524331, 0.00638497<

Σumpί¶sh ¶ikόnwn m¶ ton DCT

ΑlkibiάdhV Γ. ΑkrίtaV 279 ΤΜΗΥΤ∆, ΠΘ



Ο  diakritόV  sunhmitonikόV  m¶taschmatismόV  DCT  tou  dianύsmatoV  autoύ

upologίz¶tai m¶ ton “pίnaka DCT” kai ¶ίnai 

out1 = DCTMatrix@D.vector1

80.776427, 0.488175, −0.345673,
0.390159, 0.269834, 0.0292881, 1.20021, 0.243567<

Ο  antίstrojoV  diakritόV  sunhmitonikόV  m¶taschmatismόV  iDCT  tou

dianύsmatoV out1 upologίz¶tai m¶ ton antίstrojo “pίnaka DCT” kai ¶ίnai 

Inverse@DCTMatrix@DD.out1

80.873374, −0.358588, 0.848067, 0.13191,
0.467967, 0.751282, −0.524331, 0.00638497<

% − vector1 êê Chop

80, 0, 0, 0, 0, 0, 0, 0<

Ιsodύnama,  ¶p¶idή  o  pίnakaV  ¶ίnai  orqokanonikόV,  o  antίstrojoV  diakritόV

sunhmitonikόV  m¶taschmatismόV  iDCT  tou  dianύsmatoV  out1  upologίz¶tai  kai

m¶ ton anάstrojo “pίnaka DCT” kai ¶ίnai 

Transpose@DCTMatrix@DD.out1

80.873374, −0.358588, 0.848067, 0.13191,
0.467967, 0.751282, −0.524331, 0.00638497<

% − vector1 êê Chop

80, 0, 0, 0, 0, 0, 0, 0<

ΌpwV anajέram¶, o m¶taschmatismόV DCT sc¶tίz¶tai m¶ ton (grήgoro) diakritό

m¶taschmatismό  Fourier  (FFT).   Σugk¶krimέna,  mporoύm¶  na  upologίsoum¶  ton

m¶taschmatismό   DCT  miaV  lίstaV  m¶  ton  FFT  wV  ¶xήV:  (a)  dhmiourgoύm¶  mίa

kainoύrgia  lίsta  paίrnontaV  prώta  ta  άrtia  stoic¶ίa  kai  έp¶ita  ta  p¶rittά

stoic¶ίa  thV  arcikήV  lίstaV,  (b)  pollaplasiάzoum¶  stoic¶ίo  proV  stoic¶ίo  ton
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antίstrojo  (grήgoro)  m¶taschmatismό  Fourier,  iFFT, thV  kainoύrgiaV  lίstaV  m¶

thn  lίsta  twn  ¶kq¶tikώn  sunartήs¶wn  {1,  è!!!2  ‰-Â p 1ÅÅÅÅÅÅÅÅ2 L ,  …,  è!!!2  ‰-Â p L-1ÅÅÅÅÅÅÅÅÅÅÅ2 L }  kai  (g)

tέloV apό to apotέl¶sma paίrnoum¶ to pragmatikό mέroV kάq¶ stoic¶ίou.

Μ¶ to Mathematica orίzoum¶ prώta tiV ¶kq¶tikέV sunartήs¶iV pou tiV onomάzoum¶

DCTfitters[]

DCTfitters@L_: 8D := JoinA81<, TableAè!!!!
2  − π k

2 L , 8k, L − 1<EE êê N

kai  katόpin  thn  sunάrthsh  DCT[].   (Πrosέxt¶  thn  crήsh  thV  sunάrthshV

InverseFourier[]!)

DCT@list_, L_: 8D :=

Re@DCTfitters@LD ∗ InverseFourier@list@@Join@Table@i + 1,
8i, 0, L − 1, 2<D, Reverse@Table@i + 1, 8i, 1, L − 1, 2<DDDDDDD

Έtsi gia to diάnusma tou parad¶ίgmatόV maV έcoum¶

DCT@vector1D

80.776427, 0.488175, −0.345673,
0.390159, 0.269834, 0.0292881, 1.20021, 0.243567<

kai to apotέl¶sma ¶ίnai to ίdio m¶ ¶k¶ίno pou brήkam¶ prin.

out1

80.776427, 0.488175, −0.345673,
0.390159, 0.269834, 0.0292881, 1.20021, 0.243567<

Ο  antίstrojoV  m¶taschmatismόV   iDCT  miaV  lίstaV  upologίz¶tai  tώra  m¶  ton

(grήgoro) m¶taschmatismό Fourier, FFT, ajoύ: 

(a)  orίsoum¶  tiV  antίstroj¶V  ¶kq¶tikέV  sunartήs¶iV  iDCTfitters[]

paίrnontaV tiV suzug¶ίV touV

iDCTfitters@L_: 8D := Conjugate@DCTfitters@LDD
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(b)  pollaplasiάsoum¶  stoic¶ίo  proV  stoic¶ίo  ton  m¶taschmatismό  FFT  thV

arcikήV  lίstaV  m¶  thn  lίsta  twn  ¶kq¶tikώn  sunartήs¶wn  iDCTfitters[],

pάroum¶ to pragmatikό mέroV kάq¶ stoic¶ίou thV lίstaV  pou  prokύpt¶i kai tέloV

anadiatάxoum¶ ta stoic¶ίa autά.

iDCT@list_, L_: 8D :=

Re@Fourier@iDCTfitters@LD∗listDDAAindeces = Table@i, 8i, 1, L<D;
indecesOrdered = 8<;

ForAi = 1, i ≤
L

2
, i++, AppendTo@indecesOrdered, indeces@@iDDD;

AppendTo@indecesOrdered, indeces@@L − i + 1DDDE; indecesOrderedEE

Έtsi έcoum¶

iDCT@DCT@vector1DD − vector1 êê Chop

80, 0, 0, 0, 0, 0, 0, 0<

Πrosέxt¶  pwV  l¶itourgoύn  oi  anadiatάx¶iV  stouV  m¶taschmatismoύV  DCT  kai

iDCT.  Η lίsta {1, 2, …, 8} m¶ ton DCT gίn¶tai

L = 8; indeces = Join@Table@i + 1, 8i, 0, L − 1, 2<D,
Reverse@Table@i + 1, 8i, 1, L − 1, 2<DDD

81, 3, 5, 7, 8, 6, 4, 2<

kai autή m¶thn s¶irά thV m¶ ton iDCT gίn¶tai pάli h arcikή

indecesOrdered = 8<;

ForAi = 1, i ≤
L

2
, i++, AppendTo@indecesOrdered, indeces@@iDDD;

AppendTo@indecesOrdered, indeces@@L − i + 1DDDE; indecesOrdered

81, 2, 3, 4, 5, 6, 7, 8<

ΈcontaV plήrwV orίs¶i ton diakritό sunhmitonikό m¶taschmatismό aV doύm¶ pwV

mpor¶ί  na  ¶ίnai  έnaV  algόriqmoV  sumpί¶shV  yhjiakώn  ¶ikόnwn  —  gia  thn

“oikonomikή” apoqήk¶usή touV.  
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Υp¶nqumίzoum¶  pwV  s¶  mίa  asprόmaurh  yhjiakή  ¶ikόna  antistoic¶ί  έnaV

pίnakaV,  kάq¶  stoic¶ίo  tou  opoίou  paristάn¶i  thn  jwt¶inόthta  tou  antίstoicou

¶ikonostoic¶ίou.   (ΣtiV  έgcrwm¶V  ¶ikόn¶V  antistoicoύn  p¶rissόt¶roi  pίnak¶V  —

έnaV gia thn jwt¶inόthta kάq¶ basikoύ crώmatoV tou ¶ikonostoic¶ίou.)  

Εjarmόzoum¶ loipόn prώta s¶ kάq¶ s¶irά kai m¶tά s¶ kάq¶ stήlh tou pίnaka thV

¶ikόnaV  ton  m¶taschmatismό  DCT  kai  apoktoύm¶  έnan  m¶taschmatismέno

pίnaka.  Κatόpin diairoύm¶ ta stoic¶ίa autoύ tou m¶taschmatismέnou pίnaka m¶

mίa staq¶rά q œ >1  (quantization) kai ta stroggul¶ύoum¶ proV ton plhsiέst¶ro

akέraio.  

ΣkopόV  autήV  thV  diaίr¶shV  kai  stroggύl¶ushV  ¶ίnai  na  mhd¶nίsoum¶  tiV  timέV

pou  ¶ίnai  kontά  sto  0  (s¶  apόluth  timή)  kai  na  m¶iώsoum¶  ton  ariqmό  twn

diajor¶tikώn  timώn  —  kai  sun¶pώV  kai  ton  ariqmό  twn  duadikώn  yhjίwn  pou

cr¶iάzontai gia thn kwdikopoίhsή touV.  

Σto  stάdio  autό  έcoum¶  mόnim¶V  “apώl¶i¶V”  plhrojoriώn  pou  d¶n  mporoύm¶  na

¶panaktήsoum¶.   Αutό  gίn¶tai  gia  ta  stoic¶ίa  m¶  uyhlή  sucnόthta,  dhladή  gia

m¶gάl¶V  timέV  tou  k.   ΕpomέnwV  m¶gάl¶V  timέV  thV  staq¶rάV  q  antistoicoύn  s¶

uyhlή sumpί¶sh — allά kai s¶ kakή poiόthta ¶ikόnaV.

Σto  tέloV,  έnaV  sundiasmόV  apό  kwdikopoiήs¶iV  Huffman  kai  run  length

sumpiέzoun  ton  stroggul¶mέno  pίnaka  cwrίV  “apώl¶i¶V”  plhrojoriώn  (lossless

compression).  

Αnajέroum¶  pwV  h  kwdikopoίhsh  Huffman  (1952)  sumpiέz¶i  antistoicώntaV

“mikroύV  kwdikoύV”  (lίga  duadikά  yhjίa)  s¶  sύmbola  pou  crhsimopoioύntai

sucnά  kai  “m¶gάlouV  kwdikoύV” s¶  sύmbola  pou  spάnia  crhsimopoioύntai  (όpwV

gia  parάd¶igma  o  kώdikaV  Morse).  Γia  p¶rissόt¶ra  sc¶tikά m¶ ton kώdika  Huff-

man  blέp¶  kai  parakάtw.   Όson  ajorά  thn  kwdikopoίhsh  run  length,  autή

sumpiέz¶i  kάq¶  akolouqίa  (run)  apό  0  s¶  dύo  ariqmoύV:  o  prώtoV  ¶ίnai  0  kai

shmad¶ύ¶i  thn  qέsh  thV  akolouqίaV  ¶nώ  o  d¶ύt¶roV  dhlώn¶i  to  mήkoV  thV
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akolouqίaV.  (Γia parάd¶igma, h akolouqίa 1, 0, 0, 0, 0, 2 sumpiέz¶tai sthn 1, 0, 4,

2.)

Η  sumpί¶sh  plhrojoriώn  cwrίV  “apώl¶i¶V” ¶pitugcάn¶tai  sto  Mathematica  5 m¶

thn  boήq¶ia  thV  sunάrthshV  SparseArray[].   Εm¶ίV  qa  ascolhqoύm¶  m¶  ta

upόloipa stάdia thV sumpί¶shV.

Γia  thn  aposumpί¶sh  thV  ¶ikόnaV  ¶rgazόmast¶  antίstroja:  ajoύ  kάnoum¶

aposumpί¶sh plhrojoriώn — m¶ thn boήq¶ia thV sunάrthshV Normal[Sparse

Array[]]  sto  Mathematica  5  —  pollaplasiάzoum¶  ta  stoic¶ίa  m¶  q  kai

¶jarmόzoum¶  ton  antίstrojo  m¶taschmatismό  iDCT  s¶  kάq¶  s¶irά  kai  stήlh

tou pίnaka.

Αb¶baiόthta kai ¶ntropίa

Σthn  upo¶nόthta  autή  qa  ascolhqoύm¶  m¶  thn  ¶ntropίa,  h  opoίa  “posolog¶ί”

(quantifies)  thn  ab¶baiόthta.   ΌpwV  qa  doύm¶  h  ¶ntropίa  sc¶tίz¶tai  m¶  ton  lόgo

sumpί¶shV (compression ratio) mίaV ¶ikόnaV.  

Έstw  A  έna  sύnolo  m¶   diajor¶tikά  stoic¶ίa  kai  έstw  όti  ¶pilέgoum¶  tucaίa

έna  apό  ta  stoic¶ίa  autά.   Η  ab¶baiόthta  autήV  thV  ¶pilogήV  ¶ίnai  .   Γia

t¶cnikoύV  όmwV  lόgouV,  pou  sc¶tίzontai  m¶  thn  aqroistikόthta,  orίzoum¶  thn

ab¶baiόthta thV ¶pilogήV san log2 .  

Η  aqroistikόthta  thV  ab¶baiόthtaV  ¶mjanίz¶tai  όtan,  gia  parάd¶igma,  έcoum¶

dύo  sύnola,  A,  B,  m¶  1  kai  2  diajor¶tikά  stoic¶ίa  antίstoica.   Πarόti  to

Κart¶sianό  ginόm¶no  AäB  =  {(a,  b),  a  œ  A,  b  œ  B}  twn  dύo  autώn  sunόlwn  έc¶i

1 2  stoic¶ίa, h ab¶baiόthta thV tucaίaV ¶pilogήV apό autό d¶n kaqorίz¶tai apό

to  plήqoV  1 2 .   Κai  toύto   diόti  tucaίa  ¶pilogή  apό  to  AäB  antistoic¶ί  s¶  mίa

tucaίa ¶pilogή apό to A kai s¶ mίa tucaίa ¶pilogή apό to B.  

Αutή  h  aqroistikόthta  thV  ab¶baiόthtaV  ikanopoi¶ίtai  mόno  m¶  ton  logάriqmo,

diόti log2 1  + log2 2  = log2 1 2 .  ∆hladή, h sύnd¶sh ¶nόV mέtrou ab¶baiόthtaV m¶

to  plήqoV  stoic¶ίwn  tou  sunόlou  ¶pitugcάn¶tai  mόno  m¶  ton  logάriqmo  tou
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plήqouV twn stoic¶ίwn.  Η bάsh tou logarίqmou (2 sthn prok¶imέnh p¶rίptwsh)

kaqorίz¶i tiV monάd¶V (bits).

Αpό  thn  q¶wrίa  piqanotήtwn  anagnwrίzoum¶  όti  oi   ¶pilogέV  sta  parapάnw

parad¶ίgmata antistoicoύn sthn omoiόmorjh tucaίa m¶tablhtή.

Γ¶nikά, gia kάq¶ tucaίa m¶tablhtή X upάrc¶i h katanomή thV, dhladή έna sύnolo

A  =  {a0, a1 ,  …,  a -1 }  twn  dunatώn  timώn  ή  apot¶l¶smάtwn  thV  kaqώV  ¶pίshV

kai  oi  piqanόtht¶V  pi  =  P(X  =  ai ),  0  §  i  §  -1,  m¶  tiV  opoί¶V  paίrn¶i  autά  ta

apot¶lέsmata ai , 0 § i § -1.  Υp¶nqumίzoum¶ pwV pi  ¥ 0 "i kai ⁄i=0
-1 pi  = 1.  

Έstw  tώra  C  h  kwdikopoίhsh  miaV  tucaίaV  m¶tablhtήV  X  (twn  sumbόlwn  tou

sunόlou  A)  kai  έstw  l(C)  h  mέsh  timή  tou  mήkouV  (ariqmόV  bits)  ¶nόV

kwdikopoihmέnou sumbόlou.  Εpiplέon, έstw H(X) ή H(p0 , …, p -1 ) h ¶ntropίa thV

X.  Η  shmasίa  thV  ¶ntropίaV  έgk¶itai  sto  g¶gonόV  όti  l(C)  œ  [H(X),  H(X)  + 1).

Τo  shmantikό  autό  apotέl¶sma  apod¶iknύ¶tai  sthn  q¶wrίa  thV  plhrojorίaV.

∆hladή h ¶ntropίa H(X) ¶ίnai έna kάtw jrάgma gia thn l(C), ton “sumpi¶smέno”

lόgo bits/sύmbolo.

ΑV upologίsoum¶ tώra thn ¶ntropίa H miaV tucaίaV m¶tablhtήV X.  ΌpwV ¶ίdam¶,

an   ¶ίnai  o  ariqmόV  twn  diajor¶tikώn  stoic¶ίwn  (ή  sumbόlwn)  tόt¶  h

ab¶baiόthta ¶pilogήV ¶ίnai  H(X) = log2 .  Αutό grάj¶tai kai wV ¶xήV:

H(X) = log2  = - log2
-1  = - log2

1ÅÅÅÅ  = - log2 p, 

όpou  p  =  1ÅÅÅÅ  ¶ίnai  h  piqanόthta  ¶pilogήV  ¶nόV  sumbόlou.   Πrosέxt¶  pwV  sthn

p¶rίptwsh autή ta stoic¶ίa ¶pilέgontai m¶ thn ίdia piqanόthta.  

Θa  g¶nik¶ύsoum¶  ton  t¶l¶utaίo  tύpo  gia  thn  p¶rίptwsh  pou  ta  sύmbola

¶pilέgontai m¶ diajor¶tikέV piqanόtht¶V pi , ⁄i=0
-1  pi  = 1.  ΠroV toύto, m¶ ton tύpo 

ni  = - log2 pi

orίzoum¶  ton  baqmό  έkplhxhV  gia  thn  ¶pilogή  tou  i-stoύ  sumbόlou.   Αn  h

piqanόthta  ¶pilogήV  tou  i-stoύ  sumbόlou  ¶ίnai  polύ  mikrή,  dhladή  pi  º  0,  h
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έkplhxή maV qa ¶ίnai polύ m¶gάlh an ¶pil¶g¶ί — dhladή ni  º ¶ giatί to sύmbolo

autό qa prέp¶i na ¶mjanίz¶tai polύ spάnia.  Αntίq¶ta, an h piqanόthta ¶pilogήV

tou  i-stoύ  sumbόlou  ¶ίnai  polύ  m¶gάlh,  dhladή  pi  º  1,  tόt¶  h  έkplhxή  maV  qa

¶ίnai polύ mikrή an ¶pil¶g¶ί — dhladή ni  º 0 giatί to sύmbolo autό qa prέp¶i na

¶mjanίz¶tai polύ sucnά.

Η  ¶ntropίa  ¶ίnai  o  mέsoV  baqmόV  έkplhxhV  gia  mίa  άp¶irh  akolouqίa  pou

schmatίz¶tai  apό  ta   sύmbola  {a0, a1 ,  …,  a -1 }.    ΑV  broύm¶  όmwV  ton  mέso

baqmό έkplhxhV gia mίa p¶p¶rasmέnh akolouqίa mήkouV  apό autά ta  sύmbola.

Έstw όti to i-stό sύmbolo ¶mjanίz¶tai i  jorέV, opόt¶ 

 = ⁄i=0
-1

i .

Τόt¶ o mέsoV baqmόV έkplhxhV gia ta  sύmbola ¶ίnai 

⁄i=0
-1

i niÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ  = ⁄i=0
-1 iÅÅÅÅÅÅÅ  ni .

Γia  mίa  άp¶irh  akolouqίa,  h  sucnόthta  iÅÅÅÅÅÅÅ  tou  i-stoύ  sumbόlou  gίn¶tai  h

piqanόthtά  tou  pi ,  opόt¶  antikaqistώnt¶V  έcoum¶  ton  jhmismέno  tύpo  tou  Shan-

non gia thn ¶ntropίa

H(p0 , …, p -1 ) = - ⁄i=0
-1  pi log2 pi ,

s¶ bits/sύmbolo.  

Γia  thn  p¶rίptwsh  dύo  sumbόlwn  m¶  piqanόtht¶V  p  kai  1  -  p  h  grajikή

parάstash thV ¶ntropίaV ¶ίnai
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Plot@−Hp Log@2, pD + H1 − pL Log@2, 1 − pDL,
8p, 0, 1<, AxesLabel → 8"probability", "entropy"<D;
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0.2

0.4

0.6
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1
entropy

Αpό to scήma blέpoum¶ pwV h m¶galύt¶rh ¶ntropίa ¶ίnai όtan ta  = 2 sύmbola

έcoun  thn  ίdia  piqanόthta  (p  =  1ÅÅÅÅ2 )  ¶pilogήV.   Αutό  sumjwn¶ί  m¶  ton  arcikό  maV

tύpo H(X) = log2  = - log2 p = 1.  ΣtiV askήs¶iV apod¶iknύ¶tai pwV g¶nikά 0 § H(p0 ,

…, p -1 ) § log2  kai h d¶xiά isόthta iscύ¶i ¶άn kai mόnon ¶άn p0 = ∫ = p -1  = 1ÅÅÅÅ .

Σto Mathematica  programmatίsam¶ ton tύpo tou Shannon lίgo diajor¶tikά m¶ thn

sunάrthsh entropy[].  Μ¶ thn boήq¶ia ¶nόV statistikoύ pakέtou h sunάrthsh

autή  upologίz¶i  thn  ¶ntropίa  miaV  akolouqίaV  caraktήrwn  ajoύ  prώta

upologίs¶i thn sucnόthta ¶mjάnisήV touV. 

<<Statistics`DataManipulation`
entropy[list_List]:=-Apply[Plus,
        Map[# 
Log[2,#]&,First[Transpose[Frequencies[list]]]/Length[list]]]//N

Σto akόlouqo parάd¶igma upologίzoum¶ thn ¶ntropίa thV lέxhV mississippi kai twn

4 diajor¶tikώn grammάtwn pou p¶rilambάn¶i.

entropy@8"m", "i", "s", "p"<D

2.
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entropy@Characters@"mississippi"DD

1.82307

Η  ¶ntropίa  ¶ίnai  diajor¶tikή.   Τi  shmaίn¶i  όmwV  na  lέm¶  όti  h  ¶ntropίa  thV

akolouqίaV  twn  caraktήrwn  {m,i,s,s,i,s,s,i,p,p,i} ¶ίnai  1.82307;  Η  apάnthsh  ¶ίnai

pwV  ¶idikά  gia  thn  lέxh  mississippi  mporoύm¶  na  kwdikopoiήsoum¶  touV  4

caraktήr¶V  katά  tέtoio  trόpo  ώst¶  katά  mέso  όro  na  cr¶iastoύn  1.82307

bits/caraktήra.  (Εpanalambάnoum¶ pwV o ariqmόV autόV ¶ίnai έna kάtw jrάgma.)

Η  kwdikopoίhsh  autή  lέg¶tai  m¶tablhtoύ  mήkouV  (variable  length  coding)  diόti

s¶  caraktήr¶V  pou  ¶mjanίzontai  sucnά  antistoicoύn  ligόt¶ra  duadikά  yhjίa

(bits) ap'  όti s¶ caraktήr¶V pou  ¶mjanίzontai spάnia.  Τέtoioi ¶ίnai oi l¶gόm¶noi

Huffman kώdik¶V.

Πarάd¶igma kώdika Huffman:

Σthn  lέxh  mississippi  έcoum¶  4  diajor¶tikά  grάmmata  pou  ¶mjanίzontai  m¶

diajor¶tikέV sucnόtht¶V.  

Frequencies@Characters@"mississippi"DD

884, i<, 81, m<, 82, p<, 84, s<<

Γia  na  broύm¶  ton  kώdika  Huffman  gia  thn  lέxh  mississippi  dhmiourgoύm¶  έna

duadikό  dέndro  kάq¶  kladί  tou  opoίou  “shmad¶ύ¶tai”  m¶  0  ή  1,  kai  ta  jύlla  tou

opoίou ¶ίnai oi caraktήr¶V mazί m¶ tiV sucnόtht¶V.  Πrosέxt¶ pwV oi sucnόtht¶V

twn  grammάtwn  i,  m,  p  kai  s  gia  thn  lέxh  mississippi  ¶ίnai  4ÅÅÅÅÅÅÅ11 ,  1ÅÅÅÅÅÅÅ11 ,  2ÅÅÅÅÅÅÅ11  kai  4ÅÅÅÅÅÅÅ11 ,

antίstoica allά crhsimopoioύm¶ mόno touV ariqmhtέV.

Η dhmiourgίa tou dέndrou gίn¶tai wV ¶xήV:

Αpό  touV  “kόmbouV”  {{4,  i},  {1,  m},  {2,  p},  {4,  s}}  ¶pilέgoum¶  touV  dύo  m¶  tiV

mikrόt¶r¶V  sucnόtht¶V,  {1,  m}, {2, p}, kai  dhmiourgoύm¶  thn  rίza  touV  {m, p} m¶

sucnόthta 3.  Τo kladί apό thn rίza {m, p} proV ton kόmbo {1, m} shmad¶ύ¶tai m¶

1 ¶nώ to kladί proV ton kόmbo {2, p} shmad¶ύ¶tai m¶ 0.  
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Σthn sunέc¶ia, apό touV kόmbouV {{4, i}, {3, {m, p}}, {4, s}} ¶pilέgoum¶ pάli touV

dύo  m¶  tiV  mikrόt¶r¶V  sucnόtht¶V,  έstw  touV  {4,  i},  kai  {3,  {m,  p}}  kai

dhmiourgoύm¶ thn rίza touV {i, m, p} m¶ sucnόthta 7.  Τo kladί apό thn rίza {i, m,

p} proV ton kόmbo {4, i} shmad¶ύ¶tai m¶ 1 ¶nώ to kladί proV ton kόmbo {3, {m, p}

shmad¶ύ¶tai m¶ 0.  

ΤέloV gia touV t¶l¶utaίouV kόmbouV {{7, {i, m, p}}, {4, s}} dhmiourgoύm¶ thn rίza

touV  {i,  m,  p,  s}  m¶  sucnόthta  11.   Τo  kladί  apό  thn  rίza  {i,  m,  p,  s}  proV  ton

kόmbo  {7,  {i,  m,  p}}  shmad¶ύ¶tai  m¶  1  ¶nώ  to  kladί  proV  ton  kόmbo  {4,  s}

shmad¶ύ¶tai m¶ 0. 

Η kwdikopoίhsh tώra kάq¶ grάmmatoV prokύpt¶i apό ta sήmata twn kladiώn pou

sunantάm¶  sthn  por¶ίa  apό  thn  rίza  tou  dέndrou  {11,  {i,  m,  p,  s}}  proV  to

antίstoico jύllo.  Γia parάd¶igma, gia na pάm¶ apό thn rίza tou dέndrou {11, {i,

m, p, s}} sto jύllo {4, i} p¶rnάm¶ apό dύo kladiά shmad¶mέna m¶ to 1 kai έtsi to

i kwdikopoi¶ίtai m¶ 11.  Έtsi έcoum¶ ton kώdika

code = 8"i" → "11", "m" → "101", "p" → "100", "s" → "0"<;

Η mέsh timή tou mήkouV tou kώdika ¶ίnai 9ÅÅÅÅ4  =  2.25 bits/sύmbolo œ [H(X), H(X) + 1)

= [1.82307, 2.82307). ΌpwV ¶ίpam¶ h shmasίa thV ¶ntropίaV έgk¶itai sto g¶gonόV

όti maV dίn¶i έna kάtw jrάgma thV mέshV timήV tou mήkouV tou kώdika.

Η kwdikopoίhsh thV lέxhV mississippi ¶ίnai loipόn

H"mississippi" êê CharactersL ê. code êê StringJoin êê ToExpression

101110011001110010011

m¶ 21 duadikά yhjίa.

Apply@Plus, DigitCount@%DD

21
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Πrosέxt¶  όmwV  pwV  an  diairέsoum¶  ton  ariqmό  21  twn  duadikώn  yhjίwn  m¶  ton

ariqmό  11  twn  sumbόlwn,  pou  apot¶loύn  thn  lέxh  mississippi,  brίskoum¶  1.90909

bits/sύmbolo — ariqmό m¶galύt¶ro thV ¶ntropίaV, pou ¶ίnai to kάtw jrάgma.  

Σto  parάd¶igma  autό  d¶n  mporέsam¶  na  jtάsoum¶  to  kάtw  jrάgma  diόti  ta

duadikά yhjίa d¶n m¶tajέroun plhrojorίa ¶nόV bit.  Αutό shmaίn¶i όti ta sύnola

pou antiproswp¶ύontai apό ta duadikά yhjίa d¶n ¶ίnai όla isopίqana!

Γia  parάd¶igma  to  prώto  duadikό  yhjίo  sthn  kwdikopoίhsh  thV  lέxhV  mississippi

x¶cwrίz¶i  ta  sύnola  twn  grammάtwn  {i,  m, p} kai  {s} oi  piqanόtht¶V  twn  opoίwn

¶ίnai 7/11 kai 4/11 antίstoica.

ΌpwV ¶ίpam¶ kai sthn arcή autήV thV upo¶nόthtaV, h ¶ntropίa sc¶tίz¶tai m¶ ton

lόgo sumpί¶shV (compression ratio) mίaV ¶ikόnaV  Ο lόgoV  sumpί¶shV ¶ίnai aplά

o  lόgoV  tou  m¶gέqouV  tou  arc¶ίou  thV  ¶ikόnaV  prin  kai  m¶tά  thn  sumpί¶sh.

Ιsodύnama, o lόgoV sumpί¶shV ¶ίnai o lόgoV twn bits/¶ikonostoic¶ίo prin kai m¶tά

thn sumpί¶sh.   

Εp¶idή  arcikά  έcoum¶  sunήqwV  8  bits/¶ikonostoic¶ίo  kai  h  ¶ntropίa  ¶ίnai  o

sumpi¶smέnoV lόgoV bits/¶ikonostoic¶ίo έp¶tai pwV 

lόgoV sumpί¶shV = 8ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ¶ntropίa .

Αkribέst¶ra, 8ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ¶ntropίa  ¶ίnai έna pάnw jrάgma ston lόgo sumpί¶shV.

Ψhjiopoίhsh ¶ikόnaV

Θa ¶jarmόsoum¶ ta prohgoύm¶na sthn sumpί¶sh thV ¶ikόnaV tou Pedro (r.i.p.) —

¶nόV  polύ agaphmέnou skύlou — pou  brίsk¶tai  upό morjή encapsulated postscript

sto arc¶ίo “pedro.eps”.  

Γia  na  ¶p¶x¶rgastoύm¶  mίa  asprόmaurh  ¶ikόna  prέp¶i  prώta  na  thn  kάnoum¶

yhjiakή.   Αutό  shmaίn¶i  pwV  prέp¶i  na  thn  m¶tatrέyoum¶  s¶  έnan  pίnaka  män,

kάq¶  stoic¶ίo  tou  opoίou  ¶ίnai  h  έntash  tou  antίstoicou  ¶ikonostoic¶ίou.   Γia

thn  p¶rίptwsή  maV,  pou  qέloum¶  na  ¶jarmόsoum¶  ton  sunhmitonikό
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m¶taschmatismό  DCT (kai  sun¶pώV  ton  FFT),  apaitoύm¶  m  =  n  =  2k ,  gia  kάpoia

timή k œ .  

Γia  na  kάnoum¶  loipόn  thn  ¶ikόna  yhjiakή,  diabάzoum¶  kat'  arcάV  san  string  to

p¶ri¶cόm¶no tou arc¶ίou “pedro.eps”.

string1 = ReadList@
ToFileName@8"AddOns", "Applications"<, "pedro.eps"D, StringD;

Αpό  to  string  autό  ajairoύm¶  tiV  prόsq¶t¶V  plhrojorί¶V  pou  brίskontai  sthn

arcή  kai  to  tέloV  tou  arc¶ίou  kai  paίrnoum¶  to  string  pou  antistoic¶ί  sthn

¶ikόna  autή  kaq'  ¶autή.   Τo  mήkoV  autoύ  tou  string  ¶ίnai  314,  kai  jan¶rώn¶i  ton

ariqmό twn s¶irώn thV ¶ikόnaV maV.  

H∗∗∗ For some versions of Mma we have to use
string2=Drop@Drop@string1,17D,−2D; ∗∗∗L

string2 = Drop@Drop@string1, 18D, −3D;
Length@string2D

314

Κatόpin  m¶tatrέpoum¶  to  string  s¶  lίsta  caraktήrwn,  thn  opoίa  cwrίzoum¶  s¶

z¶ύgh, p.c. {7, A}.

chars = Flatten@Characters@ string2DD;
chars2 = Partition@chars, 2D;
Length@chars2D

51496

Τa  z¶ύgh  autά  ta  m¶tatrέpoum¶  s¶  string  thV  morjήV  “16^^7A”  (blέp¶  kai  thn

sunάrthsh  tou  Mathematica  BaseForm[])  kai  autά  m¶  thn  s¶irά  touV  s¶

“έkjrash.  Εp¶idή h mέgisth timή, 16^^FF, ¶ίnai 255, prokύpt¶i mίa lίsta timώn œ

[0, 255], mήkouV 51496.
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string3 = Map@StringJoin@Join@8"16^^"<, #DD &, chars2D;
list1 = Map@ToExpression, string3D;
Length@list1D

51496

Σthn sunέc¶ia prέp¶i na cwrίsoum¶ autήn thn lίsta timώn s¶ omάd¶V stoic¶ίwn

(s¶irέV)  katά  tέtoio  trόpo  ώst¶  na  prokύy¶i  έnaV  pίnakaV  m¶  314  grammέV  —

όs¶V  ¶ίnai  kai  oi  s¶irέV  thV  ¶ikόnaV.   Αn  qέloum¶  o  pίnakaV  thV  ¶ikόnaV  maV  na

¶ίnai  tάxhV  256ä256  prέp¶i  to  mήkoV  thV  lίstaV  twn  timώn  œ  [0,  255]  na  ¶ίnai

m¶galύt¶ro  tou  65536  (=  256ä256).   Σthn  p¶rίptwsή  maV  to  mήkoV  thV  lίstaV

autήV ¶ίnai 51496 < 65536, opόt¶ qa cr¶iast¶ί na kάnoum¶ έna trik. 

Μ¶ dokimέV blέpoum¶ pwV prέp¶i na cwrίsoum¶ thn lίsta twn timώn œ [0, 255] s¶

omάd¶V  twn  164  stoic¶ίwn.   Μόno  tόt¶  prokύpt¶i  pίnakaV  m¶  314  grammέV  kai,

jusikά, 164 stήl¶V. 

FactorInteger@51496D

882, 3<, 841, 1<, 8157, 1<<

list2 = Partition@list1, 164D;
Dimensions@list2D

8314, 164<

Γia  na  apoktήsoum¶  ton  ¶piqumhtό  pίnaka  tάxhV  256ä256  stήl¶V,  prέp¶i  na

ajairέsoum¶  apό  ton  parapάnw  pίnaka,  tάxhV  314ä164,  tiV  pl¶onάzous¶V  58  (=

314 - 256) grammέV kai na prosqέsoum¶ 92 (= 256 - 164) stήl¶V.  Σto parάd¶igmά

maV  ajairoύm¶  tiV  prώt¶V  58  grammέV  (qa  mporoύsam¶  kάllista  na  ¶ίcam¶

ajairέs¶i  tiV  58  t¶l¶utaί¶V  —  anάloga  m¶  thn  ¶ikόna)  kai  prosqέtoum¶  92

“άspr¶V” stήl¶V — 46 arist¶rά kai 46 d¶xiά. 

whiteColumn = Table@255, 8256<D;

4:Πar¶mbolή

ΑlkibiάdhV Γ. ΑkrίtaV 292 ΤΜΗΥΤ∆, ΠΘ



data = Transpose@
Join@Table@whiteColumn, 846<D, #, Table@whiteColumn, 846<DD &@
Transpose@Drop@list2, −58DDDD;

Dimensions@
dataD

8256, 256<

ΑutόV  ¶ίnai  o  pίnakaV  pou  antistoic¶ί  sthn  yhjiakή  ¶ikόna  tou  Pedro  —  pou

jaίn¶tai sto Figure Pedro-1 — έtoimoV gia sumpί¶sh.

originalPicture = ListDensityPlot@data, Mesh → FalseD;
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Figure  Pedro-1:   Η  arcikή  ¶ikόna  tou  Pedro.   Οi  “άspr¶V”  stήl¶V  arist¶rά  kai  d¶xiά  thV  ¶ikόnaV  ¶ίnai

projan¶ίV.

Αnajέroum¶  pwV  mporoύm¶  na  apoqhk¶ύsoum¶  ton  pίnaka  tάxhV  256ä256  m¶  thn

yhjiakή ¶ikόna tou Pedro sto arc¶ίo pedro.data 

Write@ToFileName@8"AddOns", "Applications"<, "pedro.data"D, dataD;
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ap΄όpou  mporoύm¶  pάli  na  ton  diabάsoum¶  kai  na  ton  apodώsoum¶  sthn

m¶tablhtή pedroDigitalData,  thn opoίa kai  ¶p¶x¶rgazόmast¶

pedroDigitalData =

ReadList@ToFileName@8"AddOns", "Applications"<, "pedro.data"D,
ExpressionD êê Last;

originalPicture = ListDensityPlot@pedroDigitalData, Mesh → FalseD;
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Σumpί¶sh ¶ikόnaV

Σthn  sunέc¶ia  qa  pάroum¶  thn  ¶ikόna  tou  Pedro,  h  opoίa  brίsk¶tai  s¶  morjή

pίnaka  tάxhV  256ä256  (yhjiakή  morjή)  sthn  m¶tablhtή  pedroDigitalData,  kai  qa

thn sumpiέsoum¶.  

ΑkolouqώntaV  ton  algόriqmo  sumpί¶shV  pou  anajέram¶  pio  pάnw,  ¶p¶kt¶ίnoum¶

touV  orismoύV  twn  sunartήs¶wn  DCT  kai  iDCT  έtsi  ώst¶  na  ¶jarmόzontai

prώta s¶ kάq¶ s¶irά kai ύst¶ra s¶ kάq¶ stήlh ¶nόV pίnaka.  Αpό ton orismό twn
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sunartήs¶wn DCT kai iDCT sun¶pάg¶tai pwV oi s¶irέV kai oi stήl¶V tou pίnaka

autoύ έcoun mήkoV 8.

DCT@array_?MatrixQD :=

Transpose@Map@DCT, Transpose@Map@DCT, arrayDDDD
iDCT@array_?MatrixQD :=

Transpose@Map@iDCT, Transpose@Map@iDCT, arrayDDDD

Γia  pίnak¶V  stouV  opoίouV  to  mήkoV  twn  s¶irώn  kai  twn  sthlώn  ¶ίnai  > 8 (όpwV

kai  tou  parad¶ίgmatόV  maV)  ¶p¶kt¶ίnoum¶  akόma  mίa  jorά  touV  orismoύV  twn

sunartήs¶wn  DCT  kai  iDCT  έtsi  ώst¶  na  ¶jarmόzontai  s¶  “mplόka”  (ή

upolίst¶V) mήkouV 8:

DCT@list_?HLength@#D > 8 &LD :=

Apply@Join, Map@DCT, Partition@list, 8DDD
iDCT@list_?HLength@#D > 8 &LD :=

Apply@Join, Map@iDCT, Partition@list, 8DDD

Πrosέxt¶ sto shm¶ίo autό touV 3 orismoύV thV sunάrthshV DCT:

?DCT

Global`DCT

DCT@array_?MatrixQD := Transpose@DCT ê@ Transpose@DCT ê@ arrayDD

DCT@list_?HLength@#1D > 8 &LD := Join @@ DCT ê@ Partition@list, 8D

DCT@list_, L_ : 8D :=

Re@DCTfitters@LD InverseFourier@listPJoin@Table@i + 1,
8i, 0, L − 1, 2<D, Reverse@Table@i + 1, 8i, 1, L − 1, 2<DDDTDD

Κatόpin, sύmjwna pάnta m¶ ton algόriqmo sumpί¶shV, qa diairέsoύm¶ ta stoic¶ίa

autoύ  tou  m¶taschmatismέnou  pίnaka  m¶  mίa  staq¶rά  q  œ  >1  (quantization)  kai

qa  stroggul¶ύsoum¶  ta  apot¶lέsmata  proV  ton  plhsiέst¶ro  akέraio.   Τo

apotέl¶sma  thV  stroggύl¶ushV  autήV  ¶ίnai  όti  ¶lattώnontai  oi  piqanέV  timέV

jwt¶inόthtaV  twn  ¶ikonostoic¶ίwn  thV  ¶ikόnaV  kai  sun¶pώV  kai  o  ariqmόV  twn

duadikώn yhjίwn pou cr¶iάzontai gia thn parάstasή touV. 

Σumpί¶sh ¶ikόnwn m¶ ton DCT
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Η strathgikή pou akolouq¶ίtai (akolouq¶ίto) sto stάntart JPEG ¶ίnai (ήtan) na

diairoύm¶ έnan 8ä8 pίnaka m¶ ton pίnaka jwt¶inόthtaV qValues, όpou oi staq¶rέV

q  d¶n  ¶ίnai  ίdi¶V,  allά  ¶ίnai  m¶galύt¶r¶V  gia  tiV  uyhlέV  sucnόtht¶V  (m¶gάl¶V

timέV tou k).  Βlέp¶ kai to sc¶diάgramma twn 8 dianusmάtwn thV bάshV.

HqValues =

8816, 11, 10, 16, 24, 40, 51, 61<,
812, 12, 14, 19, 26, 58, 60, 55<, 814, 13, 16, 24, 40, 57, 69, 56<,
814, 17, 22, 29, 51, 87, 80, 62<, 818, 22, 37, 56, 68, 109, 103, 77<,
824, 35, 55, 64, 81, 104, 113, 92<, 849, 64, 78, 87, 103,
121, 120, 101<, 872, 92, 95, 98, 112, 100, 103, 99<<L;

Γia  na  diairέsoum¶  stoic¶ίo  proV  stoic¶ίo  έnan  pίnaka  tάxhV  2k ä2k ,  k œ  >3 ,  m¶

ton  pίnaka  qValues  prέp¶i  na  cwrίsoum¶  ton  prώto  s¶  upopίnak¶V  tάxhV  8ä8,  na

kάnoum¶  thn  diaίr¶sh  (kai  stroggύl¶ush)  kai  m¶tά  na  “¶pan¶nώsoum¶”  touV

upopίnak¶V pou prokύptoun m¶ ta apot¶lέsmata twn prάx¶wn autώn.  

Ο  cwrismόV  ¶nόV  pίnaka  s¶  upopίnak¶V  kai  h  ¶panέnwsή  touV  gίnontai  m¶  tiV

sunartήs¶iV blockMatrix[] kai unBlockTensor[].

blockMatrix@pic_?MatrixQ, blocksize_: 88, 8<D :=

Partition@pic, blocksizeD ê;
Apply@And, Map@IntegerQ, HDimensions@picDê blocksizeLDD

unBlockTensor@blocks_D :=

Partition@Flatten@Transpose@blocks, 81, 3, 2<DD,
8Apply@Times, Dimensions@blocksD@@82, 4<DDD<D

Η diaίr¶sh ¶nόV pίnaka tάxhV 8ä8 m¶ ton pίnaka qValues kai h stroggύl¶ush tou

apot¶lέsmatoV  gίn¶tai  m¶  thn  sunάrthsh  DCTQ[].   Εdώ  lambάnoun  cώra

mόnim¶V  “apώl¶i¶V”  plhrojoriώn,  dhladή  d¶n  ¶ίnai  anatrέyim¶V  m¶  thn

antίstrojh diadikasίa pou gίn¶tai m¶ thn sunάrthsh iDCTQ[].  

DCTQ@pic_?MatrixQ, qValues_?MatrixQD :=

Map@H#êqValuesL &, blockMatrix@pic, Dimensions@qValuesDD, 82<D êê
unBlockTensor êê Round

4:Πar¶mbolή
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iDCTQ@pic_?MatrixQ, qValues_?MatrixQD :=

Map@H# qValuesL &, blockMatrix@pic, Dimensions@qValuesDD, 82<D êê
unBlockTensor

Είmast¶  tώra  έtoimoi  gia  thn  sumpί¶sh  thV  ¶ikόnaV  tou  Pedro.   Ο  pίnakaV  thV

¶ikόnaV έc¶i apodwq¶ί sthn m¶tablhtή pedroDigitalData.  

pedroDigitalData = data;

Ξ¶kinάm¶  m¶  m¶rikά  statistikά  stoic¶ίa  thV  m¶tablhtήV  pedroDigitalData,  όpwV

¶lάcisth,  mέgisth,  kai  mέsh  timή,  kaqώV  ¶pίshV  kai  ton  ariqmό  bytes  pou

crhsimopoi¶ί.

initialStatistics =

8Min@pedroDigitalDataD, Max@pedroDigitalDataD, Mean@
Map@Mean, pedroDigitalDataDD, ByteCount@pedroDigitalDataD< êê N

831., 255., 158.575, 1.31997 × 106<

Σthn  sunέc¶ia  qa  ¶jarmόzoum¶  mίa-mίa  tiV  sunartήs¶iV  tou  algorίqmou

sumpί¶shV kai qa ¶x¶tάzoum¶ ta antίstoica  statistikά  stoic¶ίa m¶ έmjash ton

ariqmό bytes pou crhsimopoioύntai.  

Μ¶tά ton sunhmitonikό m¶taschmatismό DCT (apait¶ίtai ark¶tόV crόnoV!)

pedroDigitalDataT = DCT@pedroDigitalDataD;

transformedStatistics =

8Min@pedroDigitalDataTD, Max@pedroDigitalDataTD,
Mean@Map@Mean, pedroDigitalDataTDD, ByteCount@pedroDigitalDataTD<

8−393.197, 2040., 19.577, 524348<

blέpoum¶  pwV  gia  ton  m¶taschmatismέno  pίnaka  pedroDigitalDataT  m¶iώqhk¶

ark¶tά  h  mέsh  timή  tou  pίnaka  thV  ¶ikόnaV  kai  tώra  crhsimopoioύntai  p¶rίpou

500K bytes.  

Σumpί¶sh ¶ikόnwn m¶ ton DCT
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Τon m¶taschmatismέno pίnaka pedroDigitalDataT  cwrίzoum¶ s¶ upopίnak¶V tάxhV

8ä8 kάq¶  έnan  apό touV  opoίouV  diairoύm¶  sthn  sunέc¶ia  stoic¶ίo  proV  stoic¶ίo

m¶  ton  pίnaka  qValues  kai  stroggul¶ύoum¶  ta  apot¶lέsmata.   (Εdώ  lambάnoun

cώra oi mόnim¶V “apώl¶i¶V” plhrojoriώn pou anajέram¶.)  

pedroDigitalDataTQ = DCTQ@pedroDigitalDataT, qValuesD;

roundedStatistics = 8Min@pedroDigitalDataTQD,
Max@pedroDigitalDataTQD, Mean@Map@Mean, pedroDigitalDataTQDD,
ByteCount@pedroDigitalDataTQD< êê N

8−36., 128., 1.21906, 262204.<

Πarathroύm¶  pwV  h  mέsh  timή  tou  pίnaka  thV  ¶ikόnaV  έc¶i  drastikά  m¶iwq¶ί  kai

tώra crhsimopoioύntai p¶rίpou 250K bytes.  

Μ¶trώntaV ta bytes pou crhsimopoioύntai blέpoum¶ pwV mέcri to shm¶ίo autό o

lόgoV  sumpί¶shV  (dhladή  o  lόgoV  tou  m¶gέqouV  tou  pίnaka,  s¶  bytes,  prin  kai

m¶tά ton m¶taschmatismό) ¶ίnai p¶rίpou 5.

ByteCount@pedroDigitalDataDêByteCount@pedroDigitalDataTQD êê N

5.03413

Σto  shm¶ίo  autό  thV  diadikasίaV  m¶trάm¶  thn  ¶ntropίa  kai  blέpoum¶  pwV  ¶ίnai

1.0041.

entropy@pedroDigitalDataTQ êê FlattenD

1.0041

ΣtiV  askήs¶iV  m¶l¶tάm¶  thn  poiόthta  thV  ¶ikόnaV  s¶  sunάrthsh  m¶  thn  ¶ntropίa

thV ¶ikόnaV pou prokύpt¶i m¶tά thn stroggulopoίhsh.

Αkolouq¶ί tέloV sumpί¶sh cwrίV apώl¶i¶V m¶ thn sunάrthsh SparseArray[] 

pedroCompressed = SparseArray@pedroDigitalDataTQD;

4:Πar¶mbolή
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compressedStatistics = 8Min@pedroCompressedD, Max@pedroCompressedD,
Mean@Map@Mean, pedroCompressedDD, ByteCount@pedroCompressedD< êê N

8−36., 128., 1.21906, 64032.<

kai  blέpoum¶  pwV  o  pίnakaV  pedroCompressed  apoqhk¶ύ¶tai  crhsimopoiώntaV

mόno 64K bytes!  (Τa άlla statistikά d¶dόm¶na parέm¶inan όpwV ήtan.)

Ο t¶likόV lόgoV sumpί¶shV ¶ίnai p¶rίpou 20.

ByteCount@pedroDigitalDataDêByteCount@pedroCompressedD êê N

20.6142

ΑV  doύm¶  tώra  thn  ¶ikόna  tou  Pedro  όpwV  prokύpt¶i  apό  thn  aposumpί¶sh.

Αkolouqoύm¶  thn  antίstrojh  por¶ίa:  Πrώta  kάnoum¶  thn  aposumpί¶sh  cwrίV

“apώl¶i¶V”,

pedroDigitalDataTQDecom = Normal@pedroCompressedD;

m¶tά kάnoum¶ thn aposumpί¶sh m¶ “apώl¶i¶V”

pedroDigitalDataTDecom = iDCTQ@pedroDigitalDataTQDecom, qValuesD;

kai tέloV ton antίstrojo sunhmitonikό m¶taschmatismό

pedroDecompressed = iDCT@pedroDigitalDataTDecomD;

gia na pάroum¶ thn aposumpi¶smέnh ¶ikόna tou Pedro.

Σumpί¶sh ¶ikόnwn m¶ ton DCT
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quantizedPicture = ListDensityPlot@pedroDecompressed, Mesh → FalseD;
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Figure Pedro-2:  Η ¶ikόna tou Pedro όpwV jaίn¶tai m¶tά thn aposumpί¶sh.

ΣugkrίnontaV  tiV  dύo  ¶ikόn¶V  —  thn  arcikή   kai  autήn  pou  prokύpt¶i  m¶tά  thn

aposumpί¶sh — blέpoum¶ pwV sc¶dόn tautίzontai.

Show@GraphicsArray@8originalPicture, quantizedPicture<DD;
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Η  όlh  diadikasίa  thV  sumpί¶shV,  apoqήk¶ushV,  ¶panajorάV  kai  aposumpί¶shV

“sumpiέz¶tai” s¶ mίa grammή.  Πrάgmati έcoum¶:

pedroDecompressed =

pedroDigitalData êê DCT êê DCTQ@#, qValuesD & êê SparseArray êê
Normal êê iDCTQ@#, qValuesD & êê iDCT;

Αn  d¶n  maV  ¶ndiajέr¶i  h  apoqήk¶ush  kai  ¶panajorά  thV  ¶ikόnaV  parά  mόnon  h

m¶lέth  thV  ¶ntropίaV  twn  ¶ikόnwn  m¶tά  thn  stroggύl¶ush  h  όlh  diadikasίa

“sumpiέz¶tai” wV ¶xήV:

pedroDecompressed = pedroDigitalData êê DCT êê DCTQ@#, qValuesD & êê
iDCTQ@#, qValuesD & êê iDCT;

Σumpί¶sh ¶ikόnwn m¶ ton DCT
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Αskήs¶iV 

Α1--m¶  lύsh:   Σthn  apόd¶ixh  tou  Κin¶zikoύ  q¶wrήmatoV  upoloίpwn  prέp¶i  na

d¶ίxoum¶ pwV h ap¶ikόnhsh j ¶ίnai monosήmanth kai ¶pί.  Εxhgήst¶ giatί ark¶ί na

d¶ίxoum¶ pwV gia kάq¶ monadiaίo diάnusma ei  = {0, …, 0, 1, 0, …, 0} œ R/Xm0 \ä∫ä

R/Xmn-1 \ upάrc¶i έna stoic¶ίo Li  œ R, έtsi ώst¶ j(Li ) = ei .

Α2--m¶ lύsh:  Πrogrammatίst¶ ton Κin¶zikό algόriqmo upoloίpwn, tόso gia touV

ak¶raίouV  όso  kai  gia  ta  poluώnuma,  cwrίV  thn  ¶ntolή  For[],  allά  m¶  ton

¶p¶ktamέno Εukl¶ίd¶io algόriqmo.

Α3:   Αpod¶ίxt¶  to  Λήmma  4.4.2  gia  ton  crόno  upologismoύ  tou  Κin¶zikoύ

algorίqmou upoloίpwn gia ak¶raίouV.

Α4--m¶  lύsh:   Πrogrammatίst¶  ton  Κin¶zikό  algόriqmo  upoloίpwn  gia  touV

ak¶raίouV  ώst¶  na  upologίz¶i  thn  lύsh  stadiakά  (algόriqmoi  CRA2  kai  CRAn

sthn ¶nόthta 4.5).

Α5:  Υpologίst¶ ton crόno upologismoύ thV par¶mbolήV tou Ν¶ύtwna.  

Α6:  Αpod¶ίxt¶ pwV ⁄ j=0
n-1  L j HxL  = 1, όpou έcoum¶ orίs¶i L j HxL  = ‰

i∫ j, 0§i§n-1
x - uiÅÅÅÅÅÅÅÅÅÅÅÅÅÅu j- ui

 .

Α7:  Αpod¶ίxt¶ pwV gia R = [x] kai u œ , f HiL HuLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅi!  œ  gia όla ta i.

Α8--m¶  lύsh:   Πrogrammatίst¶  thn  anastrojή  twn  duadikώn  yhjίwn  όtan

qέloum¶ na upologίsoum¶ ton m¶taschmatismό Fourier ¶nόV dianύsmatoV gia R =

.

Α9--m¶ lύsh:  Πrogrammatίst¶ anagwgikά ton grήgoro m¶taschmatismό Fourier

(FFT) m¶ upόloipa  cwrίV diairέs¶iV, gia  R = , kaqώV ¶pίshV kai thn  anadiάtaxh

tou apot¶lέsmatoV m¶ bάsh thn norm tou .
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Α10:  Αpod¶ίxt¶ όti o tύpoV tou Shannon ikanopoi¶ί thn scέsh 0 § H(p0 , …, p -1 )

§ log2 .  Εpiplέon apod¶ίxt¶ όti arist¶rά h isόthta iscύ¶i ¶άn kai mόnon ¶άn  =

1 ¶nώ d¶xiά h isόthta iscύ¶i ¶άn kai mόnon ¶άn p0 = ∫ = p -1  = 1ÅÅÅÅ .

Υpόd¶ixh:  Χrhsimopoi¶ίst¶ thn anisόthta ln x § x - 1 pou iscύ¶i gia όla ta x œ

>0  (h isόthta iscύ¶i ¶άn kai mόnon ¶άn x = 1) kai ¶jarmόst¶ thn ston tύpo tou

Shannon ¶kjrasmέno m¶ ton jusikό logάriqmo  „
i=0

-1
pi 

ln 1ÅÅÅÅÅÅpiÅÅÅÅÅÅÅÅÅÅÅÅln 2

Α11:  Χrhsimopoiήst¶  ta  parakάtw  progrάmmata  gia  na  d¶ίt¶  thn  poiόthta  thV

¶ikόnaV  tou  Pedro  gia  diάjor¶V  timέV  thV  ¶ntropίaV  thV  ¶ikόnaV  m¶tά  thn

stroggύl¶ush.   Οi  diajor¶tikέV  timέV  thV  ¶ntropίaV  prokύptoun

pollaplasiάzontaV ton pίnaka qValues m¶ diάjor¶V timέV.

Σto  parάd¶igmά  maV  pollaplasiάzoum¶  ton  pίnaka  qValues  m¶  tiV  timέV  1ÅÅÅÅ4 ,  1ÅÅÅÅ2 ,  1

kai 4 (sthn m¶tablhtή test). 

entropyAndQuantizedPic@pic_ ?MatrixQ, qValues_ ?MatrixQD :=

H8entropy@Flatten@#DD, iDCT@iDCTQ@#, qValuesDD< & L@
DCTQ@DCT@picD, qValuesDD

test = Map@entropyAndQuantizedPic@pedroDigitalData, qValues #D & ,
81ê4, 1ê2, 1, 4<D;

Αskήs¶iV
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Show@GraphicsArray@
Partition@Map@ListDensityPlot@Last@#D, Mesh → False, PlotLabel →

ToString@First@#DD, DisplayFunction → IdentityD &, testD, 2D
D
D;
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prόtupo

ü Λύs¶iV orismέnwn askήs¶wn

Λύsh thV άskhshV Α1:

Αutό ark¶ί diόti gia έna άllo tucaίo diάnusma

w = {w0  mod m0 , …, wn-1  mod mn-1 } œ R/Xm0 \ä∫äR/Xmn-1 \

m¶  w0 ,  …, wn-1  œ  R  ¶ύkola  blέpoum¶  pwV  upάrc¶i  to  stoic¶ίo  ⁄i=0
n-1 Li wi  œ  R  gia

to opoίo iscύ¶i j(⁄i=0
n-1 Li wi ) = w.  Πrάgmati έcoum¶ 

j(⁄i=0
n-1 Li wi ) 

= ⁄i=0
n-1 jHLiLjHwiL  
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= ⁄i=0
n-1  ei.8wi mod m0, …, wi mod mn-1<

= ⁄i=0
n-1  80, …, 0, wi mod mi, 0, …, 0<  = w

Εdώ  prέp¶i  na  prosέxoum¶  to  ¶swt¶rikό  ginόm¶no  twn  dianusmάtwn  jHLiL  (pou

isoύtai m¶ ei ) kai jHwiL  kaqώV ¶pίshV kai thn prόsq¶sh dianusmάtwn sto tέloV.

Λύsh thV άskhshV Α2:

Γia touV ak¶raίouV:

ourInteger2CRA@w_List, m_ListD ê; Length@wD Length@mD :=

ModuleA8mProduct = Apply@Times, mD<,

mm =
mProduct

m
;

Mod@Apply@Plus, w mm Map@First@Last@#DD &,
MapThread@ExtendedGCD@#1, #2D &, 8mm, m<DDD, mProductD

E

ourInteger2CRA@81, 2, 5<, 82, 5, 7<D

47

Γia ta poluώnuma:

<< Algebra`PolynomialExtendedGCD`;

ourPoly2CRA@w_List, m_ListD ê; Length@wD Length@mD :=

ModuleA8mProduct = Apply@Times, mD<,

mm =
mProduct

m
; PolynomialMod@

Apply@Plus, w mm Map@First@Last@#DD &, MapThread@
PolynomialExtendedGCD@#1, #2D &, 8mm, m<DDD, mProductD

E

ourPoly2CRA@8x + 5, x2 + 2, 8<, 8x2 − 1, x3 − 2, x − 4<D

968
155

+
8 x
3

+
41 x2

465
−

329 x3

155
−

4 x4

3
+

212 x5

465
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Λύsh thV άskhshV Α4:

ourIntegerCRA2@w_List, m_ListD ê; Length@wD Length@mD := Module@
8g, q, r, s, t<,
r = Mod@w@@1DD, m@@1DDD;
8g, 8s, t<< = ExtendedGCD@m@@1DD, m@@2DDD;
q = Mod@s Hw@@2DD − rL, m@@2DDD;
r = r + q m@@1DD
D

ourIntegerCRA2@87, 5<, 810, 7<D

47

ourIntegerCRAn@w_List, m_ListD ê; Length@wD Length@mD :=

Module@8mProd = 1, V, W = w@@1DD<,
For@i = 0, i < Length@wD − 1, i++,

mProd = mProd m@@i + 1DD;
V = ourIntegerCRA2@8W, w@@i + 2DD<, 8mProd, m@@i + 2DD<D; W = V

D; W
D

ourIntegerCRAn@81, 2, 5<, 82, 5, 7<D

47

Λύsh thV άskhshV Α8:

resuffleList@list_D ê; Log@2, Length@listDD ∈ Integers := Module@
8dig, digLength, i, indeces, indecesReversed,

indecesResuffled, listResuffled = 8<, n = Log@2, Length@listDD<,
Table@i, 8i, 0, 2n − 1<D;

indeces = Map@
Hdig = IntegerDigits@#, 2D; digLength = Length@digD; If@digLength <

n, Flatten@PrependTo@dig, Table@0, 8i, n − digLength<DDD,
IntegerDigits@#, 2DDL &, Table@i, 8i, 0, 2n − 1<DD;

indecesReversed = Map@Reverse, indecesD;
indecesResuffled = Map@FromDigits@#, 2D &, indecesReversedD;

For@i = 1, i < 2n + 1, i++, AppendTo@listResuffled,
list@@indecesResuffled@@iDD + 1DDDD; listResuffled

D
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Λύsh thV άskhshV Α9:

Γia  na  l¶itourgήs¶i  h  fourierRWD[]  prέp¶i  na  ¶ίnai  ¶n¶rgή  h  sunάrthsh

remainderWithoutDivision[].

fourierRWD@list_, ωList_D ê;
Log@2, Length@listDD ∈ Integers && Length@listD == Length@ωListD :=

Module@
8evenPowersW, f, i, n = Length@listD,

oddPowersW, powersX, powersW = ωList, r0, r1, r1S<,
powersX = Table@xi, 8i, 0, n − 1<D;
evenPowersW = Table@powersW@@i + 1DD, 8i, 0, n − 1, 2<D;
oddPowersW = Table@powersW@@i + 1DD, 8i, 1, n, 2<D;
f = list.powersX;

If@Exponent@f, xD 1,

H∗then∗L
Return@Thread@

8f ê. x → evenPowersW, f ê. x → oddPowersW<D êê Flatten êê ND,

H∗else∗L
r0 = remainderWithoutDivision@f, xLength@listDê2 − 1, Length@listDD;
r1 = remainderWithoutDivision@f, xLength@listDê2 + 1, Length@listDD;

If@Exponent@r1, xD > 2,

H∗then∗L
ω = First@oddPowersWD;
r1S = r1 ê. x → x ω;
Thread@8fourierRWD@CoefficientList@r0, xD, evenPowersWD,

fourierRWD@CoefficientList@r1S, xD, evenPowersWD<D,

H∗else∗L
Return@Thread@8r0 ê. x → evenPowersW, r1 ê. x → oddPowersW<DD êê

Flatten êê N
D
D
D

Αskήs¶iV
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resuffleList2@list_D ê; Log@2, Length@listDD ∈ Integers := Module@
8firstHalf, i, lista = 8<, listb = 8<, n = Length@listD,

realFirstHalf, secondHalf, setPairs, sortedPairs<,
If@n 2, Return@listDD; i = 1;
setPairs = Map@8Norm@#D, i++< &, listD;
sortedPairs = Sort@setPairs, First@#1D > First@#2D &D;
firstHalf = Table@sortedPairs@@iDD, 8i, 3, n, 2<D;
realFirstHalf = PrependTo@firstHalf, First@sortedPairsDD;
Map@AppendTo@lista, list@@Last@#DDDD &, realFirstHalfD;
secondHalf = Table@sortedPairs@@iDD, 8i, 2, n, 2<D;
Map@AppendTo@listb, list@@Last@#DDDD &, secondHalfD;
Join@lista, Reverse@listbDD
D

4:Πar¶mbolή
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Κ¶jάlaio  5:
Μ ¶ t a s c h m a t i s m o ί
Wavelets  kai  sumpί¶sh

¶ikόnwn
Wavelet Transforms trace their origin both to Signal Processing and Theoretical Mathematics.  Since
their introduction they have found applications in many areas — most notably in fingerprinting by the
FBI,  where they are  used to compress fingerprint  data  before storing it.  In this  review article,  using
Mathematica  as a paradigm, we first establish the relation of wavelet transforms to adoptive plotting
of  functions  and  then  show  their  development  with  filter  banks  and  multiresolution  analysis.   The
book by  George Nakos and the  papers  by Colm Mulcahy  and Gilbert  Strang  were  inspirational  and
material was taken from them at will.
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5.1  Uniform and Adaptive Plotting of Functions

Plotting various functions with a computer algebra system like Mathematica  is  an activity quite similar

to signal processing; to wit, in both cases we take samples.  In this section we review standard ways of

plotting  discrete  data  sets  and  two  dimensional  digital  images.  The  inherent  difficulties  of  plotting

functions by uniform sampling will lead us to adoptive plotting techniques (the main idea of which is at

the heart of wavelet transforms) and to techniques based on wavelets (see the section on Image Compres-

sion with the Haar Transform).  We also indicate the need for data compression.

ü Uniformly distributed sample points

Suppose we have a set of n planar data points 8xi, yi< , i = 1, ..., n, which are samples of the function y =

f(x).  A common way to plot f(x) from this set of points is to plot these points individually and then join

adjacent  points  with  line  segments.   This  can  be  achieved  with  the  Mathematica  function  ListPlot  —

used with option PlotJoinedØTrue.  

Earlier versions of Mathematica  used — in their Plot function — a fixed number of (just  25) points  xi

uniformly distributed in the interval [a, b].  As an example, in Figure 0 below we see a "darn good" plot

of sin(x) using ListPlot.
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xPoints0 = TableAx, 9x, 0, 2 π,
2 π

24
=E;

yPoints0 = Map@Sin@ #D &, xPoints0D;
ListPlot@Transpose@8xPoints0, yPoints0<D,

PlotJoined → True, PlotLabel → "Figure 0"D;
Print@"Sin@xD in the interval @0, 2πD;

25 sample points were used"D;

1 2 3 4 5 6

-1

-0.5

0.5

1
Figure 0

Sin@xD in the interval @0, 2πD; 25 sample points were used

However,  this  practice  of  using  a  fixed number  of  points  xi  uniformly distributed  in the interval  [a,  b]

leads  to serious  problems as  we see in the following examples.  Please note that  the plots of  Figures 2

and  4  below  (obtained  using  the  function  ListPlot)  could  be  obtained  using  the  function  Plot  of  older

versions of Mathematica  — drawing, at the time, a lot of flak.

Consider, first, the function f(x) = x + sin(2px), in the interval 0 § x § 24.  Its plot is shown in Figure 1

below:
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Plot@x + Sin@2 π xD, 8x, 0, 24<, PlotLabel → "Figure 1"D;
Print@"The function x+Sin@2πxD in the interval @0, 24D"D;

5 10 15 20

5

10

15

20

Figure 1

The function x+Sin@2πxD in the interval @0, 24D

Using the uniform sampling approach mentioned above, and sampling at the points x = 0, 1, 2, ... 24, we

get the straight line shown in Figure 2.
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xPoints1 = Table@x, 8x, 0, 24<D;
yPoints1 = Map@# + Sin@2 π #D &, xPoints1D;
ListPlot@Transpose@8xPoints1, yPoints1<D,

PlotJoined → True, PlotLabel → "Figure 2"D;
Print@"Aliased version of the function x+

Sin@2πxD; 25 sample points were used"D;

5 10 15 20

5

10

15

20

Figure 2

Aliased version of the function
x+Sin@2πxD; 25 sample points were used

In the vernacular of signal analysis this is called aliasing, whereby a slow frequency appears instead of a

higher frequncy because the discrete samples are the same.   In our example we get an "aliased" version

of the desired function.  The reason for aliasing is that we did not use enough sample points (and at the

points where we did sample, i.e. x = 0, 1, 2, ... 24, we have x = x + sin(2px)).

As a second example of aliasing consider the function sin(x), in the (storied) interval 0 § x § 48.01p.  Its

true nature is shown in Figure 3.  
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Plot@Sin@xD, 8x, 0, 48.01 π<, PlotLabel → "Figure 3"D;
Print@"The function Sin@xD in the interval @0, 48.01πD"D;

20 40 60 80 100 120 140

-1

-0.5

0.5

1
Figure 3

The function Sin@xD in the interval @0, 48.01πD

However,  using  only  25  uniformly  sampled  points  in  the  interval  [  0,  48.01p]  we  obtain  the  alias  of

Figure 4.  
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xPoints2 = TableAx, 9x, 0, 48.01 π,
48.01 π

24
=E;

yPoints2 = Map@Sin@ #D &, xPoints2D;
ListPlot@Transpose@8xPoints2, yPoints2<D,

PlotJoined → True, PlotLabel → "Figure 4"D;
Print@"Aliased version of the function Sin@xD in the

interval @0, 48.01πD; 25 sample points were used"D;

20 40 60 80 100 120 140
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0.015
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0.025

0.03

Figure 4

Aliased version of the function Sin@xD in the
interval @0, 48.01πD; 25 sample points were used

A final example of aliasing is obtained when we try to plot the function sin(90x) using only 32 uniformly

spaced sample points.   Instead of  a horizontally telescoped version of the sin(x)  function we obtain the

pulsing pattern shown in Figure 5.
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xPoints3 = Table@x, 8x, 0, 1, 1ê31<D;
yPoints3 = Map@Sin@90 #D &, xPoints3D;
ListPlot@Thread@8xPoints3, yPoints3<D,

PlotJoined → True, PlotLabel → "Figure 5"D;
Print@"Aliased version of the function Sin@90xD in the

interval @0, 1D; 32 uniformly sampled points were used"D

0.2 0.4 0.6 0.8 1

-1

-0.5

0.5

1
Figure 5

Aliased version of the function Sin@90xD in the
interval @0, 1D; 32 uniformly sampled points were used

Some definitions  are  needed  now  in  order  to  state  the  famous  theorem explaining  alias.   Consider  the

sinusoid x(t) = sin(wt).  This repeats whenever the time t is increased by T = 2 pÅÅÅÅÅÅÅÅw , its period.  Suppose T

is  measured in  seconds.   Then  the  numbers  of  cycles  in  one  second is  f  = 1ÅÅÅÅÅT .   Thus,  the  frequency  in

Hertz is f = 1ÅÅÅÅÅT  = wÅÅÅÅÅÅÅÅ2 p .   We can now state the following:

Shannon's  Sampling Theorem: Every  analog  signal  x(t)  with  frequencies  not  exceeding  wmax  can  be

perfectly reconstructed from its discrete samples x(nT),  provided the sampling rate 1ÅÅÅÅÅT  exceeds 2 fmax  =
wmaxÅÅÅÅÅÅÅÅÅÅÅÅp  (Nyquist rate).

Note that the critical Nyquist rate has two samples per oscillation!  Also, reconstruction requires a strict

inequality -- the Nyquist rate cuts it too close.  

According to Shannon's theorem, the first two examples fail because we have one sample per oscillation.

In the third example, we observe that we have enough sample points  for the function sin(90x), since 32

>  2 fmax   =  wmaxÅÅÅÅÅÅÅÅÅÅÅÅp  = 90ÅÅÅÅÅÅÅp  = 28.6479 (Nyquist rate), but nonetheless aliasing appears.  This is not unusual,

and using a few more points yields the anticipated plot. 
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ü Adoptive plotting

From the above examples it  is  obvious  that  uniformly spaced sample points  is  not  the right  way to go,

unless we are prepared to use a lot of points; this is done in the next section where we use a large number

of uniformly spaced sample points together with wavelet transforms for "data compression".  

To  correct  the  errors  described  in  the  above  examples,  adoptive  plotting  (or  sampling)  techniques  are

used with points  clustered where the function exhibits great variation.  These routines initially generate

an  internal  plot  based  on  uniform  sampling  and  they  examine  the  angles  between  the  connecting  line

segments in order to identify regions of great variation. Having identified regions of great variation, they

next subdivide the corresponding intervals further before producing the visible plot.

This is precisely what happens when the current version Mathematica plots the function sin(x), 0 § x §

2p.  As we can see 82 sample points were used to make the plot of Figure 6. 

n = 0;
xlow = 0;
xhigh = 2 π;

Plot@++n; Sin@xD, 8x, xlow, xhigh<, PlotLabel → "Figure 6"D;
Print@"For this plot ", n,

" sample points were used in the interval @",
xlow, ", ", xhigh, "D"D

1 2 3 4 5 6

-1

-0.5

0.5

1
Figure 6

For this plot 82 sample points were used in the interval @0, 2 πD

Note that these 82 points are not uniformly distributed in the interval [0, 2p].  Letting xhigh vary succes-

sively  from 1  to  6  we  see  that  in  the  interval  (0,  1]  there  were  25  sample points,  in  the  interval  (1,  2]
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there were 29 sample points,  in each of the intervals (2,  3],  and (3, 4] there was 1 sample point,  in the

interval (4, 5] there were 24 sample points and finally, in the interval (5, 6] there were 2 sample points.

We can also look at these sample points.  For example to plot sin(x) in the interval [0, 0.5] the following

points were used:

n = 0;
xlow = 0;
xhigh = 0.5;

Plot@Print@"n = ", ++n, ", x@", n, "D = ", xD; Sin@xD,
8x, xlow, xhigh<, PlotPoints → 5, DisplayFunction → IdentityD;

n = 1, x@1D = 1.25×10−7

n = 2, x@2D = 0.121701

n = 3, x@3D = 0.254426

n = 4, x@4D = 0.379078

n = 5, x@5D = 0.498955

n = 6, x@6D = 0.5

To recap:  When there is no variation we need few points to recover the plot of a function and, conver-

sly, when there is variation we need many points.   This point will be used in the wavelet transforms; to

wit, if a digital image is "smooth" (mostly black or white) then we can recover the image keeping very

few of the "details" nonzero. 

ü Step functions

Finally,  as  a  prelude  to  the  discussion  on  wavelets  we  mention  that  linear  interpolation  of  uniformly

sampled points is not the only way of plotting; instead of joining the points with line segments, we could

use the y-values as step levels for a staicase effect. The function sin(6px) is plotted this way in Figure 7.
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fi@x_D := Which@0 ≤ x < 1, 1, True, 0D; fi@x_, i_, k_D := fi@2i x − kD;
xPoints4 = Table@x, 8x, 0, 1, 1ê31<D;
yPoints4 = Map@Sin@6 π #D &, xPoints4D;
yStep4 = Table@fi@t, 5, kD, 8k, 0, 31<D;
Plot@yPoints4.yStep4, 8t, 0, 1<, PlotLabel → "Figure 7",

Axes → 8False, False< , Frame → True, FrameTicks →

8Automatic, 8−1, −0.8, −0.6, −0.4, −0.2, 0, 0.2, 0.4, 0.6, 0.8, 1<<D;
Print@"Step function version of the function Sin@6πxD

in the interval @0, 1D; 32 sample points were used"D;
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1

Figure 7

Step function version of the function Sin@6πxD
in the interval @0, 1D; 32 sample points were used

This should come as no surprise since we know from Calculus that continuous functions on [0, 1] can be

approximated  to  any  degree  of  precision  with  linear  functions  or  by  step  functions.  These  staircase

approximations  lead to  better  and  better  plots  as  the  number  of  sample points  increases,  although  a lot

more are needed to obtain the continuous effect.  In this context questions of data storage and transmis-

sion  arise.   These  questions  become  crucial  when  we  explore  digital  images  which  are  higher-dimen-

sional analogues of data points in the plane.

Black and white digital images are derived from two-dimensional arrays of pixels.  A pixel is the small-

est  unit  of  space  in  a  digital  image.   Associated  with  each pixel  there is  a  number,  in  the range [0,  1],

representing gray levels ranging from black (0) to white (1).  So now our data points are triplets {x, y, z},

where z measures the gray level at pixel position {x, y}.  Viewed from above we have two-dimensional

step functions, where the steps are shaded according to their height.  (Color images can be dealt with by

decomposing them into their red, green and blue components and treating each of these like grayscales.)

When 256 (= 28 ) levels of gray are used, we are talking about 8-bit images.
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Digital images come in various resolutions.  An image with resolution 1600ä1200 pixels is derived from

a matrix of 1600ä1200 = 1,920,000 pieces of data, each representing a gray level. Clearly, images with

such high resolution are difficult to store and time-consuming to transmit over low band line. Therefore,

we should try to come up with a more economical way to store the matrices that represent these images.

This  is  achieved  by  taking  advantage  of  regions  in  the  image where  there  is  little  or  no  variation,  (for

example, a black coat in the picture). 
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5.2  Signals and Wavelet Transforms

Most signals start  their  lives in analog form.  They become digital  by sampling at equal time intervals,

xdigitalHnL  = xanalog HnTL , where n = 0, ±1, ±2, ...  and T is the sampling interval.

The Discrete Time Fourier Transform turns the samples xdigitalHnL  = xHnL  into the coefficients of a 2p  -

periodic function c(w) = ⁄n=-¶
¶ xHnL ‰-Â n w .   We refer to w  as the frequency,  and we plot the transform

c(w) in the interval w = -p and w = p.  Then "low frequencies" refer to frequencies near zero, and "high

frequencies" have »w» º p.

Notice  that  the  signal  xHnL  =  {...,  1,  1,  1,  1,  1,  ...}  has  exactly  zero  frequency  (w  =  0,  the  lowest  fre-

quency), whereas the alteration between 1 and -1 gives the signal xHnL  = {..., 1, -1, 1, -1, 1, ...} with the

highest frequency w = ±p.  In between these two extremes we have the family of pure sinusoidal signals

xHnL  = ‰Â n w  with frequency 0 < »w» < p.

ü Lowpass and Highpass Filters

Sampling,  transforming  and  filtering  constitute  the  basic  signal  processing  operations.  Of  the  three,

filtering (and filters) will be of importance to us.

Filters are also called linear time-invariant systems.  When presented with the input xwHnL  these systems

produce  the  output  HHwL xwHnL ,  where  the  amplifying  factor  HHwL  is  the  frequency  response.   Hence,

filters  act  on  signals  to  produce  modified  signals  and  this  is  the  most  important  operation  in  signal

processing. Below we examine filters that are: (a) finite impulse response (FIR), meaning each output is

a  linear  combination of  a  finite  number of  input  samples, (b)  time-invariant,  meaning their  coefficients

are  constant  for  all  time,  and  (c)  causal,  meaning  they  involve  no  future  samples like  xHn + 1L .   (Note

that  for  images  the  situation  is  different  because  n  refers  to  position,  not  time.  Therefore,  once  the

complete image is available, filters in image processing need not be causal.)

Lowpass Filter: The first example is the moving average filter

yLP@n_D :=
1

2
xPn − 1T +

xPnT
2

We are  going  to  consider  three special  inputs,  the  impulse,  the  constant  and  the  alternating signal.  For

the  impulse   xHnL  =  {...,  0,  0,  1  ,0  ,  0,  ...}  the  output  is   yLPHnL  =  {...,  0,  0,  1ÅÅÅÅ2 ,  1ÅÅÅÅ2 ,  0,  ...};  that  is,  the

impulse response contains the filter coefficients.
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Clear@xD; x = Insert@Table@0, 8n, 1, 19<D, 1, 10D

80, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

Table@yLP@nD, 8n, 2, 20<D

90, 0, 0, 0, 0, 0, 0, 0,
1
2

,
1
2

, 0, 0, 0, 0, 0, 0, 0, 0, 0=

For the constant signal  xHnL  = {..., 1, 1, 1, 1, 1, ...} the output is  yLPHnL  = {..., 1, 1, 1, 1, 1, ...}. That is,

the response exactly equals the input; the frequency w = 0 is in the passband.  Taking a look at a finite

number of samples we have:

x = Table@1, 8n, 1, 20<D

81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<

Table@yLP@nD, 8n, 2, 20<D

81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<

 On the other hand, for the alternating signal xHnL  = {..., 1, -1, 1, -1, 1, ...} the output is  yLPHnL  = {..., 0,

0, 0, 0, 0, ...}. In other words, the response is zero; the frequency w = ±p is in the stopband.

x = Table@H−1Ln, 8n, 1, 20<D

8−1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1<

Table@yLP@nD, 8n, 2, 20<D

80, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

For the in between frequencies, i.e. 0 < w < p, consider the input signal  xHnL  = ‰Â n w .  The output then is 

yLPHnL  = 1ÅÅÅÅ2  ‰Â n w + 1ÅÅÅÅ2  ‰ÂHn-1L w = H 1ÅÅÅÅ2 + 1ÅÅÅÅ2  ‰-ÂwL ‰Â n w

In this case, the output frequency is the same w, but the filter multiplies each frequency component of the

input by the frequency response function H(w) = 1ÅÅÅÅ2 + 1ÅÅÅÅ2  ‰-Âw .  

As  we have seen,,  at  w  = 0  the frequency response is  H  = 1;  i.e.  the constant  signal passes  unchanged

through the filter. At w = p the frequency response is H = 0; that is, the alternating signal is completely
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blacked out. Writing the response function as 

H(w) = 1ÅÅÅÅ2 + 1ÅÅÅÅ2  ‰-Âw  = ‰-Âwê2H 1ÅÅÅÅ2  ‰Âwê2 + 1ÅÅÅÅ2  ‰-Âwê2L  = ‰-Âwê2 cos wÅÅÅÅÅ2 .

we see that the amplitude is » HHwL » = cos wÅÅÅÅÅ2 , which drops from one at w = 0 to zero at w = p.  This is

the transition band for the filter. 

Highpass Filter: The second example is the moving difference filter

yHP@n_D :=
1

2
 x@@nDD −

1

2
 x@@n − 1DD

For the impulse  xHnL  = {..., 0, 0, 1 ,0 , 0, ...} the output is  yHPHnL  = {..., 0, 0, 1ÅÅÅÅ2 , - 1ÅÅÅÅ2 , 0, ...}; that is, the

impulse response again contains the filter coefficients.

Clear@xD; x = Insert@Table@0, 8n, 1, 19<D, 1, 10D

80, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

Table@yHP@nD, 8n, 2, 20<D

90, 0, 0, 0, 0, 0, 0, 0,
1
2

, −
1
2

, 0, 0, 0, 0, 0, 0, 0, 0, 0=

For the constant signal  xHnL  = {..., 1, 1, 1, 1, 1, ...} the output is  yHPHnL  = {..., 0, 0, 0, 0, 0, ...}. That is,

the lowest frequency w = 0 is stopped.  Taking a look at a finite number of samples we have:

x = Table@1, 8n, 1, 20<D

81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<

Table@yHP@nD, 8n, 2, 20<D

80, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

On the other hand, for the alternating signal xHnL  = H-1Ln  the output is  yHPHnL  = H-1Ln . In other words,

the frequency w = p passes without any change.

x = Table@H−1Ln, 8n, 1, 20<D

8−1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1<
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Table@yHP@nD, 8n, 2, 20<D

81, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1<

For the in between frequencies, i.e. 0 < w < p, consider again the input signal  xHnL  = ‰Â n w .  The output

then is 

yHPHnL  = 1ÅÅÅÅ2  ‰Â n w - 1ÅÅÅÅ2  ‰ÂHn-1L w  = H 1ÅÅÅÅ2 - 1ÅÅÅÅ2  ‰-ÂwL ‰Â n w .

The multiplying factor is the frequency response function HHwL  = 1ÅÅÅÅ2 - 1ÅÅÅÅ2  ‰-Âw .  Again we write as 

H(w) = 1ÅÅÅÅ2 - 1ÅÅÅÅ2  ‰-Âw  = ‰-Âwê2H 1ÅÅÅÅ2  ‰Âwê2 - 1ÅÅÅÅ2  ‰-Âwê2L  = ‰-Âwê2 Â sin wÅÅÅÅÅ2 ,

in which case the amplitude is » HHwL » = sin wÅÅÅÅÅ2 , which rises from zero at w = 0 to one at w = p.  This is

the transition band for the filter.

In  summary, a  lowpass  filter  preserves  the  smooth  part  of  a  signal,  whereas  a  highpass  filter  preserves

the rough and noisy part.  In wavelet language, a lowpass filter gives averages whereas a highpass filter

gives details.  In some applications those details are important to keep (like edges in an image) whereas

in other applications the high frequencies are mostly noise from measurements. 

ü Convolutions

A good lowpass filter has many uses, so we look now at the (FIR, linear time-invariant and causal) filter

with N+1 coefficients hH0L, hH1L, ..., hHNL .  This is a filter of order N  with N + 1  coefficients.  At each

time step the N + 1  coefficients multiply N + 1  samples from the input signal – starting with the current

sample xHnL  and going back to the sample xHn - NL .   Hence, the output is:

yHnL = hH0L xHnL + hH1L xHn - 1L + ∫ + hHNL xHn - NL.

We may write the action of the filter in the time domain compactly as the sum:

yHnL = ⁄k=0
N hHkL xHn - kL.

Convolution  is  the  fundamental  operation  of  discrete  time-invariant  systems  and  filters  are  discrete

convolutions!   This  convolution  is  easily  implemented  in  hardware  using  three  building  blocks:  unit

delays, multipliers and adders. 
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Convolution is also easily implemented in softwrae.  For example, the filter h = 8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 <  is lowpass,

since the alternating signal w = p is eliminated 

yLP@n_D :=
1

4
 x@@nDD +

1

2
 x@@n − 1DD +

1

4
 x@@n − 2DD

Clear@xD; x = Table@H−1Ln, 8n, 1, 20<D

8−1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1, −1, 1<

Table@yLP@nD, 8n, 3, 20<D

80, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

whereas the constant signal is preserved. (Note that the filter coefficients sum up to 1.)

x = Table@1, 8n, 1, 20<D

81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<

Table@yLP@nD, 8n, 3, 20<D

81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<

Note again how the impulse response contains the filter coefficients.

x = Insert@Table@0, 8n, 1, 19<D, 1, 10D

80, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<

Table@yLP@nD, 8n, 3, 20<D

90, 0, 0, 0, 0, 0, 0,
1
4

,
1
2

,
1
4

, 0, 0, 0, 0, 0, 0, 0, 0=

The interesting part starts when the input is the linear signal x = {0, 1, 2, 3, 4}.  Padding the signal with

two zeros on both ends (since the filter is of order N = 2) we have:

x = 80, 0, 0, 1, 2, 3, 4, 0, 0<; Table@yLP@nD, 8n, 3, 9<D

90, 1
4

, 1, 2, 3, 11
4

, 1=
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Note that the signal is preserved at the center!  

We can also easily implement lowpass filters using the ListConvolve  function of Mathematica (see also

the Help Browser for this function).  As expected, the result is the same as the one obtained above.

ListConvolveA9 1

4
,

1

2
,

1

4
=, 80, 1, 2, 3, 4<, 81, −1<, 0E

90,
1
4

, 1, 2, 3,
11
4

, 1=

Observe that a unit delay is introduced between input and output.  Notice that five terms convolved with

three terms produce  seven terms.  We convolved an input  signal  of  length L = 5,  with a second order

filter,  N = 2.   The  output  is  of  length  L + N = 7,  which  is  reasonable  given  that  a  fourth  degree

polynomial, 0 + x + 2 x2 + 3 x3 + 4 x4 ,  times a second degree polynomial, 1ÅÅÅÅ4 + 1ÅÅÅÅ2  x + 1ÅÅÅÅ4  x2  yields a sixth

degree polynomial, 0 + 1ÅÅÅÅ4  x + x2 + 2 x3 + 3 x4 + 11ÅÅÅÅÅÅÅ4  x5 + x6 .

It is extermely interesting to see how ListConvolve works.  The linear signal is inverted and padded with

N = 2  zeros at both ends to obtain the list {0, 0, 4, 3, 2, 1, 0, 0, 0}.  Starting from the right end we form

the  dot  products  8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{0,  0,  0}  =  0,   8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{1,  0,  0}  =  1ÅÅÅÅ4 ,  8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{2,  1,  0}  =  1,

8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{3, 2, 1} = 2, 8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{4, 3, 2} = 3, 8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{0, 4, 3} = 11ÅÅÅÅÅÅÅ4 , and 8 1ÅÅÅÅ4 , 1ÅÅÅÅ2 , 1ÅÅÅÅ4 < .{0, 0,

4}  =  1  which  result  in  the  coefficients  of  the  sixth  degree  polynomial.   The  thing  to  note  here  is  that

inversion is associated with convolution!

Note the end effects at both ends because we do not have the samples xH-2L  and xH-1L  for yH0L  and yH1L
on the left and xH5L  and xH6L  for yH5L  and yH6L  on the right. 

The above remarks apply when the input is the sinusoidal signal x = {0, 1, 0, -1, 0} with frequency w =
pÅÅÅÅ2 .   We  observe  that  it,  too,  is  preserved  with  a  unit  delay between input  and  output;  additionally,  the

amplitude of the output has changed to 1ÅÅÅÅ2 . 

x = 80, 0, 0, 1, 0, −1, 0, 0, 0<; Table@yLP@nD, 8n, 3, 9<D

90, 1
4

, 1
2

, 0, −
1
2

, −
1
4

, 0=

or
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ListConvolveA9 1

4
,

1

2
,

1

4
=, 80, 1, 0, −1, 0<, 81, −1<, 0E

90,
1
4

,
1
2

, 0, −
1
2

, −
1
4

, 0=

Clear@xD;

To see that the amplitude is reduced by a half let us look at the frequency response function HHwL .  For

the filter under consideration we have 

HHwL = 1ÅÅÅÅ4 + 1ÅÅÅÅ2  ‰-Âw + 1ÅÅÅÅ4  ‰-2 Âw .

Evaluating at w  = pÅÅÅÅ2 we obtain H = -1ÅÅÅÅÅÅÅÅ2  Â ,  from which we have that the magnitude of the frequency is
1ÅÅÅÅ2 .   (Recall  that  from Fourier  transforms  we  have  that  convolutions  in  the  time domain  correspond  to

multiplications in the frequency domain.)

ü Wavelet Transforms

As  we  said,  lowpass  filters  greatly  reduce  the  high  frequency  components;  when  these  components

represent noise in signals, this reduction is the right thing to do. However, if we want to reconstruct  the

signal, then we use two filters, a highpass as well as a lowpass filter.  This generates a filter bank struc-

ture,  which  leads  to  a  Discrete  Wavelet  Transform  (DWT)  –  in  itself  a  lossless  transform.  Its  inverse,

(IDWT), is another transform of the same type – two filters that are fast to compute.  Between the DWT

and the IDWT compression and transmission of the signal can take place, and this is the key to more and

more applications.

Wavelet  transforms  are  associated  with  multiresolution  into  different  scales.   The  simplest  change  of

scale  comes  from  downsampling  a  signal,  to  wit  keeping  only  its  even-numbered  components  yH2 nL .

This operation is denoted by the symol ∞2:

(∞2)

i

k

jjjjjjjjjjjjjj

yH1L
yH2L
yH3L
yH4L

y

{

zzzzzzzzzzzzzz
 = i

k
jjj

yH2L
yH4L

y
{
zzz .

In Mathematica this is easily programmed:  

downSample@x_ListD :=

Module@8i = 1, y = 8<<, While@i <= Length@xD,
If@Mod@i, 2D 0, AppendTo@y, x@@iDDD; i = ++i, i = ++iDD; yD
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downSample@82, 3, 4, 5<D

83, 5<

Obviously,  with  downsampling  information  is  lost.  However,  we  can  double  the  length  of  the  input

signal by using two filters, and then halve each output to obtain a lossless transform.  The input is at one

time scale and the two half-length outputs are at another scale (an octave lower). 

 lowpass filter H0   —  ∞2   —  averages

Input  ——Î

 highpass filter H1   —  ∞2   —  details

 

Figure 8a:  Filter Bank Structure — Averages and details in the Discrete Wavelet Trans-

form

If  the  input  signal  is  of  length L ,  the  output  of  both  H0 and H1  is  originally  of  length  L  (provided  we

deal  with  the  samples  at  the  ends).   The  redundancy  from 2 L  outputs  is  removed  by  (∞2),  since  after

downsampling the length of each output becomes LÅÅÅÅÅ2 .

H∗ !for the next diagram expand to full screen !∗L

The  main  idea  of  wavelet  transforms  is  to  repeat  the  filter  bank  structure.   The  lowpass  output  in  the

Filter  Bank  Structure  above  becomes the  input  to  a  second filter  bank.   The computation is  cut  in  half

because this second input is half the original length. Typically, this process is repeated four or five times. 

 lowpass filter H0   —

∞2   —  averages ——Î etc

        lowpass filter H0   —  ∞2   —  averages ——Î

Input  —— Î              highpass filter H1   —  ∞2   —

details

        highpass filter H1   —  ∞2   —  details

Figure 8b: Wavelet Transform Structure

Notice  that  the  basic  wavelet  transform  structure  assumes  that  the  downsampled  coefficients  of  the

highpass  filter  are  small  enough  and  not  worth  the  additional  effort  to  run  them through  another  filter

bank structure.  They are candidates for compression.  
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5.3  The Haar Wavelet Transform and Its Mathematica Implementation

Below we choose the simplest of the wavelet transforms, named after Alfred Haar.  It naturally combines

the simplest examples of lowpass and highpass filters that we have previously seen (to wit, the moving

average filter and the moving difference filter) into the most basic example of a filter bank. 

ü Analysis

We denote the two filters by H0  (lowpass) and H1  (highpass).   For convenience we reverse the sign of

H1  and we have: 

y0 = H0 x is the averaging filter y0HnL = 1ÅÅÅÅ2  xHn - 1L + 1ÅÅÅÅ2  xHnL
y1 = H1 x is the differencing filter y1HnL = 1ÅÅÅÅ2  xHn - 1L - 1ÅÅÅÅ2  xHnL .

or as we have already defined in Mathematica:

yLP@n_D :=
1

2
 x@@n − 1DD +

1

2
 x@@nDD

yHP@n_D :=
1

2
 x@@n − 1DD −

1

2
 x@@nDD

Let the signal be the vector x = {7, 5, 6, 2}.  To take care of the left end, we prepend 0 to the vector x.

Clear@xD; x = 80, 7, 5, 6, 2<;

We next feed this vector to the "first stage" of the Wavelet Transform Structure to obtain the following

outputs.  From the lowpass filter we obtain the averages:

y0 = Table@yLP@nD, 8n, 2, 5<D

9 7
2

, 6,
11
2

, 4=

whereas from the highpass filter we obtain the differences:

y1 = Table@yHP@nD, 8n, 2, 5<D

9− 7
2

, 1, −
1
2

, 2=
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Notice  that  the  differences  tend  to  be  smaller  than  the  averages.   For  smooth  inputs  this  is  even  more

true.  

At this point we have eight coefficients in the vectors y0  and y1 .  They are redundant,  since they came

from only four samples of the vector x.  We now downsample and keep the even-numbered components.

8y0@@2DD, y0@@4DD< = downSample@y0D

86, 4<

8y1@@2DD, y1@@4DD< = downSample@y1D

81, 2<

This  is  the  first  step  in  our  analysis.   We  have  found  the  four  "first-level"  wavelet  coefficients  of  the

signal, or we have separated the signal into wavelets. As we will see in the synthesis, the inverse trans-

form uses these coefficients (that is, adds up wavelets times coefficients) to reconstruct the signal vector

x.  

The thing to note here is that, appart from downsampling, the coefficients {6, 4} can be obtained in yet

another  way:  namely,  by  splitting  the  signal  input  vector  into  pairs  x  =  {{7,  5},{6,  2}}  and  taking  the

average of each pair; i.e. 6 = 7+5ÅÅÅÅÅÅÅÅÅÅ2  and 4 = 6+2ÅÅÅÅÅÅÅÅÅÅ2 .  Similarly the coefficients {1, 2} can be obtained from

these  pairs  by  subtraction;  to  wit,  1  =  7-5ÅÅÅÅÅÅÅÅÅÅ2  and  2  =  6-2ÅÅÅÅÅÅÅÅÅÅ2 .   These  observations  are  fully  exploited  in

programming the Haar transform.

Now  the  downsampled  output  {6,  4}  of  the  lowpasss  filter  becomes  our  new  input  vector  x  into  the

"second  stage"  of  the  Wavelet  Transform  Structure.  Proceeding  in  a  similar  fashion  we  obtain  the

following outputs.

x = 80, 6, 4<;

z0 = Table@yLP@nD, 8n, 2, 3<D

83, 5<

z1 = Table@yHP@nD, 8n, 2, 3<D

8−3, 1<

Clear@xD;

53_Haar_P.nb 333



The "second-level" coefficients of the signal are 

z0@@2DD = downSample@z0D

85<

z1@@2DD = downSample@z1D

81<

Just as in the first stage, we have 5 = 6+4ÅÅÅÅÅÅÅÅÅÅ2  and 1 = 6-4ÅÅÅÅÅÅÅÅÅÅ2 .  This completes the iteration of the Haar analysis

bank, which is graphically represented below:

  lowpass filter H0   —  ∞2   —  z0H2 nL
lowpass filter H0   —  ∞2   —  y0H2 nL  ——Î

Input —— Î                highpass filter H1   —  ∞2   —  z1H2 nL
highpass filter H1   —  ∞2   —  y1H2 nL

Figure 9: Haar analysis bank.

Summarizing:   For the input vector x  = {7, 5,  6,  2} the wavelet coefficients are {5, 1, 1, 2} = {z0H2 nL ,

z1H2 nL , y1H2 nL}.  To wit, z0H2 nL = 5 is the overall average and the rest are the details, z1H2 nL  = 1, and

y1H2 nL  = {1, 2}.

ü Synthesis

Notice that in the analysis above we obtained two outputs from two successive inputs, to wit:

y0H2 nL = 1ÅÅÅÅ2  xH2 n - 1L + 1ÅÅÅÅ2  xH2 nL , and

y1H2 nL = 1ÅÅÅÅ2  xH2 n - 1L - 1ÅÅÅÅ2  xH2 nL .

It is now easy to recover xH2 n - 1L  and xH2 nL  by the sums and differences of the outputs:

xH2 n - 1L = y0H2 nL + y1H2 nL , and

xH2 nL = y0H2 nL - y1H2 nL .

Hence, in the synthesis the same operations are used as in the analysis.  The sequence of inverse opera-

tions is upsampling (Æ2) followed by filtering:
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Lowpass:  y0H2 nLö Æ2  —— F0  —— »
        + —— xHn - lL

Highpass:  y1H2 nLö Æ2  —— F1  —— »

Figure 10: A stage of the inverse wavelet transform

With upsampling we double the length of a list by inserting zeros at its even positions. From the above

equations we conclude that the coefficients of the lowpass filter F0  are {1, 1} and those of the highpass

filter F1  are {1, -1}. 

xLP@n_D := y@@nDD + y@@n − 1DD

xHP@n_D := y@@nDD − y@@n − 1DD

Moreover, the program to upsample is straightforward:

upSample@x_ListD :=

Module@8i = 1, y = x<, While@i <= 2 Length@xD,
If@Mod@i, 2D 0, y = Insert@y, 0, iD; i = ++i, i = ++iDD; yD

upSample@85<D

85, 0<

To recover (with a unit delay) the input vector x = {7, 5, 6, 2} from the wavelet coefficients {5, 1, 1, 2}

we proceed as follows:  In the first  stage the inputs  are the coefficients {5} and {1}, which were com-

puted last in the analysis process;  we upsample them,  take care of the left end of each vector,  and run

them  through  the  lowpass  and  highpass  filters  F0  and  F1  respectively.   The  output  vectors  are:  lp,

obtained  from {5}, and hp, obtained  from {1}.  Then, the inputs to the second stage are: lp+hp and the

last two of the wavelet coefficients {5, 1, 1, 2}.  They are subjected to the same treatment.

The first stage going back is 

Clear@yD; y = upSample@85<D; PrependTo@y, 0D;

lp = Table@xLP@nD, 8n, 2, 3<D

85, 5<

Clear@yD; y = upSample@81<D; PrependTo@y, 0D;
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hp = Table@xHP@nD, 8n, 2, 3<D

81, −1<

lp + hp

86, 4<

Here  also,  appart  from  upsampling,  the  coefficients  {6,  4}  can  be  recovered  from  the  first  two  of  the

wavelet coefficients {5, 1, 1, 2} in yet another way: namely, by adding 1 to 5 and by subtracting 1 from

5.  In the second stage we recover the input vector x  = {7, 5, 6, 2} from {6, 4} and the last two of the

wavelet coefficients {5, 1, 1, 2} by adding 1 to 6 and by subtracting 1 from 6 and by adding 2 to 4 and

by  subtracting  2  from  4.   These  observations  are  again  fully  exploited  in  programming  the  Haar

transform.

For the second stage we have:

Clear@yD; y = upSample@86, 4<D; PrependTo@y, 0D;

lp = Table@xLP@nD, 8n, 2, 5<D

86, 6, 4, 4<

Clear@yD ; y = upSample@81, 2<D ; PrependTo@y, 0D ;

hp = Table@xHP@nD, 8n, 2, 5<D

81, −1, 2, −2<

lp + hp

87, 5, 6, 2<

ü Mathematica Implementation of the Haar Transform

In  this  implementation  we  do  not  use  down/up-sampling.   Instead  we  take  advantage  of  the  speedups

discussed in the analysis/synthesis and compute averages and differences.
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discreteWaveletTransform::usage =

"This routine has at most 2 arguments. The first
argument is a list of ANY length; the second argument
is an OPTIONAL flag with default value 0. Called with
one argument it does NOT print the results of the
intermediate steps; to print them set the flag to 1.

Regarding the first argument HlistL, its length should be 2i,
i>0. If this is not the case, zeros are appended to fix the
situation. The averaging−differencing algorithm HLowPassê
HighPass FilteringL is performed on the HnewL list. After i H
or i+1Literations the output is a list of the same length.";

discreteWaveletTransform@list_List, flag_Integer: 0D :=

Module@8tempList = list, list2,
tempInteger = i = Log@2, Length@listDD êê N êê IntegerPart,
pairedRow, averages, differences, fl = flag, nextRow, temp<,

If@i 0, Print@"Adjust the list; its length should be 2i, i>0"D;
Return@NullDD;

If@2i ≠ Length@listD, list2 =

Append@tempList, Table@0, 8i, 1, 2i+1 − Length@listD<DD êê Flatten;
tempInteger = i = i + 1; tempList = list2D;

nextRow = 8<; If@fl 1, Print@tempList êê NDD;
While@tempInteger ≠ 0,

pairedRow = pairedList@tempListD;
averages = Apply@aver, pairedRow, 1D;
differences = diff@pairedRow, averagesD;
nextRow = Prepend@nextRow, 8averages, differences<D êê Flatten;
If@fl 1, Print@nextRowDD;
tempInteger = tempInteger − 1; temp = 2^tempInteger;
tempList = Drop@nextRow, −2^i + tempD;
nextRow = Drop@nextRow, tempD;
D; If@fl 1, Prepend@nextRow, First@tempListDD;,

Prepend@nextRow, First@tempListDDD
D
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H∗ 2 nd function ∗L

discreteInverseWaveletTransform::usage =

"This routine has at most 2 arguments. The first
argument is a list of ANY length; the second argument
is an OPTIONAL flag with default value 0. Called with
one argument it does NOT print the results of the
intermediate steps; to print them set the flag to 1.

Regarding the first argument HlistL, its length should
be 2i , i>0. If this is not the case, zeros are
appended to fix the situation. The INVERSE averaging−

differencing algorithm HLowPassêHighPass FilteringL
is performed on the HnewL list. After i Hor i+1L
iterations the output is a list of the same length.";

discreteInverseWaveletTransform@list_List, flag_Integer: 0D :=

Module@8tempList = list, tempList2 = list, list2, av, di, fl = flag,
i = Log@2, Length@listDD êê N êê IntegerPart, j, m = 1, temp = 1<,

If@i 0, Print@"Adjust the list; its length should be 2i, i>0"D;
Return@NullDD;

If@2i ≠ Length@listD, list2 =

Append@tempList, Table@0, 8i, 1, 2i+1 − Length@listD<DD êê Flatten;
i = i + 1; tempList = tempList2 = list2D;

m = 1;
While@m ≤ i, j = 0; k = 1;

While@k <= temp, av = tempList@@kDD; di = tempList@@k + tempDD;
tempList2 = ReplacePart@tempList2, av + di, k + jD;
tempList2 = ReplacePart@tempList2, av − di, k + j + 1D;
j = j + 1; k = k + 1
D; If@fl 1, Print@tempListDD; temp = 2 ∗ temp;
tempList = tempList2; m = m + 1
D; tempList
D

H∗ 3 d function; computes the average value of 2 numbers ∗L

aver@a_, b_D := Ha + bLê2.

H∗ 4 th function; splits a list in pairs ∗L

pairedList@list_D := Partition@list, 2D
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H∗ 5 th function ∗L
diff::usage =

"The inputs are two lists of equal length−−− 2^k, for some k.
The first list is a list of pairs, whereas the second list
is a simple list Hof averagesL. The output is a simple list
of the same length as the input lists; each element of the
output list is the difference of the first element of each
pair Hof the first listL and the corresponding element
of the second list. For example, if the input lists are
88a,b<,8c,d<< and 8e,f< the output is 8a−e,c−f<. ";

diff@list1_, list2_D :=

Fold@Append@#1, #2@@1, 1DD − #2@@2DDD &, 8<, Thread@8list1, list2<DD

Example.

discreteWaveletTransform@87, 5, 6, 2<, 1D

87., 5., 6., 2.<

86., 4., 1., 2.<

85., 1., 1., 2.<

5 is the general average and the coefficients 1, 1, 2 are the details.  This transformation is reversible:

discreteInverseWaveletTransform@%, 1D

85., 1., 1., 2.<

86., 4., 1., 2.<

87., 5., 6., 2.<
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5.4  Image Compression with the Haar Transform

We saw that in adoptive plotting of functions few samples are taken when there is little or no variation.

The same idea will be used in image processing to take advantage of regions of little or no color varia-

tion (as in example in the color of a shirt, pants, hair etc). The Haar wavelet transform with the averaging

and differencing scheme is ideally suited for this purpose and results in a method of image compression

(storing much less information than would otherwise be necessary). At first though we examine some of

the advantages of these transforms.

ü Wavelet Transform Benefits

Let us look at the advantages of using the Haar wavelet transform. 

data = 874, 58, 26, 42, 66, 66, 58, 34<;
discreteWaveletTransform@dataD

853., −3., 16., 10., 8., −8., 0., 12.<

53 is the general average and the coefficients -3, 16, 10, 8, -8, 0, 12 are the details.  We have transformed

a set of eight numbers into another set of eight numbers and, moreover, this transformation is reversible,

as we have seen.  In doing this transformation our advantage is that we can "play around" with the detail

coefficients.   By  taking  advantage  of  regions  of  little  variation,  we  can  change  the  set  of  coefficient

details and use this new set (with the inverse wavelet transform) to approximate the original one.  This

approximation should be very close to the original.

In the above example, one detail coefficient is zero indicating a region of little variation (due to the two

adjacent  numbers  66).  The  next  smallest  detail  coefficient  is  -3.   We  change  -3  to  0  and  applying  the

inverse wavelet transform we obtain:

dataApproximated =

discreteInverseWaveletTransform@853, 0, 16, 10, 8, −8, 0, 12<D

877, 61, 29, 45, 63, 63, 55, 31<

The plot of the original (red) against the approximated (green) set of numbers is seen in Figure 11a.
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plot1 = ListPlot@data, PlotJoined → True, AxesOrigin → 80, 0<,
PlotStyle → RGBColor@1, 0, 0D, DisplayFunction IdentityD;

plot2 = ListPlot@dataApproximated, PlotJoined → True, AxesOrigin →

80, 0<, PlotStyle → RGBColor@0, 1, 0D, DisplayFunction IdentityD;
Show@plot1, plot2, DisplayFunction $DisplayFunction,

PlotLabel → "Figure 11a 5 details"D;
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Figure 11a 5 details

A very good approximation. Changing additionally -8 and  8 to zero we obtain Figure 11b in which the

approximated set is in blue: 

dataApproximatedAgain =

discreteInverseWaveletTransform@853, 0, 16, 10, 0, 0, 0, 12<D

869, 69, 37, 37, 63, 63, 55, 31<
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plot3 = ListPlot@dataApproximatedAgain,
PlotJoined → True, AxesOrigin → 80, 0<,
PlotStyle → RGBColor@0, 0, 1D, DisplayFunction IdentityD;

Show@plot1, plot3, DisplayFunction $DisplayFunction,
PlotLabel → "Figure 11b 3 details"D;
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Figure 11b 3 details

Considering that this is based only on 3 detail coefficients, the approximation is surprisingly good!

Overall, this scheme can be applied to a number string of any length.  We can always pad at the end with

zeros until the length of the string is a power of two.  As we are going to see next, the full potential of

this transformation comes when we apply it to strings of big length.

ü Plotting with Wavelet Transforms — Lossless and Lossy Compression 

The  compression  process  works  as  follows:  We  start  with  a  data  string  of  any  length  and  using  the

wavelet transform we obtain another  string of  the same length.   We can now use the inverse transform

algorithm in two ways: (a) We can use all the detail coefficients to obtain the original list in which case

the  transform is  called  lossless  compression.   That  is,  we  lost  nothing.  (b)   We  can  define  a  threshold

value e, replace by zero all the detail coefficients with magnitude § e and, based on the altered version of

the transformed string, obtain an approximation of the original string.  This is referred to as  lossy com-

pression.  The surprising thing is that we can zero a sizable proportion of the detail coefficients and still

get a decent approximation to the original string. 

Let  us  apply  the  above  in  the function  ‰-10 x Sin@100 xD  which  we are  going  to  plot  with uniform sam-

pling in the interval [0, 1]. We picked this particular function because it has a great region of no variation

(low activity) as can be seen from Figure 12.

f@x_D := E−20 x Sin@100 xD;
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Plot@f@xD, 8x, 0, 1<, PlotRange → All, PlotLabel → "Figure 12"D;
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Figure 12

We now plot ‰-10 x Sin@100 xD  using 32 and 255 uniformly sampled points in the interval [0, 1].

xPoints5 = Table@x, 8x, 0, 1, 1ê31<D;
yPoints5 = Map@f, xPoints5D;
ListPlot@yPoints5, PlotJoined → True,

PlotRange → All, AxesOrigin → 80, 0<,
PlotLabel → "Figure 13. 32 sample points were used"D;
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Figure 13. 32 sample points were used
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xPoints6 = Table@x, 8x, 0, 1, 1ê255<D;
yPoints6 = Map@f, xPoints6D;
plot15 = ListPlot@yPoints6,

PlotJoined → True, AxesOrigin → 80, 0<, PlotRange → 8−1, 1<,
PlotLabel → "Figure 14. 256 sample points were used"D;
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Figure 14. 256 sample points were used

We  see  that  the  approximation  with  256  sample  points  is  excellent,  whereas  the  one  with  32  sample

points is quite poor. In both cases though half of the points plotted were essentially wasted!

Consider the string of 256 elements, yPoints6,  used to plot this function.  Their values range from -0.39

to 0.73.

8Length@yPoints6D, Max@yPoints6D, Min@ yPoints6D< êê N

8256., 0.730718, −0.39016<

After  eight  cycles  of  averaging  and  differencing  we  get  a  transformed  string  of  the  same  length,

yPoints6WT, with values ranging from -0.245 to 0.355.

yPoints6WT = discreteWaveletTransform@yPoints6D;
8Length@yPoints6WTD, Max@yPoints6WTD, Min@ yPoints6WTD<

8256, 0.355324, −0.245031<

We next pick a threshold value of e = 0.014 and zero all values of yPoints6WT (the detail coefficients) §

e.  This way we get an altered transformed list, yPoints6WTSparse, with 32 nonzero entries.
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yPoints6WTSparse =

Fold@If@Abs@#2D <= 0.014, Append@#1, 0D, Append@#1, #2DD &,
8<, yPoints6WTD;

Select@yPoints6WTSparse, # != 0 &D êê Length

32

From  this  sparse  list,  yPoints6WTSparse,   we  obtain  an  approximation,  yPoints6WTApprox,  of  the

original list and we plot it in Figure 15.  

yPoints6WTApprox =

discreteInverseWaveletTransform@yPoints6WTSparseD;
ListPlot@yPoints6WTApprox, PlotJoined → True,

AxesOrigin → 80, 0<, PlotRange → 8−1, 1<,
PlotLabel → "Figure 15. 32 Hout of 256L details ≠ 0"D;
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Figure 15. 32 Hout of 256L details ≠ 0

Despite its limitations this does a better job of approximating the actual graph of ‰-10 x Sin@100 xD , than

the plot with 32 uniformly sampled points in Figure 13.  Finally, Figure 16 shows the even better approxi-

mation of E-10 x Sin@100 xD  obtained by using the threshold value of e = 0.0014, in which case the altered

transformed list, yPoints6WTSparse, has 62 nonzero entries.

yPoints6WTSparse =

Fold@If@Abs@#2D <= 0.0014, Append@#1, 0D, Append@#1, #2DD &,
8<, yPoints6WTD;

Select@yPoints6WTSparse, # != 0 &D êê Length

62
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yPoints6WTApprox =

discreteInverseWaveletTransform@yPoints6WTSparseD;
ListPlot@yPoints6WTApprox, PlotJoined → True,

AxesOrigin → 80, 0<, PlotRange → 8−1, 1<,
PlotLabel → "Figure 16. 62 Hout of 256L details ≠ 0"D;
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Figure 16. 62 Hout of 256L details ≠ 0

It should be noted that the threshold values are very low compared to the range of values.  Yet, despite

this fact, we obtain good results using few detail coefficients.  The reason for this behavior is that there is

no variation in more than half of the interval of interest.  Using 32 detail coefficients, out of 256, gives a

compression ration of 8:1, whereas using 62 gives a compression ratio of 4.1:1.  

Also,  note  that  Figures  15  and  16  were  generated  using  32  and  62  nonzero  detail  coefficients  respec-

tively,  in  sparse  strings  of  256  elements;  however,  the  plots  themselves  used  all  256  mostly  nonzero

numbers obtained from those strings by applying the inverse Haar wavelet transform.

Lossy  compression  comes  into  play  once  we  realize  that  it  takes  less  space  to  store  sparse  strings  of

length 256 — with 32 or 62 nonzero entries — than arbitrary strings of length 256.  Using Mathemati-

ca's special function SparseArray[],  we see that storing the 256-element list yPoints6WT  requires about

5.5K bytyes of memory:

H∗ Memory used by a non−sparse string of length 256 ∗L

a = MemoryInUse@D; yPoints6WT = discreteWaveletTransform@yPoints6D;
b = MemoryInUse@D; b − a

5472
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whereas, for a sparse array about half that memory is needed for storing.  Note that, to be able to use the

SparseArray[]  function  of  Mathematica,  we first  take the list  yPoints6WTSparse,  generated above  with

32  or  62  nonzero  entries,  compute  the  positions  where  these  nonzero  entries  are  and  turn  the  position

lists  into  rules  of  the  form  “position  Ø  value”.   The  list  of  these  rules,  positionAndValueRules,  is  the

input to the function SparseArray[].

yPoints6WTSparse;
res = 8<;
Map@If@# ≠ 0, AppendTo@res, 8Position@yPoints6WTSparse, #D, #<DD &,

yPoints6WTSparseD;
positions = Map@8Flatten@First@#DD, Last@#D< &, resD;
positionAndValueRules = Map@Apply@Rule, #D &, positionsD;

H∗ Memory used by a sparse string of length 256 ∗L

a = MemoryInUse@D;
SparseArray@positionAndValueRulesD;
b = MemoryInUse@D; b − a

2384

ü Primitive Image Compression 

Suppose we have the image shown in Figure 17. Please note that 0 corresponds to black and 1 to white;

moreover, the rows in the Raster function are printed in reverse order.

54_ImageComprHaar_P.nb 347



Show@Graphics@Raster@880, 1<, 81, 0<<D,
Frame → True, FrameLabel → "Figure 17", AspectRatio → 1DD;
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The above image can be considered as a 2i µ 2i pixel image which has 4 pixels if i = 1.  What informa-

tion is needed to store it?  If we assume that we have black unless specified otherwise, then we need only

say  where  there  is  white.   In  the  case  i = 1,  we  obviously  need  2  pieces  of  information,  namely  that

pixels {1, 1} and {2, 2} are white. We will show the quite interesting fact that, for any value of i > 1 we

need only 2 pieces of information.

Next consider the more complex image shown in Figure 18.  
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Show@Graphics@
Raster@880, 1, 1, 0<, 81, 0, 1, 0<, 80, 0, 1, 1<, 81, 1, 0, 0<<D,
Frame → True, FrameLabel → "Figure 18", AspectRatio → 1DD;
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Again, we can treat it as 4i µ 4i pixel image which has 16 pixels if i = 1.  Arguing as above, in the case

i = 1  we need 8 pieces of information.  However, we can do better if we use the fact that several of the

white  blocks are  adjacent  to  each other.   We will show that  for  any value of  i  (i.e.  no matter what the

resolution) we only need 5 pieces of information.    

We  assume  that  both  images  of  Figures  17  and  18  have  resolution  256ä256;  that  is,  each  image  is

represented by a 256ä256 matrix with entries 0 or 1.  Using the technique of lossy compression we will

show that to store the first image we need 2 pieces of information whereas for the second we need 5. In

each case we apply the Haar transform on each row separately, and then do the same on each column of

the  resulting  matrix.   The  final  result  is  a  new 256ä256  matrix  with  an  overall  average  at  the  top  left

hand  corner  and  a  lot  of  detail  coefficients.  Regions  of  little  variation  in  the  original  image  manifest

themselves as numerous small or zero elements in the transformed matrix.

We start with the image of Figure 17.  Each one of the first 128 rows is made up of 128 ones (1Øwhite)

followed by 128 zeros (0Øblack).
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matrixRowF = Join@Table@1, 8i, 1, 128<D, Table@0, 8i, 1, 128<DD;

When we apply the Haar wavelet transform to each one of these 128 rows the result is a

row with all, but the first two elements, zero. 

discreteWaveletTransform@matrixRowFD;

Hence after  the transformation the first  128 rows  of  the matrix are  identical;  in  each row,  the first  two

elements are 0.5, 0.5 and the rest 254 are 0.  

Likewise, after the transformation, the last 128 rows of the matrix are identical; in each row, the first two

elements are 0.5, -0.5 and the rest 254 are 0. 

matrixRowL = Join@Table@0, 8i, 1, 128<D, Table@1, 8i, 1, 128<DD;
discreteWaveletTransform@matrixRowLD;

At this point the columns of the 256ä256 matrix are all zero except for the first two. The first column has

256 identical entries of 0.5 whereas the second column consists of 128 rows of 0.5 followed by 128 rows

of  -0.5.   Transforming the first  column we obtain  another  one with  all  entries  zero,  except  for  the first

entry which is 0.5; likewise, from the second column we obtain another one with all entries zero, except

for the second entry which is 0.5.

matrixColumn1 = Table@0.5, 8i, 1, 256<D;
discreteWaveletTransform@matrixColumn1D;

matrixColumn2 =

Join@Table@0.5, 8i, 1, 128<D, Table@−0.5, 8i, 1, 128<DD;
discreteWaveletTransform@matrixColumn2D;

Since our wavelet transform is invertible the image of Figure 17 can be stored in a 2ä2 matrix form with

only two nonzero pieces of information

i
k
jjj

0.5 0
0 0.5

y
{
zzz .

The  image compression  process  can  be  summarized as  follows:  (a)  form the  original  matrix,  (b)  trans-

form all the rows to obtain the transformed matrix, (c) transform the columns of the transformed matrix

and  (d)  print  the  first  few  rows  and  columns.   (To  do  (c)  in  Mathematica  we  have  to  transpose  the
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transformed  matrix  so  that  the  columns  become  rows,  apply  the  wavelet  transform  on  the  rows  and

transpose it again to obtain the final matrix.) 

originalMatrix = Join@
Table@matrixRowF, 8i, 1, 128<D, Table@matrixRowL, 8i, 1, 128<DD;

transformedMatrix = Map@discreteWaveletTransform, originalMatrixD;

transformedTransposedMatrix = Transpose@transformedMatrixD;

finalMatrix = Map@discreteWaveletTransform,
transformedTransposedMatrixD êê Transpose;

Table@finalMatrix@@i, jDD, 8i, 1, 7<, 8j, 1, 7<D êê MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjj

0.5 0. 0. 0. 0. 0. 0.
0. 0.5 0. 0. 0. 0. 0.
0. 0. 0. 0 0. 0. 0
0. 0. 0 0. 0 0 0.
0. 0. 0. 0 0. 0. 0
0. 0. 0. 0 0. 0. 0
0. 0. 0 0. 0 0 0.

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzz

Applying the same process to the image of Figure 18 we see that it can be stored in a 4ä4 matrix using 5

nonzero pieces of information

i

k

jjjjjjjjjjjjjj

0.5 0 0 0.25
0 0 0 -0.25
0 0.5 0 0
0 0 0.5 0

y

{

zzzzzzzzzzzzzz

ü Compression of the Image of Figure 18

The reader is encouraged to apply the same process to the image of Figure 18.  We work on blocks of 64

rows; for the 1st block of rows we have:

matrixRowFQ = Join@Table@1, 8i, 1, 128<D, Table@0, 8i, 1, 128<DD;

For the second block we have:

matrixRowSQ = Join@Table@0, 8i, 1, 128<D, Table@1, 8i, 1, 128<DD;
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For the third block we have:

matrixRowTQ = Join@Table@1, 8i, 1, 64<D,
Table@0, 8i, 1, 64<D, Table@1, 8i, 1, 64<D, Table@0, 8i, 1, 64<DD;

For the last block we have:

matrixRowLQ = Join@Table@0, 8i, 1, 64<D,
Table@1, 8i, 1, 128<D, Table@0, 8i, 1, 64<DD;

The original matrix then is:

originalMatrix =

Join@Table@matrixRowFQ, 8i, 1, 64<D, Table@matrixRowSQ, 8i, 1, 64<D,
Table@matrixRowTQ, 8i, 1, 64<D, Table@matrixRowLQ, 8i, 1, 64<DD;

transformedMatrix = Map@discreteWaveletTransform, originalMatrixD;

transformedTransposedMatrix = Transpose@transformedMatrixD;

finalMatrix = Map@discreteWaveletTransform,
transformedTransposedMatrixD êê Transpose;

Table@finalMatrix@@i, jDD, 8i, 1, 7<, 8j, 1, 7<D êê MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjj

0.5 0. 0. 0.25 0. 0. 0.
0. 0. 0. −0.25 0. 0. 0.
0. 0.5 0. 0. 0. 0. 0.
0. 0. 0.5 0. 0. 0. 0.
0. 0. 0. 0 0. 0. 0
0. 0. 0 0. 0 0 0.
0. 0. 0. 0. 0. 0 0.

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzz

ü Compression of arbitrary images (Pedro!) 

Πarάrthma ∆6.  Ψhjiopoίhsh ¶ikόnaV.  Εntropίa!!!

We add  parenthetically  that  the  digital  information  about  Pedro  — that  is,  the  matrix

data1 — can be stored in the seperate file pedro.data using the function Write

Write@ToFileName@8"AddOns", "Applications"<, "pedro.data"D, data1D;
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from which it can be read into the variable pedroDigitalData with the function ReadList

pedroDigitalData =

ReadList@ToFileName@8"AddOns", "Applications"<, "pedro.data"D,
ExpressionD êê Last;

Once we have the picture in digital form, all the fun begins.  We run it through the wavelet transform to

compress  it;  rows  are  transformed  first  and  then  columns  as  was  done  for  the  case  of  the  primitive

images.

originalMatrix = data1;
transformedMatrix = Map@discreteWaveletTransform, originalMatrixD;
transformedTransposedMatrix = Transpose@transformedMatrixD;
finalMatrix = Map@discreteWaveletTransform,

transformedTransposedMatrixD êê Transpose;

Compression can be achieved by zeroing (for example) the detail coefficients which are smaller than 3 in

absolute value.  This way we obtain a matrix with only 6629 nonzero entries (about 10% of the entries)!  

a = MemoryInUse@D;

finalMatrixSparse =

Map@Fold@If@Abs@#2D ≤ 3.0, Append@#1, 0D, Append@#1, #2DD &, 8<, #D &,
finalMatrixD;

Select@Flatten@finalMatrixSparseD, # != 0 &D êê Length

6629

b = MemoryInUse@D; b − a

275408

Stored  in  the  usual  way  —  with  the  zero  entries  included  —  it  takes  about  270K  bytes  of  memory.

However, Mathematica 5 allows us to store this matrix as a sparse array, and doing so it takes about 80K

bytes of memory.  The improvement in memory storage is quite impressive.

sparseFinalMatrixSparse = SparseArray@finalMatrixSparseD

SparseArray@<6629>, 8256, 256<D
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c = MemoryInUse@D; c − b

83664

Compression achieved!

We then reverse the process and obtain an approximation  to the original matrix!  Notice that the sparse

array has to be converted to a “normal” matrix first.

backUpOneStep = Map@discreteInverseWaveletTransform,
Transpose@sparseFinalMatrixSparse êê NormalDD;

backUpOneStepTransposed = Transpose@backUpOneStepD;
approximatedMatrix =

Map@discreteInverseWaveletTransform, backUpOneStepTransposedD;

Note that the approximated matrix has 65536 (= 256ä256) nonzero entries, just like the original matrix.

Select@Flatten@approximatedMatrixD, # != 0 &D êê Length

65536

When we plot the approximated matrix, and consider the fact that we used only 10% of the entries in the

original matrix, the result is not at all bad!
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ListDensityPlot@approximatedMatrix, Mesh → FalseD;
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Figure Pedro-2:  Picture of Pedro obtained using only 10% of the details.
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5.5  Wavelets and Multiresolution Analysis

In the spirit of Shannon (at least two samples per cycle) we are going over wavelets a

second time and introduce the general concepts and notations used in their study.

ü Scaling Functions

We  start  by  associating  a  list  of  k  elements  with  a  step  function  on  [0,  1];  this  step

function  could  change  at  k - 1equally  spaced  points  and  uses  the  list  elements  as  its

step  heights.   As  an  example  consider  Figure  7  (shown  below  again)  where  the  step

function  plotted  is  associated  with  the  list  of  the  32  sin(6px)-values  obtained  by  uni-

formly subdividing the interval [0, 1].  
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Figure 7

Step function version of the function Sin@6πxD
in the interval @0, 1D; 32 sample points were used

In  turn,  these  step  functions  can  be  thought  of  as  linear  combinations  of  dyadically

dilated  and  translated  unit  step  functions  on  [0,  1).   To  explain  the  last  statement  we

define the Haar scaling function:

j HxL = 9 1 for  0 § x < 1
0 otherwise

Clear@xD;
ϕ@x_D := Which@0 ≤ x < 1, 1, True, 0D;
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and look at two of its plots for better understanding. 

Plot@ϕ@xD, 8x, 0, 3<, PlotRange → 80, 2<, Ticks → 881, 2, 3<, 81, 2<<,
PlotLabel → "Figure 19a", AxesLabel → 8"x", "ϕHxL"<D;
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x
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2
ϕHxL Figure 19a

Plot@ϕ@x − 1D, 8x, 0, 3<, PlotRange → 80, 2<, Ticks → 881, 2, 3<, 81, 2<<,
PlotLabel → "Figure 19b", AxesLabel → 8"x", "ϕHx−1L"<D;
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x
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2
ϕHx−1L Figure 19b

j  satisfies  a scaling equation of the form  j(x)  = ⁄i=0
¶ ci jH2 x - iL ,  where in our case

the only nonzero coefficients are c0 = c1 = 1; that  is,  we have j(x)  = j(2x)  + j(2x  -

1).  Note that the equations h(i) = ciÅÅÅÅÅ2 , i = 0, 1 define the filter coefficients. 
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Plot@ϕ@2 x − 1D, 8x, 0, 2<,
PlotRange → 80, 2<, Ticks → 8Automatic, 81, 2<<,
PlotLabel → "Figure 19d", AxesLabel → 8"x", "ϕH2x−1L"<D;

0.5 1 1.5 2
x

1

2
ϕH2x−1L Figure 19d

We now define,  for  each nonnegative  integer  i,  the approximating  vector  space i  of

piecewise constant functions on [0, 1), with possibble breaks at 1ÅÅÅÅÅÅ2i , 2ÅÅÅÅÅÅ2i , ..., 2i-1ÅÅÅÅÅÅÅÅÅÅÅ2i .  Then

the  2i  dyadically  dilated  and  translated  scaling  functions  jk
i  IxL = jH2i x - kL ,  0  §  k  §

2i -1, form a basis for i .   We thus have the (theoretically infinite) chain of ascending

vector spaces 0  Õ 1  Õ 2  Õ 3  Õ ... ; however, since we are dealing with sampled

signals, the resolution is finite and hence this chain stops at some finite value i.  

ϕ@x_, i_, k_D := ϕ@2i x − kD;

Taking for example i = 2, we have the set of 4 functions jH22 x - kL, k = 0, 1, 2, 3.

Note that the function j H22 xL is 1 on the interval A0,
1
ÅÅÅÅÅ
4

N,

the function j H22 x - 1L is 1 on the interval A 1
ÅÅÅÅÅ
4

,
2
ÅÅÅÅÅ
4

N etc.
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Plot@ϕ@22 x − 1D, 8x, 0, 1<, PlotRange → 80, 2<,
Ticks → 880, 1ê4, 2ê4, 3ê4, 1<, 81, 2<<,
PlotLabel → "Figure 19d", AxesLabel → 8"x", "ϕH22x−1L"<D;
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ϕH22x−1L Figure 19d

These four functions form a basis for the approximating vector space 2  of piecewise

constant  functions on [0, 1),  with possibble breaks at  1/4, 2/4,  3/4.  Taking a random

list of four numbers {e0, e1, e2, e3 } we can think of them as the element 

 e0 j@23 xD + e1 j@23 x - 1D + e2 j@23 x - 2D + e3 j@23 x - 3D

of the space 2 .  Given a specific list of length 4, its plot is shown in Figure 20:

data = Table@Random@Integer, 810, 99<D, 84<D

835, 19, 98, 47<
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yStep = Table@ϕ@x, 2, kD, 8k, 0, 3<D;
Plot@data.yStep, 8x, 0, 1<,

PlotLabel → "Figure 20", AxesOrigin → 80, 0<D;

0.2 0.4 0.6 0.8 1

20

40

60

80

Figure 20

In other words, we have a step function representation of our data list.   Similarly,  any

list of length 4 can be associated with an element of the approximating space 2 .  

We can  explain  the  Haar  wavelet  transform (lowpass/highpass  filters)  in  terms of  this

version of data lists,  but we need additional (vector) approximating spaces.  As above,

the two functions defined by jk
1 HxL = jH21 x - kL , k = 0, 1 form a basis of the approximat-

ing  space  1  of  the  piecewise  constant  functions  on [0,  1)  with  possible  break at  the

point 1/2. Finally, the function j0
0HxL  = j(x)  itself is a basis of the approximating space

0  of the constant functions on [0, 1).  We have 0  Õ 1  Õ 2  

If we think of the various averages — that we computed in the Haar wavelet transform

—  as  lower-resolution  versions  of  the  original  data  list,  we  can  associate  them  with

elements of these new vector spaces.  The higher the dimension of the vector space i

the higher the resolution.  Let us come back to the example we did earlier, where now

we print the intermediate results:

55_MultiResolution_P.nb 360



discreteWaveletTransform@87, 5, 6, 2<, 1D

87., 5., 6., 2.<

86., 4., 1., 2.<

85., 1., 1., 2.<

The first output line (the original data list) is associated with the element 7jH22 x - 0L  +

5jH22 x - 1L  +  6jH22 x - 2L  +2jH22 x - 3L  of  the  approximating  space  2  and  has  the

highest resolution.  The average values 6 and 4 of the second output line are associated

with the element 6jH21 x - 0L  + 4jH21 x - 1L  of the approximating space 1  (the resolu-

tion  is  cut  in  half)  and  the  overall  average  value  5  is  associated  with  the  element

5jH20 xL  of the approximating space 0   (the resolution is cut yet again in half).  ("Go-

ing  down"  the  approximating  spaces  the  resolution  goes  down  as  well.   This  is  the

dyadical dilation we mentioned above.)

ü Wavelets — at last!

It  only  remains  to  associate  the  detail  coefficients  with  "something".   This  is  where

wavelets come in as the details or wavelet space!  

For any nonnegative integer i, consider the inner product  

 

                             Xf , g\ = Ÿ0
1 f @tD g@tD „ t

                             

defined in the vector space i .  Two functions are orthogonal if and only if their prod-

uct  on  [0,  1]  encloses  equal  areas  above  and  below  the  horizontal  axis.   In  i+1  we

define the wavelet space i  as the orthogonal complement of the approximating space
i .  Hence, we have the following (orthogonal) direct sum decomposition:

                              i+1  =  i  ∆  i  = i-1  ∆  i-1 ∆  i  

                                       ª

                                       =  0  ∆  0 ∆  1 ∆  ... ∆  i .
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Note that at every resolution (approximating space) there exist details corresponding to

all the previous resolutions.  

Every  wavelet  space  i  has  a  basis  ck
i  HxL  =  cH2i x - kL ,  k  =  0,  1,  ...,  2i - 1,  which  is

used to associate the details,  obtained during the Haar transform, with elements of the

wavelet space;  the details are called wavelet coefficients.  

Equivalent to the Haar scaling function is the mother Haar wavelet, defined by: 

c HxL = 9
1 for 0 § x < 1ÅÅÅÅ2

-1 for 1ÅÅÅÅ2 § x < 1
0 otherwise

Clear@xD;
χ@x_D := Which@0 ≤ x < 1ê2, 1, 1ê2 ≤ x < 1, −1, True, 0D;

along with two plots for better understanding.

Plot@χ@xD, 8x, 0, 3<, PlotRange → 8−2, 2<,
Ticks → 880, 1, 2, 3<, 81, 2<<, Frame → True,
FrameLabel → "Figure 21a", AxesLabel → 8"x", "χHxL"<D;
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Plot@χ@x − 1D, 8x, 0, 3<, PlotRange → 8−2, 2<,
Ticks → 880, 1, 2, 3<, 81, 2<<, Frame → True,
FrameLabel → "Figure 21b", AxesLabel → 8"x", "χHxL"<D;

0 0.5 1 1.5 2 2.5 3

-1.5

-1

-0.5

0

0.5

1

1.5

2

e
r

u
g

i
F

1
2

b

x

The function c(x) is orthogonal to j(x) and forms a basis for 0 .  Likewise, the func-

tions 

ck
i HxL = cH2i x - kL  , k = 0, 1, ..., 2i - 1

are  visibly  orthogonal  to  each  other  and  to  the  corresponding  functions  jk
i  HxL;  hence,

they form a basis for i .

χ@x_, i_, k_D := χ@2i x − kD;

Moreover,  for  i  =  1  we  have  the  2  functions  ck
1HxL = cH21 x - kL ,  k  =  0,  1  which  are

visibly orthogonal to each other and to the corresponding functions jk
1 IxM  which form a

basis of the resolution space 1 .  Hence they form a basis of 1 . 
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Plot@8χ@2 x − 0D, χ@2 x − 1D<, 8x, 0, 1<,
PlotRange → 8−2, 2<, Ticks → 880, 1ê4, 2ê4, 3ê4, 1<, 81, 2<<,
PlotStyle → 8RGBColor@1, 0, 0D, RGBColor@0, 1, 0D<, Frame → True,
FrameLabel → "Figure 21c", AxesLabel → 8"x", "χH2xL"<D;
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Taking another look at our example

discreteWaveletTransform@87, 5, 6, 2<, 1D

87., 5., 6., 2.<

86., 4., 1., 2.<

85., 1., 1., 2.<

we see that each output line is associated with the corresponding line of the following

relations:

7jH22 x - 0L  + 5jH22 x - 1L  + 6jH22 x - 2L  +2jH22 x - 3L  

= 6j@21 x - 0D  + 4jH21 x - 1L  + 1 cH21 x - 0L  + 2 cH21 x - 1L
= 5jH20 xL  + 1 cH20 xL  + 1 cH21 x - 0L  + 2 cH21 x - 1L .
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Plot@7 ϕ@22 x − 0D + 5 ϕ@22 x − 1D + 6 ϕ@22 x − 2D + 2 ϕ@22 x − 3D ,
8x, 0, 1<, PlotRange → 80, 8<,
PlotLabel → "Figure 22a", AxesLabel → 8"x", "y"<D;
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Plot@5 ϕ@20 xD + 1 χ@20 xD + 1 χ@21 x − 0D + 2 χ@21 x − 1D, 8x, 0, 1<,
PlotRange → 80, 8<, PlotLabel → "Figure 22b", AxesLabel → 8"x", "y"<D;
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The  images  that  we  compressed  in  the  previous  section  had  a  resolution  of  256ä256.

Thus,  working  with  lists  of  length  256  was  equivalent  to  working  in  the  larger  space
8  and using the identity 

0  ∆  0 ∆  1 ∆  ... ∆  7

one overall average and 255 details.  

There  are  two-dimensional  analogs  of  those  ideas  providing  a  theoretical  framework

for the digital image representation and compression ideas discussed in the last section.

Details can be found elsewhere.

ü Wavelet Transform Benefits — Revisited

As we have seen in an example in the previous  section,  we set  the smallest detail  coefficients equal  to

zero and achived a pretty good approximation of  the original  list  (of  eight elements).  This amounts to

setting some of the wavelet coefficients to zero.  Let us look again at the same list data2: 

data2 = 874, 58, 26, 42, 66, 66, 58, 34<;
discreteWaveletTransform@data2D

853., −3., 16., 10., 8., −8., 0., 12.<

Setting the wavelet coefficient -3 to 0 we have the approximated list data2Approximated. 

data2Approximated =

discreteInverseWaveletTransform@853, 0, 16, 10, 8, −8, 0, 12<D

877, 61, 29, 45, 63, 63, 55, 31<

Using step functions — this time — we plot these two lists in Figures 23a and 23b and ask the reader to

spot the difference!
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Clear@xD;
yStep2 = Table@ϕ@x, 3, kD, 8k, 0, 7<D;
Plot@data2.yStep2, 8x, 0, 1<,

PlotLabel → "Figure 23a", AxesOrigin → 80, 0<D;
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Figure 23a

Plot@data2Approximated.yStep2, 8x, 0, 1<,
PlotLabel → "Figure 23b", AxesOrigin → 80, 0<D;
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Figure 23b
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5.5  Filters and Filter Banks with Matrices

In this section we give a matrix formulation of the Haar wavelet transform. Consider the, by now, well

known  example  with  the  list  {7,  5,  6,  2}.   We  apply  the  Haar  transform  and  below  we  see  again  the

intermediate and final results :

row1 = 87, 5, 6, 2<;
discreteWaveletTransform@row1, 1D

87., 5., 6., 2.<

86., 4., 1., 2.<

85., 1., 1., 2.<

ü Matrix formulation of the Haar transform

The same results can be obtained using the following matrices A1 , A2  (filter banks):

A1 =

i

k

jjjjjjjjjjjjjjjjjjjj

1
2

1
2

0 0

0 0 1
2

1
2

1
2

−1
2

0 0

0 0 1
2

−1
2

y

{

zzzzzzzzzzzzzzzzzzzz

;

A2 =

i

k

jjjjjjjjjjjjjjjj

1
2

1
2

0 0
1
2

−1
2

0 0

0 0 1 0
0 0 0 1

y

{

zzzzzzzzzzzzzzzz
;

Matrix  A1  is  associated  with the first  pair  of lowpass/highpass  filter.  The intermediate

result, row2 = {6, 4, 1, 2}, is obtained from the product A1.data1:

row2 = A1.row1

86, 4, 1, 2<
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Matrix  A2  is  associated  with  the  second  pair  of  lowpass/highpass  filter;  only  the  first

two elements of row2, i.e. {6, 4}, are affected by the filter bank.  The result, row3 = {5,

1, 1, 2}, is obtained from the product A2.row2:

row3 = A2.row2

85, 1, 1, 2<

Therefore, in this case the discrete wavelet transform matrix is the matrix A2 .A1

I  discreteWaveletTransformMatrix = A2.A1M êê MatrixForm

i

k

jjjjjjjjjjjjjjjjj

1
4

1
4

1
4

1
4

1
4

1
4 − 1

4 − 1
4

1
2 − 1

2 0 0

0 0 1
2 − 1

2

y

{

zzzzzzzzzzzzzzzzz

discreteWaveletTransformMatrix.row1

85, 1, 1, 2<

Likewise,  the  discrete  inverse  wavelet  transform  matrix  in  this  case  is  the  matrix

Inverse[A1 ].Inverse[A2 ].

HdiscreteInverseWaveletTransformMatrix =

Inverse@discreteWaveletTransformMatrixDL êê MatrixForm

i

k

jjjjjjjjjjjj

1 1 1 0
1 1 −1 0
1 −1 0 1
1 −1 0 −1

y

{

zzzzzzzzzzzz

discreteInverseWaveletTransformMatrix.row3

87, 5, 6, 2<

Inverse@A1D.Inverse@A2D.row3

87, 5, 6, 2<
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It is fairly obvious how to construct the 2i µ 2i matrices A1 , A2 , ..., Ai  needed to work with lists of length

2i .  

Observe  now  that  the  rows  of  the  discrete  wavelet  transform  matrix  are  orthogonal,  but  not

orthonormal:

Table@discreteWaveletTransformMatrix@@iDD.
discreteWaveletTransformMatrix@@jDD, 8i, 1, 4<, 8j, 1, 4<D

99 1
4

, 0, 0, 0=, 90, 1
4

, 0, 0=, 90, 0, 1
2

, 0=, 90, 0, 0, 1
2
==

We know from Linear Algebra that if the rows of a matrix are orthonormal, then its inverse is the same

as its transpose.  Consequently, the inverse in these cases can be very easily computed;  in our example

above, the inverse discrete wavelet transform matrix would be the matrix  Transpose[A1 ].Transpose[A2 ]

— instead of the matrix Inverse[A1 ].Inverse[A2 ].

Hence,  to  speed  up  computations,  we  need  to  normalize  the  rows  of  matrices  A1  and  A2 .   This  is

achieved  by  dividing  each  row  of  A1  and  the  first  two  rows  of  A2  by  1ÅÅÅÅÅÅÅÅÅÅè!!!!2
,  their  measure.   We  thus

obtain the orthonormal matrices A1 N  and A2 N :

A1N =

i

k

jjjjjjjjjjjjjjjjjjjjjjjj

1
è!!!!

2

1
è!!!!

2
0 0

0 0 1
è!!!!

2

1
è!!!!

2
1

è!!!!
2

−1
è!!!!

2
0 0

0 0 1
è!!!!

2

−1
è!!!!

2

y

{

zzzzzzzzzzzzzzzzzzzzzzzz

;

A2N =

i

k

jjjjjjjjjjjjjjjjjj

1
è!!!!

2

1
è!!!!

2
0 0

1
è!!!!

2

−1
è!!!!

2
0 0

0 0 1 0
0 0 0 1

y

{

zzzzzzzzzzzzzzzzzz

;

This  way  the  normalized  discrete  wavelet  transform  matrix  and  its  inverse  are  com-

puted as follows:
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H discreteWaveletTransformMatrixN = A2N.A1N L êê MatrixForm

i

k

jjjjjjjjjjjjjjjjjjj

1
2

1
2

1
2

1
2

1
2

1
2 − 1

2 − 1
2

1è!!!!2 − 1è!!!!2 0 0

0 0 1è!!!!2 − 1è!!!!2

y

{

zzzzzzzzzzzzzzzzzzz

HdiscreteInverseWaveletTransformMatrixN =

Transpose@discreteWaveletTransformMatrixNDL êê MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjj

1
2

1
2

1è!!!!2 0

1
2

1
2 − 1è!!!!2 0

1
2 − 1

2 0 1è!!!!2
1
2 − 1

2 0 − 1è!!!!2

y

{

zzzzzzzzzzzzzzzzzzzzz

and both are orthonormal as can be easily verified:

Table@discreteWaveletTransformMatrixN@@iDD.
discreteWaveletTransformMatrixN@@jDD, 8i, 1, 4<, 8j, 1, 4<D

881, 0, 0, 0<, 80, 1, 0, 0<, 80, 0, 1, 0<, 80, 0, 0, 1<<

The results of the transform are somewhat different now.  To wit, we have:

discreteWaveletTransformMatrixN.row1

910, 2, è!!!2 , 2 è!!!2 =

discreteInverseWaveletTransformMatrixN.%

87, 5, 6, 2<

This process is called the normalization process  and is equivalent to working with the

normalized  Haar  scaling  and  wavelet  functions;  that  is,  the  functions

jk
i  IxL = è!!!!!2i  jH2i x - kL ,  and  ck

i HxL =
è!!!!2i  cH2i x - kL ,  k  =  0,  1,  ...,  2i - 1,  are  now  used  as

bases  of  the  spaces  i  and i  respectively.   In  other  words,  the  average  value  is  com-

puted by Ha+bLÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!2  whereas the difference is computed by Ha-bLÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!2 .  Strange as it might seem,
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the  normalization  process  results  in  compressed  images  that  are  more  pleasing  to  the

eye as we can see below.

ü Normalized Haar wavelet transform algorithms.

discreteWaveletTransformNormalized::usage =

"This routine has at most 2 arguments. The first
argument is a list of ANY length; the second argument
is an OPTIONAL flag with default value 0. Called with
one argument it does NOT print the results of the
intermediate steps; to print them set the flag to 1.

Regarding the first argument HlistL, its length should be 2i,
i>0. If this is not the case, zeros are appended to fix the
situation. The averaging−differencing algorithm HLowPassê
HighPass FilteringL is performed on the HnewL list. After i H
or i+1Literations the output is a list of the same length.";

discreteWaveletTransformNormalized@list_List, flag_Integer: 0D :=

Module@8tempList = list, list2,
tempInteger = i = Log@2, Length@listDD êê N êê IntegerPart,
pairedRow, averages, differences, fl = flag, nextRow, temp<,

If@i 0, Print@"Adjust the list; its length should be 2i, i>0"D;
Return@NullDD;

If@2i ≠ Length@listD, list2 =

Append@tempList, Table@0, 8i, 1, 2i+1 − Length@listD<DD êê Flatten;
tempInteger = i = i + 1; tempList = list2D;

nextRow = 8<; If@fl 1, Print@tempList êê NDD;
While@tempInteger ≠ 0,

pairedRow = pairedList@tempListD;
averages = Apply@averNormalized, pairedRow, 1D;
differences = diffNormalized@pairedRow, averagesD;
nextRow = Prepend@nextRow, 8averages, differences<D êê Flatten;
If@fl 1, Print@nextRowDD;
tempInteger = tempInteger − 1; temp = 2^tempInteger;
tempList = Drop@nextRow, −2^i + tempD;
nextRow = Drop@nextRow, tempD;
D; If@fl 1, Prepend@nextRow, First@tempListDD;,

Prepend@nextRow, First@tempListDDD
D
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H∗ 2 nd function ∗L

discreteInverseWaveletTransformNormalized::usage =

"This routine has at most 2 arguments. The first
argument is a list of ANY length; the second argument
is an OPTIONAL flag with default value 0. Called with
one argument it does NOT print the results of the
intermediate steps; to print them set the flag to 1.

Regarding the first argument HlistL, its length should
be 2i\ \\ \\ \\ \ , i>0. If this is not the case, zeros are
appended to fix the situation. The INVERSE averaging−

differencing algorithm HLowPassêHighPass FilteringL
is performed on the HnewL list. After i Hor i+1L
iterations the output is a list of the same length.";

discreteInverseWaveletTransformNormalized@
list_List, flag_Integer: 0D :=

ModuleA8tempList = list, tempList2 = list, list2, av, di, fl = flag,

i = Log@2, Length@listDD êê N êê IntegerPart, j, m = 1, temp = 1<,
If@i 0, Print@"Adjust the list; its length should be 2i, i>0"D;

Return@NullDD;
If@2i ≠ Length@listD, list2 =

Append@tempList, Table@0, 8i, 1, 2i+1 − Length@listD<DD êê Flatten;
i = i + 1; tempList = tempList2 = list2D;

m = 1;
WhileAm ≤ i, j = 0; k = 1;

WhileAk <= temp, av = tempList@@kDD; di = tempList@@k + tempDD;

tempList2 = ReplacePartAtempList2,
Hav + diL
è!!!!!!

2.
, k + jE;

tempList2 = ReplacePartAtempList2,
Hav − diL
è!!!!!!

2.
, k + j + 1E;

j = j + 1; k = k + 1
E; If@fl 1, Print@tempListDD; temp = 2 ∗ temp;

tempList = tempList2; m = m + 1
E; tempList

E

H∗ 3 d function; computes the average value of 2 numbers ∗L

averNormalized@a_, b_D := Ha + bL ëè!!!!!!
2.
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H∗ 4 th function; splits a list in pairs ∗L

pairedList@list_D := Partition@list, 2D

H∗ 5 th function ∗L
diffNormalized::usage =

"The inputs are two lists of equal length−−− 2^k, for some k.
The first list is a list of pairs, whereas the second list
is a simple list Hof averagesL. The output is a simple list
of the same length as the input lists; each element of the
output list is the difference of the first element of each
pair Hof the first listL and the corresponding element
of the second list. For example, if the input lists are
88a,b<,8c,d<< and 8e,f< the output is 8a−e,c−f<. ";

diffNormalized@list1_, list2_D :=

FoldAAppendA#1,
H#2@@1, 1DD − #2@@1, 2DDL

è!!!!!!
2.

E &,

8<, Thread@8list1, list2<DE

Example.

discreteWaveletTransformNormalized@row1, 1D

87., 5., 6., 2.<

88.48528, 5.65685, 1.41421, 2.82843<

810., 2., 1.41421, 2.82843<

10 is the general average and the coefficients 2, 1.41421, 2.82843 are the details.  This transformation is

reversible:

discreteInverseWaveletTransformNormalized@%, 1D

810., 2., 1.41421, 2.82843<

88.48528, 5.65685, 1.41421, 2.82843<

87., 5., 6., 2.<
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ü Compression of arbitrary images — revisited

Here we work again on the Pedro picture using 10% and 3% of the detail coefficients.  We see that in the

first case the result is a picture almost identical to the original picture 

originalMatrix = data1;
transformedMatrix =

Map@discreteWaveletTransformNormalized, originalMatrixD;
transformedTransposedMatrix = Transpose@transformedMatrixD;
finalMatrix = Map@discreteWaveletTransformNormalized,

transformedTransposedMatrixD êê Transpose;

a = MemoryInUse@D;

finalMatrixSparseNormalized = Map@
Fold@If@Abs@#2D ≤ 15.0, Append@#1, 0D, Append@#1, #2DD &, 8<, #D &,
finalMatrixD;

Select@Flatten@finalMatrixSparseNormalizedD, # != 0 &D êê Length

6826

b = MemoryInUse@D; b − a

276024

sparseFinalMatrixSparseNormalized =

SparseArray@finalMatrixSparseNormalizedD

SparseArray@<6826>, 8256, 256<D

c = MemoryInUse@D; c − b

86080

backUpOneStep = Map@discreteInverseWaveletTransformNormalized,
Transpose@sparseFinalMatrixSparseNormalized êê NormalDD;

backUpOneStepTransposed = Transpose@backUpOneStepD;
approximatedMatrixNormalized =

Map@discreteInverseWaveletTransformNormalized,
backUpOneStepTransposedD;
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Select@Flatten@approximatedMatrixNormalizedD, # != 0 &D êê Length

65536

ListDensityPlot@approximatedMatrixNormalized, Mesh → FalseD;
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Figure Pedro-3:  Picture of Pedro obtained using 10% of the details in the normalized wavelet transform;

almost identical to Pedro-1 (the original).

Let  us  see  how  far  we  can  compress  the  picture  now.   Below  we  use  2216  nonzero  elements  and  the

sparse array can be stored in only 30K bytes of memory!

a = MemoryInUse@D;

finalMatrixSparseNormalized = Map@
Fold@If@Abs@#2D ≤ 35.0, Append@#1, 0D, Append@#1, #2DD &, 8<, #D &,
finalMatrixD;

Select@Flatten@finalMatrixSparseNormalizedD, # != 0 &D êê Length

2216
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b = MemoryInUse@D; b − a

276056

sparseFinalMatrixSparseNormalized =

SparseArray@finalMatrixSparseNormalizedD

SparseArray@<2216>, 8256, 256<D

c = MemoryInUse@D; c − b

30592

backUpOneStep = Map@discreteInverseWaveletTransformNormalized,
Transpose@sparseFinalMatrixSparseNormalized êê NormalDD;

backUpOneStepTransposed = Transpose@backUpOneStepD;
approximatedMatrixNormalized =

Map@discreteInverseWaveletTransformNormalized,
backUpOneStepTransposedD;

Select@Flatten@approximatedMatrixNormalizedD, # != 0 &D êê Length

65536
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ListDensityPlot@approximatedMatrixNormalized, Mesh → FalseD;
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Figure  Pedro-4:   Picture  of  Pedro  obtained  using  about  3%  of  the  details  in  the  normalized  wavelet

transform; almost identical to Pedro-2  (obtained using 10% of the details in the non-normalized wavelet

transform).

The advantages of normalization are obvious!
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Εur¶tήrio

JPEG, pίnakaV jwt¶inόthtaV, 296
 
ab¶baiόthta
aqroistikόthta, 284
orismόV, 284

Αb¶lianή omάda (abelian group), 40
aqroistikή, norm, 12
akolouqίa (sequence)

Fibonacci, 73, 98, 112
Fibonacci, anagwgikό prόgramma upologismoύ thV, 112
Fibonacci, ariqmόV yhjίwn twn όrwn, 101
Fibonacci, m¶ diajor¶tikέV arcikέV timέV, 101
Fibonacci, parάstash ak¶raίwn m¶ bάsh thn akolouqίa Fibonacci, 73
Fibonacci, scέsh m¶ ta sun¶cόm¶na poluώnuma (continuants), 152
Fibonacci, scέsh m¶ thn crusή tomή, 113
Fibonacci, tautόthta tou Cassini, 114
Lucas, 112
poluwnumikώn upoloίpwn ή apu (polynomial remainder sequence or prs), 105
poluwnumikώn upoloίpwn ή apu (polynomial remainder sequence or prs), mh plήrhV, 106
poluwnumikώn upoloίpwn ή apu (polynomial remainder sequence or prs), plήrhV, 106

akέraia p¶riocή (integral domain)
apoloijή (cancellation), 53
¶tairikό stoic¶ίo (associate), 60
Εukl¶ίd¶ia p¶riocή (Euclidean domain), 59, 79
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), 59
mh paragontopoiήsimo (irreducible) stoic¶ίo, 60
orismόV, 53
paragontopoiήsimo (reducible) stoic¶ίo, 60
p¶riocή monadikήV paragontopoίhshV (unique factorization domain, ufd), 60
prώto (prime) stoic¶ίo, 60

akέraioi modulo n, sumbolismόV, 37
akέraioi ariqmoί (integer numbers), sumbolismόV, 37
akέraioi prώtoi m¶taxύ touV (coprime or relatively prime), orismόV, 80
akέraioV (integer)
alg¶brikόV akέraioV (algebraic integer), 61
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anagwgikή diaίr¶sh q¶tikώn ak¶raίwn, 23
aplήV akrib¶ίaV (single precision integer), 1
ajaίr¶sh ak¶raίwn, 73
b-mήkoV thV parάstasήV tou, 4
grήgoroV pollaplasiasmόV ak¶raίwn, 246
diaίr¶sh ak¶raίwn m¶ arnhtikό upόloipo, 110
diaίr¶sh ak¶raίwn m¶ kanonikopoίhsh, 21
diaίr¶sh ak¶raίwn m¶ upόloipo, 18, 58
¶lάcisto koinό pollaplάsio ak¶raίwn (ή ¶kp) (least common multiple or lcm), 80
Εukl¶ίd¶io mήkoV z¶ύgouV ak¶raίwn, 77
idiόtht¶V ak¶raίwn, 58
isodύnamoV (congruent to) mod n, 39
isoϋpόloipoV (congruent to) mod n, 39
kanonikή morjή (normal form) ak¶raίou, 83
kanonikή parάstash (standard representation), 4
Κin¶zikόV algόriqmoV upoloίpwn, 166
kύrio ή pio shmantikό yhjίo (leading or most significant digit), 3
kύrioV sunt¶l¶stήV (leading coefficient) ak¶raίou, 83
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), 57, 80
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), anάlush tou algorίqmou, 100
mέgistoV koinόV diairέthV migadikώn ak¶raίwn ή mkd (greatest common divisor or gcd), 107
mh paragontopoiήsimoV (irreducible), 60
migadikόV (Gaussian integer), 61, 79, 107
mήkoV (ή kai b-mήkoV) thV parάstasήV tou, 4
paragontopoίhsh ή diάspash (unique factorization), 58
paragontopoiήsimoV (reducible), 60
par¶mbolή (Κin¶zikόV algόriqmoV upoloίpwn), 166
parάstash ak¶raίwn m¶ bάsh thn akolouqίa Fibonacci, 73
parάstash ak¶raίwn pollaplήV akrib¶ίaV m¶ bάsh b, 3
parάstash m¶ bάsh 10, 2, ή b, 165
parάstash m¶ upόloipa modulo prώtouV ariqmoύV, 165
pollaplasiasmόV ak¶raίwn, 15, 139
pollaplήV (ή ap¶ίrou) akrib¶ίaV (multiprecision or infinite precision integer), 1
prόsq¶sh ak¶raίwn pollaplήV akrib¶ίaV, 5
prώtoV proV άllon (coprime or relatively prime), 80
scolikό t¶st ¶lέgcou tou apot¶lέsmatoV prόsq¶shV kai pollaplasiasmoύ, 124
t¶st daktulikώn apotupwmάtwn (fingerprinting test), ή kai t¶st upoloίpwn (modular test), gia ak¶raίouV, 126
t¶st diaίr¶shV ak¶raίou m¶ to 3 ή 9, 124
“upologismόV” thV timήV tou ston prώto ariqmό p ή upologismόV tou upoloίpou modulo p, 166

akrίb¶ia (precision)
aplή (single precision), 1
pollaplή ή άp¶iroV (multiprecision or infinite), 1

alg¶brikή ¶pέktash (algebraic extension), 69, 132
alg¶brikά kl¶istό sώma (algebraically closed field), 72
alg¶brikό stoic¶ίo (algebraic), 69
alg¶brikόV akέraioV (algebraic integer)
orismόV, 61
parάd¶igma, 62, 81

allhlo¶l¶gcόm¶n¶V (co-dominant) sunartήs¶iV, 26
amjimonosήmanth (bijective), sunάrthsh ή ap¶ikόnish (function ή map), 39
anagwgikή diaίr¶sh, q¶tikώn ak¶raίwn, 23
analogikό sήma (continuous or analog signal)
m¶tatropή s¶ yhjiakό, 274
orismόV, 273

2 Printed from the Mathematica Help Browser

©1988-2003 Wolfram Research, Inc. All rights reserved.



anastrojή twn duadikώn yhjίwn (bit reversal), ston grήgoro m¶taschmatismό Fourier (FFT), 224
anάptugma, katά Taylor miaV sunάrthshV gύrw apό έna shm¶ίo tάxhV k, 199
antiprόswpoV (representative) tάxhV upoloίpwn
gia ak¶raίouV, 38
gia poluώnuma, 66

antίstrojo (inverse), omάdaV, 40
antίstrojoV mod n
orismόV, 130
parad¶ίgmata upologismoύ, 131

antίstrojoV diakritόV m¶taschmatismόV Fourier (inverse Discrete Fourier Transform or iDFT), orismόV, 216
antίstrojoV diakritόV sunhmitonikόV m¶taschmatismόV sήmatoV (inverse discrete cosine transorm ή iDCT), orismόV, 279
ap¶ikόnish (map), blέp¶ sunάrthsh (function), 39
a'p¶irh ¶pέktash sώmatoV (infinite field extension), 69
a'p¶iro, stroggύl¶ush proV to άp¶iro (round to infinity), 31
apokopή (truncation), stroggύl¶ush m¶ apokopή, 31–32
apoloijή (cancellation), s¶ akέraia p¶riocή, 53
aposumpί¶sh ¶ikόnaV (image decompression), parάd¶igma m¶ ton Pedro, 299
Αriqmhtikή Αnάlush, 1
ariqmhtikή upoloίpwn (modular arithmetic)
mh arnhtikό sύsthma upoloίpwn mod n, 123
omoiomorjismόV daktulίwn, 67
orismόV, 122
summ¶trikό sύsthma upoloίpwn mod n, 123

ariqmόV
Carmichael, 136
kinhtήV upodiastolήV (floating-point number), 1
y¶utoprώtoV (pseudoprime), 136

ariqmόV kinhtήV upodiastolήV (floating-point number)
d¶kadikό mέroV (d.m. ή mantissa), 29
¶kqέthV (exponent or characteristic), 29
¶pim¶ristikό axίwma, 31
kanonikopoihmέnoV, 29
orismόV, 29
pros¶tairistikό axίwma, 31

arcή, kalήV diάtaxhV (well ordering principle), 38
arcέgonh rίza thV monάdaV, tάxhV n (primitive n-th root of unity), 213
g¶nnήtria thV kuklikήV omάdaV twn rizώn thV monάdaV, tάxhV n, 212
orismόV, 212
pίnakaV Vandermonde, 217
sunάrthsh j tou Euler (Euler's totient function j), 212

ΑrcimήdhV, prosέggish tou p, 148
asumptwtikή, mia sunάrthsh proV άllh, 26
autopaqήV scέsh (reflexive), scέsh isodunamίaV (equivalence relation), 39
ajaίr¶sh, ak¶raίwn, 73
 
baqmόV ή d¶ίkthV (degree ή index) [E : F], ¶pέktashV (field extension), 69
baqmόV (degree)
olikόV (total degree), όrou ή poluwnύmou, 65
poluwnύmou, 9, 64, 79

baqmόV έkplhxhV, orismόV, 285
Βant¶rmόnt, blέp¶ pίnakaV Vandermonde, 175
basikή scέsh, ¶p¶ktamέnou Εukl¶ίd¶iou algόriqmou (extended Euclidean algorithm, 87
bάroV Hamming (Hamming weight), 139
bάsh (basis), id¶ώdouV, 57
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bάsh ¶pέktashV (base field), orismόV, 68
 
g¶nnήtria omάdaV (group generator), 42
arcέgonh rίza thV monάdaV, tάxhV n (primitive n-th root of unity), 212
parάd¶igma, 213
rizώn thV monάdaV, tάxhV n, 42

g¶nnήtri¶V sunartήs¶wn (generating functions), 117
ginόm¶no omάdwn (direct product of groups), 49
ΓkάouV (Gauss), q¶ώrhma gia p¶riocέV monadikήV paragontopoίhshV (ufd), 65
ΓkάouV-Κoύzmin, blέp¶ q¶ώrhma twn ΓkάouV-Κoύzmin, 147
grammikέV ∆iojantikέV ¶xisώs¶iV, 156
grammikέV klasmatikέV sunartήs¶iV (linear fractional functions, or Möbius substitutions), orismόV, 150
grήgorh prosέggish Fourier (FFF)
algόriqmoV, 248
m¶taschmatismόV Laplace, 254
orismόV, 247
parάd¶igma, 250
“anakάluyh” trigwnom¶trikώn tautotήtwn, 258

grήgoroV m¶taschmatismόV Fourier (FFT)
algόriqmoV m¶ paragontopoίhsh tou pinάka Vandermonde, 212
anastrojή twn duadikώn yhjίwn (bit reversal), 224
grήgoroV pollaplasiasmόV ak¶raίwn, 246
grήgoroV pollaplasiasmόV poluwnύmwn, 243
m¶ paragontopoίhsh tou pinάka Vandermonde, 219
m¶ paragontopoίhsh tou pinάka Vandermonde — crόnoV upologismoύ tou, 219
m¶ “sunέlixh” poluwnύmwn, 234
parάd¶igma m¶ paragontopoίhsh tou pίnaka Vandermonde, 225
parάd¶igma m¶ “sunέlixh” poluwnύmwn, 237
pίnakaV “p¶taloύda” (butterfly), 223
upologismόV twn f(wi ) m¶ thn boήq¶ia twn f mod xn - u, 236
crόnoV upologismoύ tou m¶ “sunέlixh”poluwnύmwn, 237

grήgoroV pollaplasiasmόV ak¶raίwn
algόriqmoV, 246
kόstoV pollaplasiasmoύ, 247

grήgoroV pollaplasiasmόV poluwnύmwn
algόriqmoV, 243
kόstoV pollaplasiasmoύ, 246
parάd¶igma, 244

 
daktύlioV (ring)
ak¶raίwn, idiόtht¶V, 58
akέraia p¶riocή (integral domain), 53
alg¶brikώn ak¶raίwn (ring of algebraic integers), 61
diaίr¶shV (division ring), 51
diάtaxh p¶ri¶ktikόthtaV daktulίwn (inclusions among classes of rings), 62
¶ikόna (image) omoiomorjismoύ daktulίwn, 55
¶pim¶ristikή idiόthta (distributive law), 50
¶tairikό stoic¶ίo (associate), 60
Εukl¶ίd¶ia p¶riocή (Euclidean domain), 59, 79
q¶ώrhma omoiomorjismoύ daktulίwn (homomorphism theorem for rings), 58
id¶ώd¶V (ideal), 55–56
isomorjismόV daktulίwn (ring isomorphism), 55
kritήrio upodaktulίou, 54
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), 59
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mh paragontopoiήsimo (irreducible) stoic¶ίo, 60
mhd¶nodiairέthV (zero divisor), 52
monάda (unit), 52
omoiomorjismόV daktulίwn (ring homomorphism), 55
orismόV, 50
paragontopoiήsimo (reducible) stoic¶ίo, 60
p¶riocή monadikήV paragontopoίhshV (unique factorization domain, ufd), 60
phlίkwn (quotient ring ή factor ring), 56, 66
prώto (prime) stoic¶ίo, 60
purήnaV (kernel) omoiomorjismoύ daktulίwn, 55
sumbolismόV diajόrwn daktulίwn, 37
tautotikό stoic¶ίo (identity), 50
tάxhV upoloίpwn tou R modulo I (residue class ring)., 58
upodaktύlioV, 54
carakthristikή (characteristic), 53

d¶igmatolhyίa (sampling), sήmatoV, 274
d¶kadikό mέroV (d.m. ή mantissa)
ariqmoύ kinhtήV upodiastolήV, 29
stroggύl¶ush proV to άrtio d.m., 31–32

d¶ίkthV (index), upoomάdaV, 47
diakritό sήma (discrete-time signal), orismόV, 273
diakritόV m¶taschmatismόV Fourier (Discrete Fourier Transform or DFT), grήgoroV m¶taschmatismόV Fourier (FFT), 219
diakritόV m¶taschmatismόV Fourier (Discrete Fourier Transform or DFT), orismόV, 216
diakritόV m¶taschmatismόV Fourier sήmatoV (discrete Fourier Transform)
orismόV, 275
scέsh m¶ ton diakritό m¶taschmatismό Fourier poluwnύmou, 276

diakritόV sunhmitonikόV m¶taschmatismόV sήmatoV (discrete cosine transorm ή DCT)
algόriqmoV sumpί¶shV ¶ikόnaV, 282
bάsh tou cώrou, 277
orismόV, 277
parάd¶igma sumpί¶shV ¶ikόnaV m¶ ton Pedro, 294
pίnakaV jwt¶inόthtaV, 296
scέsh m¶ ton (grήgoro) diakritό m¶taschmatismό Fourier (FFT), 281

diaίr¶sh
ak¶raίwn m¶ upόloipo, 18
anagwgikή, q¶tikώn ak¶raίwn, 23
Εukl¶ίd¶ia, 18
poluwnύmwn m¶ upόloipo, algόriqmoV, 19
sunq¶tikή  (synthetic division) poluwnύmwn, 169

diaίr¶sh ak¶raίwn
kόstoV (ή crόnoV) ¶ktέl¶shV tou algorίqmou, 24
m¶ kanonikopoίhsh, 21
pάnw jrάgma ston ariqmό diairέs¶wn gia thn ¶ύr¶sh tou mkd dύo ak¶raίwn, 101

diaίr¶sh q¶tikώn ak¶raίwn, algόriqmoV, 23
diaίr¶sh poluwnύmwn
kόstoV (ή crόnoV) ¶ktέl¶shV tou algorίqmou gia R = , 21
m¶ xn  - u kai upologismόV tou upoloίpou cwrίV diaίr¶sh, 234

diatίmhsh (evaluation)
blέp¶ kai ¶ktίmhsh, 66
omoiomorjismόV diatίmhshV ή ¶ktίmhshV (evaluation homomorphism), 66

diojantikέV ¶xisώs¶iV, grammikέV, 156
diplό upόloipo, modulo f kai modulo n (n [x]/Xf\), 128
diάtaxh p¶ri¶ktikόthtaV daktulίwn (inclusions among classes of rings), 62
dokimastikό phlίko (trial quotient), idiόtht¶V, 22
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dokimastikό phlίko (trial quotient), 21
duadikή mέqodoV ύywshV s¶ dύnamh (“square and multiply” method)
algόriqmoV, 137
kόstoV upologismoύ, 139
parάd¶igma, 137
p¶rigrajή, 137

duadikή prάxh (binary operation), orismόV, 40
duadikό yhjίo (d.y. ή bit), 1
duadikόV algόriqmoV (binary algorithm), gia thn ¶ύr¶sh tou mkd ak¶raίwn, 111
dunamos¶irέV (powerseries), orismόV, 64
 
e tou upologistή (machine epsilon), 35
prόgramma upologismoύ tou e, 75
upologismόV tou e, 35

 
¶ikόna (image)
omoiomorjismoύ daktulίwn, 55
omoiomorjismoύ diatίmhshV ή ¶ktίmhshV (evaluation homomorphism), 66
omoiomorjismoύ omάdwn, 48

¶kqέthV (exponent or characteristic), ariqmoύ kinhtήV upodiastolήV, 29
¶kp, blέp¶ ¶lάcisto koinό pollaplάsio, 80
¶ktίmhsh (evaluation)
ak¶raίou ston prώto ariqmό p ή upologismόV tou upoloίpou modulo p, 166
m¶ thn mέqodo twn Ruffini-Horner, 167
omoiomorjismόV diatίmhshV ή ¶ktίmhshV (evaluation homomorphism), 66
omoiomorjismόV ¶ktίmhshV ston Κin¶zikό algόriqmo upoloίpwn gia poluώnuma, 197
poluwnύmou s¶ shm¶ίo, 167
poluwnύmou sto shm¶ίo u ή upologismόV tou upoloίpou modulo x - u, 166
poluwnύmou sto shm¶ίo u kai upόloipo modulo (x - u) , 169

¶l¶gcόm¶nh (dominated), sunάrthsh, 25
¶lάcisto koinό pollaplάsio (ή ¶kp) (least common multiple or lcm)
orismόV, 80
scέsh m¶ ton mkd, 80

¶lάcisto poluώnumo (minimal polynomial), 69
¶ntropίa (entropy)
g¶nikόV orismόV (tύpo¶ tou Shannon), 286
lόgoV sumpί¶shV, 290
orismόV, 286
orismόV gia thn p¶rίptwsh isopίqanwn apot¶l¶smάtwn, 285
rόloV thV san kάtw jrάgma, 285

¶xίswsh q¶rmόthtaV (heat equation)
diatύpwsh problήmatoV, 263
parάd¶igma, 266

¶p¶ktamέnoV Εukl¶ίd¶ioV algόriqmoV (extended Euclidean algorithm), 51
basikή scέsh, 87
trόpoV upologismoύ, 86
upologismόV antistrόjou mod n, 130

¶pim¶ristikό axίwma, ariqmώn kinhtήV upodiastolήV, 31
¶pim¶ristikή idiόthta (distributive law), 50
¶pitάcunsh thV sunέlixhV, 234
¶pέktash, sώmatoV (extension field), 68
¶pέktash (field extension)
baqmόV ή d¶ίkthV (degree ή index) [E : F], 69
katask¶uή, 70
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άp¶irh (infinite), 69
p¶p¶rasmέnh (finite), 69, 131

¶tairikό stoic¶ίo (associate)
orismόV, 60, 80
scέsh isodunamίaV (equivalence relation), 60

 
Εukl¶ίd¶ia, norm, 12
Εukl¶ίd¶ia diaίr¶sh, 18
Εukl¶ίd¶ia p¶riocή (Euclidean domain), 59, 79
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), 59
mkd ak¶raίwn kai poluwnύmwn, 77
orismόV, 59
to sύnolo twn ak¶raίwn , 18

Εukl¶ίd¶ia sunάrthsh (Euclidean function), 59, 79
Εukl¶ίd¶io mήkoV (Euclidean length)
m¶lώn akolouqίaV Fibonacci, 98
orismόV, 77

Εukl¶ίd¶ioV algόriqmoV (Euclidean algorithm)
akribήV crόnoV upologismoύ tou klassikoύ algorίqmou gia ak¶raίouV, 100
akribήV crόnoV upologismoύ tou klassikoύ algorίqmou gia poluώnuma, 106
¶p¶ktamέnoV (extended Euclidean algorithm), 51, 86, 91, 130
¶p¶ktamέnoV (extended Euclidean algorithm), basikή scέsh, 87
klassikόV, 81
(klassikόV) gia ak¶raίouV, 83
(klassikόV) gia poluώnuma, 84
parάd¶igma, 77
pάnw jrάgma ston ariqmό diairέs¶wn gia thn ¶ύr¶sh tou mkd dύo ak¶raίwn, 99
prώth prosέggish tou crόnou upologismoύ tou klassikoύ algorίqmou gia ak¶raίouV, 99
scέsh m¶ ta sun¶cόm¶na poluώnuma (continuants), 153

 
hmitonikή prosέggish
anagkaί¶V sunqήk¶V, 260
tucaίaV sunάrthshV, 260
“prosarmosmέnhV” sunάrthshV, 262

 
q¶ώrhma omoiomorjismoύ daktulίwn (homomorphism theorem for rings), 58, 66
q¶ώrhma omoiomorjismoύ omάdwn (homomorphism theorem for groups), 49
q¶ώrhma tou Euler, g¶nίk¶ush tou q¶wrήmatoV tou Fermat, 135
q¶ώrhma tou Fermat (“mikrό”), gia ton upologismό tou antistrόjou mod n, 134
q¶ώrhma tou Gauss, gia p¶riocέV monadikήV paragontopoίhshV (ufd), 65
q¶ώrhma tou Lagrange gia omάd¶V, 47
q¶ώrhma tou Lamé, 98
pάnw jrάgma ston ariqmό diairέs¶wn gia thn ¶ύr¶sh tou mkd dύo ak¶raίwn, 101

q¶ώrhma tou Lucas, diatύpwsh, 112
q¶ώrhma tou Ν¶ύtwna, prosέggish tou p, 148
 
id¶ώd¶V (ideal)
bάsh (basis) tou id¶ώdouV, 57
isodunamίa modulo I (congruency modulo I), 57
isodunamίa modulo Xx-c\ (congruency modulo Xx-c\), 66
isodunamίa modulo Xnon-linear poly\ (congruency modulo Xnon-linear poly\), 66
kύrio id¶ώd¶V (principal ideal), 57
orismόV, 56
purήnaV omoiomorjismoύ daktulίwn, 55
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tάxh upoloίpwn modulo I (residue class modulo I), 58
upόloipo mod n (reduction mod n), 57

isodunamίa
mod n (congruency), 39
mod n (congruency), q¶ώrhma m¶ idiόtht¶V, 124
modulo I (congruency modulo I), 57
¶ktίmhshV poluwnύmou sto shm¶ίo u kai upoloίpou modulo (x - u) , 127
sunέlixhV poluwnύmwn (convolution) m¶ pollaplasiasmό ston daktύlio R[x]/Xxn  - 1\, 234
scέsh isodunamίaV (equivalence relation), idiόtht¶V, 39
scέsh isodunamίaV (equivalence relation), upodiaίr¶sh (partition), 45

isomorjismόV daktulίwn (ring isomorphism), 55
isomorjismόV omάdwn (group isomorphism), 48
 
kalή diάtaxh (well ordering principle), arcή, 38
kanόnaV twn arcarίwn, 133
kanonikή (normal) upoomάda, 47–48
kanonikή morjή (normal form)
ak¶raίou, 83
ak¶raίwn kai poluwnύmwn, 87
idiόtht¶V, 84
migadikώn ak¶raίwn (Gaussian integers), 107
poluwnύmou, 84

kanonikή parάstash (standard representation), ak¶raίou, 4
kanonikopoίhsh, diaίr¶shV ak¶raίwn, 21
kanonikopoihmέnoV ariqmόV kinhtήV upodiastolήV (normalized floating point numbers), 29
kanonikόV omoiomorjismόV daktulίwn (canonical ring homomorphism), 58, 66
kώdikaV Morse, scέsh m¶ ta sun¶cόm¶na poluώnuma (continuants), 153
Κin¶zikό q¶ώrhma upoloίpwn, 193
Κin¶zikόV algόriqmoV upoloίpwn
gia poluώnuma — stadiakή prosέggish tou poluwnύmou par¶mbolήV f, 205
gia poluώnuma — parάd¶igma stadiakήV prosέggishV tou poluwnύmou par¶mbolήV f, 206

Κin¶zikόV algόriqmoV upoloίpwn (CRA)
basikέV idέ¶V m¶ parάd¶igma, 190
isodunamίa m¶ par¶mbolή Lagrange, 197
isodunamίa m¶ par¶mbolή tou Hermite, 200
omoiomorjismόV ¶ktίmhshV ston Κin¶zikό algόriqmo upoloίpwn gia poluώnuma, 197
par¶mbolh ak¶raίou, 166
p¶rigrajή algorίqmou, 195
crόnoV upologismoύ gia ak¶raίouV, 204
crόnoV upologismoύ gia poluώnuma, 203

klasmatikoί ή rhtoί ariqmoί (rational numbers), sumbolismόV, 37
klasmatikέV sunartήs¶iV (rational functions), orismόV, 68
kl¶istό (closed) sύnolo, wV proV mia prάxh, 51
kύrio yhjίo, ak¶raίou, 3
kύrio id¶ώd¶V (principal ideal), orismόV, 57
kύrioV sunt¶l¶stήV (leading coefficient)
ak¶raίou, 83
ak¶raίwn ή poluwnύmwn, upologismόV, 92
poluwnύmou, 9, 64, 79

kuklikή omάda (cyclic group), 42
rizώn thV monάdaV, tάxhV n, 212

kuklikή sunέlixh dianusmάtwn, blέp¶ sunέlixh poluwnύmwn (convolution), 232
kumatikή ¶xίswsh (wave equation)
diatύpwsh problήmatoV, 268

8 Printed from the Mathematica Help Browser

©1988-2003 Wolfram Research, Inc. All rights reserved.



parάd¶igma, 271
kwdikopoίhsh Huffman
kwdikopoίhsh m¶tablhtoύ mήkouV, 288
orismόV, 284
parάd¶igma, 288

kwdikopoίhsh run length, orismόV, 284
kwdikopoίhsh m¶tablhtoύ mήkouV (variable length coding), kwdikopoίhsh Huffman, 288
 
lόgoV sumpί¶shV (compression ratio), orismόV, 290
lάqoV stroggύl¶ushV (round-off error), 31
lήmma tou Matiyasevich
apόd¶ixh, 115
diatύpwsh, 112

ΛoύkaV, blέp¶ q¶ώrhma tou Lucas ή akolouqίa Lucas, 112
 
Μatigiάs¶bitV, Γioύri, blέp¶ lήmma tou Matiyasevich, 112
mέgisth, norm, 12
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd)
duadikόV algόriqmoV (binary algorithm) gia ak¶raίouV, 111
¶p¶ktamέnoV Εukl¶ίd¶ioV algόriqmoV, 91
Εukl¶ίd¶ioV algόriqmoV gia ak¶raίouV, 81
Εukl¶ίd¶ioV algόriqmoV gia ak¶raίouV m¶ arnhtikό upόloipo, 110
idiόtht¶V gia ak¶raίouV, 81
migadikώn ak¶raίwn (Gaussian integers), 107
orismόV gia Εukl¶ίd¶ia p¶riocή, 80
s¶ Εukl¶ίd¶ia p¶riocή, 59
sumbolismόV, 57
scέsh m¶ ta sun¶cόm¶na poluώnuma (continuants), 152
scέsh m¶ to ¶kp, 80
crόnoV upologismoύ tou klassikoύ algorίqmou gia ak¶raίouV, 100

m¶gάlo Ο (big-Oh notation)
idiόtht¶V, 28
orismόV, 26

m¶rikά klasmata (partial fractions), 117
m¶rikά phlίka (partial quotients), 141
m¶tabatikή scέsh (transitive), scέsh isodunamίaV (equivalence relation), 39
m¶taq¶tikή prάxh (commutative operation), 40
m¶taq¶tikό sύnolo (commutative set), 40
m¶taq¶tikόthV
omoiomorjismoύ kai poluwnumikήV έkjrashV, 66
omoiomorjismoύ kai tάx¶wn isodunam¶ίaV, 67

m¶taschmatismόV Fourier (discrete Fourier Transform or DFT)
antίstrojoV (diakritόV) m¶taschmatismόV, 216
grήgoroV m¶taschmatismόV Fourier (FFT), 219
diakritόV, 216

m¶taschmatismόV Laplace (LT), grήgorh prosέggish Fourier (FFF), 254
m¶tάq¶sh (translation), (twn rizώn) poluwnύmou katά u, 167
mh arnhtikό sύsthma upoloίpwn mod n, 123
mh paragontopoiήsimo (irreducible) stoic¶ίo
¶lάcisto poluώnumo (minimal polynomial), 69
orismόV, 60
ston daktύlio poluwnύmwn, 70

mhd¶nodiairέthV (zero divisor)
arcέgonh rίza thV monάdaV, tάxhV n (primitive n-th root of unity), 212
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s¶ daktύlio, 52
mέqodoV twn “Ρώswn cwrikώn” (“Russian peasant” method), blέp¶ kai pollaplasiasmόV ak¶raίwn, 139
migadikoί ariqmoί (complex numbers)
orizόm¶noi m¶ isomorjismό, 71
sumbolismόV, 37

migadikόV akέraioV (Gaussian integer), 61, 79, 107
kanonikή morjή (normal form), 107

mikrό q¶ώrhma tou Fermat, gia ton upologismό tou antistrόjou mod n, 134
mkd, blέp¶ mέgistoV koinόV diairέthV, 80
mήkoV, ak¶raίou wV proV thn bάsh b, 4
monάda (unit), s¶ daktύlio, 18, 52, 79–80
monosήmanth kai ¶ntόV (injective ή one-to-one), sunάrthsh ή ap¶ikόnish (function ή map), 39
monosήmanth kai ¶pί (surjective ή onto), sunάrthsh ή ap¶ikόnish (function ή map), 39
 
n-stή rίza thV monάdoV (n-th root of unity)
arcέgonh (primitive), 212
orismόV, 212

norm (norm)
alg¶brikώn ak¶raίwn, 61
¶tairikώn stoic¶ίwn (associate), 60
idiόtht¶V, 12
mέgisth, aqroistikή, Εukl¶ίd¶ia, 12
migadikώn ak¶raίwn (Gaussian integers), 61, 107
monάdwn daktulίou, 52
orismόV, 12
s¶ daktύlio, 60

 
olikόV baqmόV (total degree), όrou ή poluwnύmou, 65
oloklhrwtikή prosέggish Fourier (integral Fourier fit), orismόV, 253
omάda (group)

Αb¶lianή (abelian), 40
antίstrojo (inverse), 40
g¶nnήtria omάdaV (group generator), 42
ginόm¶no omάdwn (direct product of groups), 49
d¶ίkthV (index) upoomάdaV, 47
¶ikόna (image) omoiomorjismoύ omάdwn, 48
q¶ώrhma omoiomorjismoύ omάdwn (homomorphism theorem for groups), 49
q¶ώrhma tou Lagrange gia omάd¶V, 47
isomorjismόV omάdwn (group isomorphism), 48
kanonikή (normal) upoomάda, 47
kuklikή (cyclic), 42
m¶taq¶tikή (commutative), 40
monάdwn (group of units) daktulίou, 52, 133
omάda phlίkwn G/K (quotient droup ή factor group), 49
omoiomorjismόV omάdwn (group homomorphism), 47
orismόV, 40
plhqikόV ariqmόV (cardinality), 41
pollaplasiastikή (multiplicative), 41
prosq¶tikή (additive), 41
purήnaV (kernel) omoiomorjismoύ omάdwn , 48
rizώn thV monάdaV, tάxhV n (kuklikή), 212
rizώn thV monάdaV, tάxhV n (kuklikή), 212
sύmploko (coset) upoomάdaV, 45
summ¶trikή Sn (symmetric group), 43
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tautotikό stoic¶ίo (identity), 40
tάxh omάdaV (group order), 41

omάda phlίkwn G/K (quotient group ή factor group), 49
omoiόmorjh tucaίa m¶tablhtή, parad¶ίgmata, 285
omoiomorjismόV daktulίwn (ring homomorphism), 55
¶ikόna (image), 55
kanonikόV (canonical ring homomorphism), 58
m¶taq¶tikόV m¶ poluwnumikή έkjrash, 66
m¶taq¶tikόV m¶ tάx¶iV isodunam¶ίaV, 67
purήnaV (kernel), 55, 66

omoiomorjismόV diatίmhshV ή ¶ktίmhshV (evaluation homomorphism), 66
purήnaV (kernel), 66

omoiomorjismόV omάdwn (group homomorphism), 47
orqokanonikή bάsh (orthonormal base), diakritoύ sunhmitonikoύ m¶taschmatismoύ sήmatoV, 278
 
paragontopoίhsh ή diάspash (unique factorization), ak¶raίwn, 58
paragontopoίhsh tou pinάka Vandermonde
grήgoroV m¶taschmatismόV Fourier (FFT), 219
parάd¶igma, 225

paragontopoiήsimo (reducible) stoic¶ίo, orismόV, 60
par¶mbolή (interpolation)
ak¶raίou (Κin¶zikόV algόriqmoV upoloίpwn), 166
poluwnύmou, 166
poluwnύmou apό tiV timέV tou s¶ diajor¶tikά shm¶ίa, 167
tύpoV par¶mbolήV tou Lagrange (Lagrange interpolation formula), 183

par¶mbolή tou Hermite
diatύpwsh tou problήmatoV, 200
isodunamίa m¶ ton Κin¶zikό algόriqmo upoloίpwn gia poluώnuma, 200
orismόV, 199
parάd¶igma, 200
crόnoV upologismoύ, 202

par¶mbolή tou Lagrange
isodunamίa m¶ ton Κin¶zikό algόriqmo upoloίpwn, 197
orismόV, 182
tύpoV par¶mbolήV (Lagrange interpolation formula), 184
crόnoV upologismoύ, 184

par¶mbolή tou Newton
algόriqmoV kai prόgramma, 210
isodunamίa m¶ ton Κin¶zikό algόriqmo upoloίpwn gia poluώnuma — stadiakήV prosέggishV, 211
orismόV, 208

parάstash
ak¶raίou m¶ bάsh 10, 2, ή b, 165
ak¶raίou m¶ upόloipa modulo prώtouV ariqmoύV, 165
¶nόV ak¶raίou pollaplήV akrib¶ίaV m¶ bάsh b, 3
¶nόV ak¶raίou pollaplήV akrib¶ίaV m¶ bάsh thn akolouqίa Fibonacci, 73
poluwnύmou, 9, 64, 242
poluwnύmou m¶ bάsh x, 165
poluwnύmou m¶ tiV timέV tou s¶ diάjora shm¶ίa, 165

parάstash, kanonikή (standard representation), ak¶raίou, 4
p¶p¶rasmέnh ¶pέktash sώmatoV (finite field extension), 69
p¶p¶rasmέno sώma (finite field), orismόV, 53
p¶riocή
akέraia (integral domain), 53
Εukl¶ίd¶ia (Euclidean domain), 59, 79
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monadikήV paragontopoίhshV (unique factorization domain, ufd), 60–61
p¶rittή sunάrthsh, orismόV, 260
phlίko
diaίr¶shV ak¶raίwn, 18
dokimastikό (trial quotient), 21
orismόV, 79

plhqikόV ariqmόV (cardinality), omάdaV (group), 41, 133
pίnakaV Vandermonde
m¶taschmatismόV tou Fourier, 212
m¶taschmatismόV tou Fourier, 212
orismόV, 175
upologismόV antίstrojou, 177
upologismόV orίzousaV, 176
upologismόV tou antίstrojou pίnaka gia arcέgon¶V rίz¶V thV monάdaV, tάxhV n, 217
crόnoV upologismoύ tou antίstrojou, 177

pίnakaV diάtaxhV (permutation matrix), 43
ston grήgoro m¶taschmatismό Fourier (FFT), 220

pίnakaV jwt¶inόthtaV, sto stάntart sumpί¶shV JPEG, 296
pίnakaV “p¶taloύda” (butterfly), ston grήgoro m¶taschmatismό Fourier (FFT), 223
Πέntro (Pedro)
parάd¶igma aposumpί¶shV ¶ikόnaV, 299
parάd¶igma sumpί¶shV ¶ikόnaV, 294
parάd¶igma yhjiopoίhshV ¶ikόnaV, 290

pollaplasiasmόV
ak¶raίwn, 15
poluwnύmwn, 13, 64

pollaplasiasmόV ak¶raίwn
algόriqmoV, 15
kόstoV (ή crόnoV) ¶ktέl¶shV tou algorίqmou, 17
m¶ thn mέqodo twn Ρώswn cwrikώn, 139
scolikό t¶st ¶lέgcou tou apot¶lέsmatoV, 124

pollaplasiasmόV poluwnύmwn
algόriqmoV, 13
kόstoV (ή crόnoV) ¶ktέl¶shV tou algorίqmou, 15

pollaplasiastikή omάda (multiplicative group), 41
poluώnumo (polynomial)
baqmόV (degree), 9, 64, 79
grήgoroV pollaplasiasmόV poluwnύmwn, 243
diaίr¶sh poluwnύmwn m¶ upόloipo, 19
¶ktίmhsh (evaluation) s¶ shm¶ίo, 167
¶ktίmhsh (evaluation) sto shm¶ίo u kai upόloipo modulo (x - u) , 169
kanonikή morjή (normal form), 84
kύrioV sunt¶l¶stήV (leading coefficient), 9, 64, 84
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), 80
mέgistoV koinόV diairέthV ή mkd (greatest common divisor or gcd), anάlush tou algorίqmou, 106
m¶ monadiaίo kύrio sunt¶l¶stή (monic poluώnumo), 9, 64
m¶ monadiaίo kύrio sunt¶l¶stή (monic poluώnumo), 84–85
m¶rikό anάptugma katά Taylor, 199
m¶tάq¶sh (twn rizώn tou) katά u, 167
mh paragontopoiήsimo (irreducible), 60, 131
paragontopoiήsimo (reducible), 60
par¶mbolή, 166
par¶mbolή (interpolation) apό tiV timέV tou s¶ diajor¶tikά shm¶ίa, 167
parάstash, 9, 64

12 Printed from the Mathematica Help Browser

©1988-2003 Wolfram Research, Inc. All rights reserved.



parάstash m¶ bάsh x, 165
parάstash m¶ tiV timέV tou s¶ diάjora shm¶ίa, 165
pollaplasiasmόV, 13, 64
prόsq¶sh, 10, 64
sunq¶tikή diaίr¶sh (synthetic division), 169
t¶st daktulikώn apotupwmάtwn (fingerprinting test), ή kai t¶st upoloίpwn (modular test), gia poluώnumikέV ¶kjrάs¶iV, 127
upologismόV thV timήV tou sto shm¶ίo u ή upologismόV tou upoloίpou modulo x - u, 166

pragmatikoί ariqmoί (real numbers), sumbolismόV, 37
prosέggish
stadiakή tou poluwnύmou par¶mbolήV f, 205
tou p, 148

pros¶tairistikό axίwma, ariqmώn kinhtήV upodiastolήV, 31
pros¶tairistikή prάxh (associative  operation), 40
prosq¶tikή omάda (additive group), 41
prόsq¶sh
ak¶raίwn pollaplήV akrib¶ίaV, 5
poluwnύmwn, 10, 64

prόsq¶sh ak¶raίwn
algόriqmoV, 5
kόstoV (ή crόnoV) ¶ktέl¶shV tou algorίqmou, 8
scolikό t¶st ¶lέgcou tou apot¶lέsmatoV, 124

prόsq¶sh poluwnύmwn, algόriqmoV, 10
prόsq¶sh poluwnώmwn, kόstoV (ή crόnoV) ¶ktέl¶shV tou algorίqmou, 12
prώto (prime) stoic¶ίo, orismόV, 60
prώtoi m¶taxύ touV, blέp¶ akέraioi prώtoi m¶taxύ touV, 80
purήnaV (kernel)
omoiomorjismoύ daktulίwn, 55, 66
omoiomorjismoύ diatίmhshV ή ¶ktίmhshV (evaluation homomorphism), 66
omoiomorjismoύ omάdwn, 48

 
rίza thV monάdoV tάxhV n (n-th root of unity)
arcέgonh (primitive), 212
orismόV, 212

rhtoί ή klasmatikoί ariqmoί, sumbolismόV, 37
Ρήman, blέp¶ sunάrthsh tou Riemann, 119
Ρoujίni-Χόrn¶r (Ruffini-Horner)
algόriqmoV gia thn ¶ktίmhsh (evaluation) poluwnύmwn , 168
¶ktίmhsh (evaluation) poluwnύmwn m¶ to cέri, 169

 
άrtia sunάrthsh, orismόV, 251
 
ruqmόV aύxhshV, crόnou ¶ktέl¶shV ¶nόV algorίqmou, 25
 
s¶irά Farey
katask¶uή, 108
orismόV, 108

s¶irά Fourier, sήmatoV, 275
shmantikό yhjίo, ak¶raίou, 3
sώma (field)
alg¶brikή ¶pέktash (algebraic extension), 69
alg¶brikά kl¶istό (algebraically closed field), 72
alg¶brikό stoic¶ίo (algebraic), 69
bάsh ¶pέktashV (base field), 68
diάspashV (splitting field), 72, 132
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¶pέktashV (extension field), 68, 132
Εukl¶ίdioV p¶riocή, 65
klasmatikώn sunartήs¶wn (field of rational functions), 68
orismόV, 51–52
p¶p¶rasmέno (finite field), 53
phlίkwn (field of fractions ή quotient field), 67
up¶rbatikό stoic¶ίo (transcendental), 69
uposώma (subfield), 68
jantastikό t¶tragwnikό (imaginary quadratic field), 61
carakthristikή (characteristic), 53

sήma (signal)
analogikό, 273
antίstrojoV diakritόV sunhmitonikόV m¶taschmatismόV, 279
bάsh migadikoύ cώrou, 275
d¶igmatolhyίa, 274
diakritό, 273
diakritόV m¶taschmatismόV Fourier, 275
diakritόV sunhmitonikόV m¶taschmatismόV, 277
dύo isodύnam¶V parastάs¶iV, 276
m¶tatropή apό analogikό s¶ yhjiakό, 274
s¶irά Fourier, 275
sun¶cήV m¶taschmatismόV Fourier, 275
sunt¶l¶stέV Fourier, 275
scέsh diakritoύ m¶taschmatismoύ Fourier sήmatoV kai poluwnύmou , 276
crόnoV d¶igmatolhyίaV, 274
yhjiakό, 273

sύmploko (coset), upoomάdaV, 45
sύnq¶sh (composition) sunartήs¶wn (ë), 39
sύnolo (set)
kl¶istό (closed) wV proV mia prάxh, 51
m¶taq¶tikό (commutative), 40

sύsthma upoloίpwn mod n (residue system)
mh arnhtikό, 123
summ¶trikό, 123

stάntarnt thV IEEE, 30
stroggύl¶ush
ariqmoύ proV ton mikrόt¶ro akέraio (floor function), 4
lάqoV stroggύl¶ushV (round-off error), 31
m¶ apokopή (truncation), 31–32
proV to άp¶iro (round to infinity), 31
proV to άrtio d¶kadikό mέroV (round to even mantissa), 31–32

sugklίnousa (k-th convergent), 141
sumbolismόV diajόrwn sunόlwn, 37
summ¶trίa, orismoύ gia ta sun¶cόm¶na poluώnuma (continuants), 153
summ¶trikή omάda Sn (symmetric group), orismόV, 43
summ¶trikή omάda Sn (symmetric group), pίnakaV diάtaxhV (permutation matrix), 43
summ¶trikό sύsthma upoloίpwn mod n, 123
summ¶trikή scέsh (symmetric), scέsh isodunamίaV (equivalence relation), 39
sumpί¶sh ¶ikόnaV (image compression)
m¶ ton diakritό sunhmitonikό m¶taschmatismό (algόriqmoV) , 282
parάd¶igma m¶ ton diakritό sunhmitonikό m¶taschmatismό, 294
pίnakaV jwt¶inόthtaV, 296

sumpί¶sh timώn, sun¶cήV m¶taschmatismόV Fourier sήmatoV, 275
sun¶cή klάsmata (continued fractions)
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parάstash m¶ pίnak¶V, 151
parάstash m¶ sun¶cόm¶na poluώnuma (continuants), 154
pragmatikώn ariqmώn, 142
rhtώn ariqmώn, 141

sun¶cόm¶na poluώnuma (continuants)
orismόV, 151
summ¶trίa orismoύ, 153
scέsh m¶ kώdika Morse, 153
scέsh m¶ sun¶cή klάsmata, 154
scέsh m¶ thn akolouqίa Fibonacci, 152
scέsh m¶ ton Εukl¶ίd¶io algόriqmo, 153
scέsh m¶ ton mέgisto koinό diairέth ή mkd (greatest common divisor or gcd), 152

sun¶cήV m¶taschmatismόV Fourier sήmatoV (continuous Fourier Transform)
orismόV, 275
sumpί¶sh timώn, 275

sun¶cέV sήma, blέp¶ analogikό sήma, 273
sunhmitonikή prosέggish
anagkaί¶V sunqήk¶V, 251
tucaίaV sunάrthshV, 251

sunhmitonikόV m¶taschmatismόV, blέp¶ diakritόV sunhmitonikόV m¶taschmatismόV sήmatoV, 277
sunq¶tikή diaίr¶sh (synthetic division)
gia thn m¶tάq¶sh poluwnύmou, 170
poluwnύmwn, 169

sunέlixh poluwnύmwn (convolution)
isodunamίa m¶ pollaplasiasmό ston daktύlio R[x]/Xxn  - 1\, 234
kuklikή sunέlixh dianusmάtwn, 232
orismόV, 232
parάd¶igma, 233
scέsh m¶ grήgoro m¶taschmatismό Fourier (FFT), 234
upologismόV thV wV poluwnumikό upόpoipo, 234

sunάrthsh
allhlo¶l¶gcόm¶n¶V (co-dominant) sunartήs¶iV, 26
asumptwtikή proV mia άllh, 26
¶l¶gcόm¶nh (dominated) apό άllh, 25
hmitonikή prosέggish, 260
m¶gέqouV (size function). Βlέp¶ kai Εukl¶ίd¶ia sunάrthsh., 59, 79
p¶rittή, 260
άrtia, 251
sunhmitonikή prosέggish, 251
t¶likά q¶tikή (eventually positive), 26
tou Riemann (Riemann's zeta function), 119
j tou Euler (Euler's totient function j), 133, 212

sunάrthsh ή ap¶ikόnish (function ή map)
amjimonosήmanth (bijective), 39
monosήmanth kai ¶ntόV (injective ή one-to-one), 39
monosήmanth kai ¶pί (surjective ή onto), 39
sύnq¶sh (composition) sunartήs¶wn (ë), 39

sunάrthsh j tou Euler (Euler's totient function j), 133
sunt¶l¶stέV Bézout, 86
sunt¶l¶stέV Fourier, sήmatoV, 275
scέsh isodunamίaV (equivalence relation), 45
¶tairikό stoic¶ίo (associate), 60
idiόtht¶V, 39
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tautotikό stoic¶ίo (identity)
daktulίou, 50
omάdaV, 40

tautόthta tou Cassini, 114
t¶likά q¶tikή (eventually positive) sunάrthsh, 26
t¶st daktulikώn apotupwmάtwn (fingerprinting test)

ή kai t¶st upoloίpwn (modular test) gia ak¶raίouV, 126
ή kai t¶st upoloίpwn (modular test) gia poluώnumikέV ¶kjrάs¶iV, 127

t¶st diaίr¶shV ak¶raίou m¶ to 3 ή 9, 124
t¶st ¶ύr¶shV prώtwn ariqmώn, pou apod¶ίcqhk¶ lάqoV, 135
t¶st upoloίpwn (modular test)

ή kai t¶st daktulikώn apotupwmάtwn (fingerprinting test) gia ak¶raίouV, 126
ή kai t¶st daktulikώn apotupwmάtwn (fingerprinting test) gia poluwnumikέV ¶kjrάs¶iV, 127

tάxh (order)
omάdaV (group), 41
sώmatoV, 51

tάxh (order) , stoic¶ίou omάdaV, 41
tάxh anaptύgmatoV katά Taylor, 199
tάxh isodunamίaV (congruence class), modulo I (congruency modulo I), 57
tάxh isodunamίaV (congruency class), sumbolismόV, 37
tάxh upoloίpwn
akέraioV antiprόswpoV (representative), 38
diplή: modulo f kai modulo n (n [x]/Xf\), 128
poluώnumo antiprόswpoV (representative), 66

tάxh upoloίpwn (residue class)
modulo I (residue class modulo I), 58
sumbolismόV, 37

trigwnom¶trikέV tautόtht¶V, “anakάluyή” touV m¶ thn grήgorh prosέggish Fourier (FFF), 258
tucaίa m¶tablhtή, katanomή, 285
 
up¶rbatikό stoic¶ίo (transcendental), 69
upόloipo

f mod xn  - u kai upologismόV tou cwrίV diaίr¶sh, 234
arnhtikό upόloipo diaίr¶shV ak¶raίwn, 110
diaίr¶shV ak¶raίwn, 18
diplό: modulo f kai modulo n (n [x]/Xf\), 128
orismόV, 79
tou poluwnύmou f(x) modulo (x - u) kai isodunamίa tou m¶ f(u), 127, 169

upόloipo mod n (reduction mod n)
blέp¶ kai ariqmhtikή upoloίpwn, 57
upologismόV upoloίpou sύnq¶thV έkjrashV, 123

upodaktύlioV (subring)
kritήrio, 54
orismόV, 54

upologismόV poluwnumikoύ phlίkou cwrίV diaίr¶sh, 235
upologismόV poluwnumikoύ upoloίpou cwrίV diaίr¶sh, 234
prόgramma, 212

upologismόV tou  f mod xn  - u cwrίV diaίr¶sh, 234
parάd¶igma, 234

upoomάda (subgroup)
kanonikή (normal), 47–48
orismόV, 41

uposώma (subfield), orismόV, 68
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jantastikό t¶tragwnikό sώma (imaginary quadratic field), 61
 
Φ¶idίaV, 113
Φimponάtsi, blέp¶ akolouqίa Fibonacci, 73, 112
Φάr¶ϊ, blέp¶ s¶irά Farey, 108
 
carakthristikή (characteristic), sώmatoV, 53
crόnoV d¶igmatolhyίaV (sampling interval), sήmatoV, 274
crusή tomή (golden ratio), scέsh m¶ touV ariqmoύV Fibonacci, 113
 
y¶uto-diaίr¶sh, 18
y¶utoprώtoV (pseudoprime), orismόV, 136
yhjiakό sήma (digital signal), orismόV, 273
yhjiopoίhsh ¶ikόnaV (image digitization), parάd¶igma m¶ thn ¶ikόna tou Pedro, 290
yhjίo, kύrio ή pio shmantikό (leading or most significant digit), 3
 
ύywsh s¶ dύnamh
algόriqmoV, 137
p¶rigrajή duadikήV m¶qόdou, 137
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