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VINCENT’S THEOREM OF 1836: OVERVIEW AND FUTURE RESEARCH

�� �� ������	∗ ��� ������

In this paper, we present two different versions of Vincent’s theorem of 1836 and discuss various real root isolation
methods derived from them: one using continued fractions and two using bisections, the former being the fastest
real root isolation method. Regarding the continued fractions method, we first show how, using a recently developed
quadratic complexity bound on the values of the positive roots of polynomials, its performance has been improved by
an average of 40% over its initial implementation, and then we indicate directions for future research. Bibliography:
45 titles.
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1These two special cases were known to Cardano; in other words, what Descartes did was to generalize “Cardano’s special rule
of signs.” This detail is mentioned in [6].
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2. The two different versions of Vincent’s theorem
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2This is actually Obreschkoff’s theorem for the special case where the number of sign variations equals one.

���



Fig. 1. A ��
�
<�@/
 ���� �� 
����� �
����� �� ��)-3��)0! *))+�

3. Polynomial real root isolation with Vincent’s theorem
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3As can be seen elsewhere ([7]), the endpoints can also be computed from M(0) and M(1) if we work in the interval ]0, 1[; in
that case, Descartes’ rule of signs does not apply and we use Uspensky’s test instead.

4To distinguish it from other continued fraction methods, such as [13, 26, 40] cited in [45, pp. 470–478]. In [37], VAS is referred
to as the “Akritas’ continued fractions method.” See also [20] and [23].

5Erroneously referred to in the literature either as “modified Uspensky’s method” (1976–1986), [5], or as “Descartes’ method”
(1986–2006), [7].

6To distinguish them from Sturm’s bisection method [45].
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7Uspensky’s test is a special case of the powerful “Vincent’s test,” which is described below.
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The ��� bisection method, original version
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8On the other hand, Uspensky used correctly, and to his advantage, the other special case, var01(p) = 1, as well as the case
var01(p) ≥ 2.

9According to Professor Alexei Uteshev [43], of the St.Petersburg State University, the reason for Uspensky’s unsuccessful
attempt was the fact that he never saw Vincent’s actual paper of 1836, where Budan’s theorem is stated right at the beginning.

Instead, Uspensky relied on the Russian translation of J.-A. Serret’s Cours d’Algèbre Supérieure [35]. Indeed, in Sec. 167, p. 315,
we read: � !"#!$ %& $'$()*!+� ,!,-)+./01%2 3),-4 5'*+!6! -!$) Journal de Mathématiques Pures at Appliqués,  %#,'#-
%&.!7%. 5*'8*),#!' ,+!9,-+! #'5*'*:+#:2 "*!;'9 % +:+'. %& #'6! "./ +:3%,.'#%/ +'1',-+'##:2 8!*#'9 (*)+#'#%/ ,5!,!;�
+:-'8)01%9 !"#!+*'$'##! % %& ,5!,!;) <40-!#)� % %& ,5!,!;) =)6*)#7). . . �> Please note that Serret presents Fourier’s
theorem under the name “Budan.”
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10By comparison, Uspensky’s test is rather weak, as it applies only in the interval ]a, b[=]0, 1[.
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11After our work [16], Ştefănescu also extended his Theorem 6 in [39].
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12It should be noted that time is not so important in our case, since – as can be seen from the description of the VAS algorithm,
line 4, – these bounds are estimated before a translation of complexity at least O(n2) is executed, see [29].
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13For an English translation of a book with similar content, see: N. Obreschkoff, Zeros of Polynomials, Bulgarian Academic
Monographs, 7, Sofia (2003).
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